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PREFACE 


This book is intended as an introductory account for 
senior-college and beginning graduate students—for the 
prospective teacher who is seeking a proper orientation of 
elementary mathematics, as well as the university student 
who lacks the preparation for an intelligent reading of the 
general treatises on higher geometry and the modern books 
on higher algebra. It represents the evolution of a course of 
lectures which I have given to this class of students for 
several years. 

eh The adoption of the analytic method makes it possible 
“to capitalize the student’s collegiate training in algebra, 
- analytic geometry and calculus, and at the same time to 
~ articulate the subject with his future mathematical work. 
€ Constant appeal is however made to geometric reasoning, 
__the geometry not infrequently anticipating or suggesting 
‘the algebra. Indeed, the beautiful synthetic treatment 
~ of the conic, including Pascal’s theorem and consequences, 
“has been retained, followed by a full discussion of the conic 
“ both as a rational curve and as a ternary form. 
~ Among the features of the book may be mentioned: 

1. The abundance of exercises of a wide range of difficulty 
-—from simple applications of the text to theorems which 
might have been included in the text itself. 

2. Chapter I, which contains a systematic exposition 
of several topics, a knowledge of which is customarily 
assumed in the literature to the bewilderment of the 
beginner. 

3. The principle of duality is introduced early and used 


constantly. 
ili 
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4, The algebraic as well as the geometric implications of 
infinite elements are considered. 

5. Quadratic involution is developed from the projective 
standpoint, thus avoiding the metrical methods which are 
such a conspicuous flaw of most of the English texts. 

6. The elements of binary forms and algebraic invariants 
are presented in a concrete and tangible fashion, intelligible 
to the class of students for which the book is designed. 
Practically the whole subject, including apolarity, is made 
to depend on a single simple process—the polar process. 

7. The notion of group is introduced in connection with 
collineations and the development is carried out in some 
detail for the cyclic and dihedral groups in the binary and 
ternary domains. 

8. Particular stress has béen placed on the projective 
geometry of one dimension— the geometric interpretation 
of binary forms on the line, the conic and the rational cubic. 

9. A chapter on non-Euclidean geometry exhibits the 
relationship of the standard metric geometries to one 
another as well as to projective geometry. 

The arrangement permits considerable variation in the 
order of topics to accommodate the needs of different classes. 
For exampie, Chapter X (either part) might follow Chapter 
V, VI, or VII, or again Chapter XI, XII, or XIII might be 
taken up after Chapter VII. 

The material will be found adequate for a year course. 
But the first six or seven chapters, which cover the classical 
theory, are sufficiently complete in themselves for a brief 
course. In this first part the connection between projective 
and Euclidean metric geometry is emphasized but the metric 
is everywhere subordinated to the projective. Chapters 
VITI-XII (approximately half the book), in which less 
attention is given to metrical specializations, are addressed 
to more mature readers. It is hoped that the young 
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graduate student will find these later chapters a welcome 
and readable introduction to invariant theory, rational 
curves and collineation groups. 

I have ventured to introduce a new symbol (£) for the 
line at infinity—a symbol which is distinctive, easy to 
make and suggestive of its own meaning. 

I am much indebted to the standard treatises of Salmon 
and Clebsch and in the synthetic treatment of the conic in 
Chapter VI to Cremona’s Projective Geometry, while the 
chapter on non-Euclidean geometry follows chiefly the 
exposition of Klein. With pleasure and gratitude I 
acknowledge also my deep obligations to my teachers, 
Professors Morley, Coble and Hulburt. Finally to D. C. 
Heath and Company for their uniform courtesy, and for 
their scrupulous care with the printing and engraving, 
I wish to express my very great appreciation. 

R. M. WINGER. 


UNIVERSITY OF WASHINGTON, SEATTLE, 
December, 1922. 
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PROJECTIVE GEOMETRY 


CHAPTER I 
ESSENTIAL CONSTANTS 


1. Parameters.—The student is already familiar with 
two distinct conceptions of the literal constants in an 
equation. Thus we commonly say that the equation 


i wi ae (1) 


where x and y are rectangular coérdinates, represents a 
circle with center at the origin and radius equal to +/k. 
That is, we think of k as having-a particular or known value, 
though arbitrarily chosen, and our discussion is limited to a 
single circle. On the other hand, we may suppose k to 
run through a succession of values when (1) represents not 
one circle but a family of circles, namely all circles with 
center at the origin. Under the latter interpretation k is 
called an arbitrary constant or parameter.!. For every 
choice of k there is a definite circle and there are an infinite 
number of choices, v7z., all values from — o to + 0. 
But since there is a single arbitrary constant in its equation, 
this is called a singly infinite or one-parameter family of 
circles. Or we may say that the family contains o! 
members. 

1 The student should distinguish between the variation of k and that of 
xz and y; for k varies arbitrarily while x and y must satisfy relation (1). 
Moreover for any particular circle of the system the value of k is fixed 


while x and y range through an infinity of values. 
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The general equation of a line, 
ax + by +c =0, (2) 
appears to contain three arbitrary constants, a, b, and c. 
However they are not independent for the equation may be 
divided by any one of them reducing the number to two, 
thus 


b 
rt-y+* =0, or 2+ py+q=0. (3) 


This fact is expressed by saying that the general equation 
of a line contains two essential constants. Since there are 
infinitely many choices for p and also for q, it is customary 
to say that there are a double infinity (oo?) equations of the 
form (2), or that there are o? lines in the plane;! or again 
that the totality of lines in the plane constitutes a two- 
parameter family. rs 

Definitions—Any condition which involves a _ linear 
relation among the coefficients of an equation is called a 
linear condition on the equation. Independent linear 
conditions are those which give rise to independent linear 
equations, e. g. (4) and (5) below. Similar definitions apply 
to quadratic conditions and the higher cases.2 A linear 
family or system is one in which all the parameters enter to 
the first degree. In a quadratic system at least one of 
the parameters is of the second degree, and so on. A set 
of equations or curves are said to be linearly independent 
when they do not belong to a linear system. 

2. The geometrical significance of the constants in an 
equation will now be illustrated. Suppose that the line, 


1 The student is warned not to confuse the present notation with that 
for exponents. It is only a convenience of language derived by analogy. 
For if there were n choices for p and» for q there would be n? choices for 
p and q combined. 

2JTn an equation such as x?2/a? + y?/b2 = 1, the coefficients are to 
be considered as 1/a?, 1/b? and 1 when the degree of a condition is in 
question. Thus 1/a? + 1/b? =1 is a linea condition though of the 
fourth degree in a and 6b. 
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§1, is restricted to pass through a fixed pvint as for 
example (1, 1). The codrdinates of the point must satisfy 
the equation (2), hence 


at+tb+c=0 or 1+p+q=0. (4) 


Now only one of the coefficients say p can be chosen at 
random, the second, g, being determined by relation (4). 
The number of essential constants is reduced to one,— 
geometrically there is a single infinity of lines through a 
point, or the lines through a point make up a one-parameter 
family. If the line is required to pass through a second 
point (2, 3) we must have 


2a+3b+c¢c=0, or 2+3p+ ¢q =0. (5) 
Equations (4) and (5) are sufficient to determine the values 


of p and qand the ratios of a, band c, thusa:b:c = 2: —1: 
— land a definite line is thereby obtained 
22 — y — 1 =_0, 

Again the general equation of the second degree in two 

variables 
ax? + 2hay + by? + 297 + 2fy +c¢=0 (6) 

contains six homogeneous, five essential constants. 
Geometrically, there are «° conics in the plane, or the 
aggregate of conics in the plane composes a five-parameter 
family. If equation (6) represents a parabola 


h? — ab = 0. (7) 

Although (7) is not a linear condition we still say that the 
number of esse:itial constants is thereby reduced to four.? 
If we impose the condition that the axis of the parabola be 
parallel to the y-axis, the equation can be written in the form 
Y= aye + bia + C1 (8) 


1 Since if a and b are given there are only two choices for h whereas an 
arbitrary constant may assume an infinity of values. 
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which contains three essential constants. If we ask further 
that the focus lie on the y-axis, (8) takes the form 
y= ne + Xr. (9) 

If in addition the vertex be at the origin, the equation 
becomes 

Yy = a0?, (10) 
Finally if (10) pass through the point (1, 1), 

yt (11) 
Thus each condition imposed on the curve diminishes the 
number of essential constants by one. Or we may say: 
Of the o® conics in the plane, «4 are parabolas. There 
are o? parabolas which have their axes parallel to the 
axis of y; of these, 0? have foci on the y-axis; of this family 
there are o! each with wertex at the origin. Finally 
there are 0° parabolas (in this case there is a unique curve) 
satisfying all the above conditions and passing through 
the point (1, 1). 

Obviously a single statement in English may involve 
two or more mathematical conditions. For example, it is 
two conditions for a parabola to have its vertex at a given 
point (as the origin) or its axis coincident with a given line 
(as the y-axis). However if the point is on the line either 
of these followed by the other makes up a total of only 
three. 

3. The meaning of non-linear conditions will now be 
examined briefly. If the conic (6) be made to pass through 
four arbitrary points, four independent linear equations 
connecting the five essential constants will be obtained. 
By means of these equations four of the constants can be 
expressed linearly in terms of the fifth and we have a one- 
parameter family of conics. To find the parabolas of the 
family we must combine equation (7), a quadratic, with the 
other four. Thus since four linear equations and a quad- 
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ratic among five unknowns have in general two common 
solutions, we shall find usually two parabolas through the 
four points. , 

As a second illustration let us seek the equation of a line 
which passes through the origin and is tangent to the circle 


a + -y? — 2¢ — by +8 = 0. (GP) 
The equation of the line may be taken as 
y=axr+b. (13) 


This will pass through the origin if b = 0, a linear condition. 
The abscissas of the points of intersection of line and circle 
are given by the equation 

(1 + a*)xz? — 2(11 + 8a)a + 8 = 0. (14) 
The line will be tangent to the circle if the roots of this 
equation are equal, 7. ¢., if 

(1 + 3a)? — 801 + a?) = 0, (15) 

a quadratic condition. We find thus two solutions to the 
problem, viz.:b = 0;a = 1, —7. 

We see then that while a quadratic condition has the 
same effect as a linear in reducing the number of constants 
in an equation, its presence in a set of conditions destroys 
the uniqueness of the solution. For example in the pre- 
ceding problem the two constants in (13) were subject to 
two conditions which are sufficient to determine them. 
Since however one condition is linear and one quadratic, we 
find not one line but two fulfilling the requirements. Many 
other illustrations of this sort will occur to the student. 

4. The results of the preceding paragraphs may now be 


generalized and summarized as follows:1 


1 In all these theorems we have supposed that no two of the equations 
concerned are inconsistent, 7. e., that no two of the conditions are contra- 
dictory. That would happen for example if we ask that the circle, 
2? + y2? + ax + by +c = 0, pass through the points (0, 0), C1, 0), (2, 0). 
We should have c = 0, 1 +a =0, 2 + a= 0. We shall see, however, 
that for the purposes of projective geometry there are no inconsistent 
equations. 
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1°. n homogeneous constants are equivalent ton — 1 essential 
constants. An equation with n essential constants repre- 
sents an n-parameter system or family which contains 0” 
members. 

2°. If n essential constants are connected by r independent 
relations, linear or non-linear, the number is reduced to 
n — r; for each relation enables us to express one of the 
constants in terms of the others. We can thus eliminate 
in succession r of the constants. 

3°. A linear system with n essential constants can be made 
io satisfy in one and only one way n independent linear 
conditions. For the conditions give rise to a system of n 
independent non-homogeneous linear equations which 
possess a unique solution. 

4°. Similarly an equation with n essential constants can 
be subjected to n independent conditions, linear or non-linear, 
giving rise to a finite number of solutions, designated by «°. 
In particular a curve may be made to pass through as many 
arbitrary points as there are essential constants in its 
equation, though the solution is not necessarily unique; 
and the curve may degenerate. 

5. If each of the homogeneous constants in an equation is 
equal to zero, the equation is said to vanish identically. 
Obviously it is then satisfied by arbitrary values of the 
variables. Conversely if an equation is true for all values 
of the variables the coefficients are separately equal to 
zero. Indeed if an equation with n essential constants is 
satisfied by n + 1 independent sets of values of the variables 
it must vanish identically. For we should have n+ 1 
independent relations among n non-homogeneous coefficients 
whereas they can sustain but n, unless each is zero. Hence 

5°. It is n + 1 conditions for an equation with n essential 
constants to vanish identically. 

Similarly it is n + 1 conditions for a polynomial with n 
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essential constants to be identical with another of the same 
degree for corresponding coefficients must be equal, 7. ¢., 
the equation formed by transposing all the terms to one 
side must vanish identically. 


EXERCISES 


1. Show that the totality of circles in the plane is ~*. How many 
circles are there 
(a) with given center 
(b) with given radius 
(c) through the origin 
(d) tangent to a fixed line 
(e) tangent to a fixed line at a given point 
(f) through a point and tangent to a line? 
Write the equation of each family here mentioned. 
2. Write the equation of all lines 
(a) through the origin 
(b) through the point (2, —1) 
(c) parallel to the line 32 — 4y +5 =0 
(d) perpendicular to the same 
(¢) at a distance r from the origin. 
What sort of a family does each represent? From (e) infer the 
number of tangents to a circle. 
3. Find the equation of all circles 
(a) through the point (1, 3) 
(b) through (1, 3) and (—2, 5) 
(c) with center on the line x + 2y — 3 = 0. 
How many circles in each system? 
4. How many points are there 
(a) in the plane 
(b) on a given line 
(c) on any curve? 
5. What kind of condition is it for a circle to touch a given line? 
Show why more than one circle can be drawn to touch three given lines. 
6. Enumerate the quadratic equations in one variable. How 
many of these have 
(a) equal roots 
(b) one root zero 
(c) a fixed number for the sum of the roots 
(d) the sum of the roots equal to the product? 
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7. How many essential constants in the general equation of degree 
mn in one variable? 

8. Find the equations of the parabolas through (0, 0), (—2, 2), 
(—3g, 1), (0,4). Ans. y? — 2x — 4y = 0, 162? + 82y + y? + 14a — 
4y = 0. 

9. What geometrical ideas are in conflict in the footnote, § 4? 

10. A system of k linear, non-homogeneous independent equations 
in n variables, k Zn, have how many solutions? If k>n how many 
conditions to have a solution? State corresponding theorems for k 
homogeneous equations in » + 1 variables. Do similar theorems 
hold for non-linear equations? 


6. Necessary and sufficient conditions.—If a relation 
inevitably follows a certain hypothesis or event, that rela- 
tion is called a necessary condition for the event. On the 
other hand if an event is aaa unavoidable consequence of a 
relation, the relation is called a sufficient condition for the 
event. A condition may be (a) necessary, (b) sufficient or 
(c) both necessary and sufficient. To show that a condition 
is necessary and sufficient entails the proof of a proposition 
and its converse. 

Thus h? — ab = 0 is a necessary condition for equation 
(6) §2 to represent a parabola. For if the conic be a 
parabola h? — ab is necessarily zero. It is however not 
sufficient since it may be fulfilled without the conic being a 
parabola, viz., if the equation represent two parallel or two 
coincident lines. But we may say that the necessary and 
sufficient condition for a proper conic to be a parabola is 
h? — ab = 0. 

Again a necessary but not sufficient condition for a 
point of inflexion is that the second derivative vanish at the 
point. Likewise a sufficient but not necessary condition 
for an inflexion is that the second derivative vanish and the 
third derivative be different from zero.! 


1 See for example Osgood, Calculus, revised edition, p. 55. 
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EXERCISES 


1. Show that the necessary and sufficient condition that the quad- 
ratic equation az? + bx + c¢ = 0 have equal roots is b? — 4ac = 0. 

2. Find the necessary condition for the quadratic to have one root 
zero. Show that the condition is also sufficient. 

3. Show that the necessary and sufficient condition for an algebraic 
curve to pass through the origin is that the constant term vanish. 

4. Find necessary conditions that the general equation of the second 
degree in two variables represent a circle. Are these conditions 
sufficient? 


7. We shall now enumerate the constants in the general 
equation of degree n in two non-homogeneous variables. 
Arranged in ascending powers, the terms of such an equa- 
tion are of the following types: 


a 
bx cy 
da? exy fy’ 
gx" nuy vxy? jy’ 
Kou” kya"—y kou"—2y? » . egy"? Ieee 


The number of constants thus forms an arithmetic progres- 
sion of n + 1 terms with first term 1, last term n + 1 and 
common difference 1. The sum of the progression, 7. e., 


n+1 


the number of homogeneous constants is 9 (n + 2). 


The number of essential constants therefore is 


nea sn t 2. 


n 


A knowledge of the essential constants explicitly or 
implicitly contained in any system of equations of geome- 
tric configuration is of primary importance as will be abund- 
antly verified in the sequel. A mere counting of the 
constants would appear a simple matter and so it is if the 
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equation is general. But it becomes more difficult when 
several equations or figures, restricted by various relations, 
are considered. Always great care must be exercised for 
many subtleties will be encountered. We have seen that 
the number of constants limits the number of conditions 
that may be imposed but the nature of the conditions must 
be taken into account as well. Thus a general plane cubic 
curve has nine constants and it is one condition for a curve 
to have a double point but it must not be argued thence 
that a cubic can have nine double points. . 


EXERCISES 


1. Find the number of essential constants in the general equation 
in two non-homogeneous variables of degree 3, 4, 5, 6, obtaining thus 
the number of arbitrary points Recessary to determine the curves of 
those degrees. 

2. Find the number of essential constants in the general equation 
of degree 7 in three non-homogeneous variables. 

3. Show that the number of homogeneous constants in an equation 
of degree n homogeneous in k variables is 


(ee 1) i 2) a ce ee) 
sey 5 Uh ) 


8. Before leaving this subject it will be instructive to 
examine the modern conception of dimension, a term 
imperfectly understood by most young students. The num- 
ber of essential constants (parameters) in a family is called 
its dimension. In this connection the word family is fre- 
quently replaced by manzfold. Thus an n-parameter family 
and an n-dimensional manifold are equivalent. Since the 
points of a line belong to a one-parameter family, the line 
is sometimes called a one-dimensional manifold of points 
or a one-dimensional geometric form. But equally well 
the points of a curve belong to a one-parameter family 
(Ex. 4 §5) so that a curve is also a one-dimensional form. 
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Analytically, the line consists of all points whose codrdinates 
satisfy the equation ax + by +c=0 while a (plane) 
curve is the manifold of points whose codrdinates satisfy 
an equation f(x, y) = 0. The difference between the two 
cases 1s now obvious,—in the first the parameters! are con- 
nected by a linear relation, in the second the relation is of 
higher degree. In space a curve is defined by two equations 
fil, y, 2) = 0, fo(x, y, 2) = 0, which are simultaneously 
satisfied. Here again at least one of the equations is of 
higher degree than the first. The line then is merely the 
simplest one-dimensional manifold of points. 

Similarly a surface is a two-dimensional manifold of 
points for its equation, f(z, y, z) = 0, contains three para- 
meters subject to one condition. In particular a plane is 
the simplest two-dimensional manifold of points since its 
equation is linear. But the dimension of any given mani- 
fold, as a plane, depends upon the element by which it is 
generated. A plane is two-dimensional in lines as well as 
in points for the equation of an arbitrary line contains two 
essential constants. But as the plane contains circles 
and o® conics it is a three-dimensional manifold of circles 
and a five-dimensional manifold of conics. 

9. A distinction is usually made between manifolds which 
are linear and those which are not, when a linear manifold 
of » dimensions is termed a space? of n dimensions and 
designated by S,?. More especially a space is restricted 
to mean a space of points. In a still more restricted sense, 
space refers to the ordinary three-dimensional space. 

The point, line and plane are thus spaces of zero, one 


1 Here x and y are the parameters while the coefficients are definite 


constants. 

2 Space is sometimes used synonymously with manifold, linear space or 
flat space denoting space as defined above. 

3 Similarly a manifold of x dimensions will be denoted by Mn. The 
manifold is said to have n degrees of freedom. 
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and two dimensions respectively. Analytically they are 
defined by the equations 


Sat aor + bo = 0, 
Si: aw + by +c = 0, 
So: Aer + bey -f- Coz -+- dy» = (). 


Each equation represents a space of a given dimension 
lying in a space of the next higher dimension. So far no 
one will object for we have not gone beyond ordinary space 
which is accepted by all. 

But why should westop? Thealgebra certainly continues 
and there is no logical reason why the geometry should not 
follow. It is true that we ordinarily begin the study of 
analytic geometry by setting up a geometrical frame-work, 
—the coédrdinate axes,—adopt the point as element and 
introduce the codrdinates as numbers associated with the 
point. This practice may be a pedagogical advantage but 
it is not a logical necessity. We might begin with the 
coordinates and introduce the point as a geometrical 
interpretation of the numbers. We could thus postulate 
the point, line and plane as geometrical images of the equa- 
tions above. We should then quite naturally say that 


Ss: asx + bsy + c32 + dst + e3 = 0 


represents a space of three dimensions lying in a space S, of 
four dimensions. Generally, the equation 


Sn-12 Golo 7 0121 + Gots =. On at yn = 0, 


containing nm numbers x connected by a linear relation, 
would define an «1 of points, 7. €., a space of n — 1 
dimensions, lying in a space of n dimensions. We could 
thence define the dimension of a space as the number of 
coordinates necessary to fix a point (element) in it. 
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While we may have manifolds of n dimensions entirely 
confined to a space of lower dimensions, it may require an 
n-dimensional space to contain a manifold of lower dimen- 
sions. There are, e. g., curves of the nth degree whose 
points cannot be embraced in a space of less than n dimen- 
sions.1_ A curve of the nth degree however must be com- 
pletely contained in a space of n, or lower dimensions. 

Likewise a point space S; which contains enough points 
of an S;41 to determine it lies wholly in the Sy41. 

The timid may console themselves with the reflection 
that the geometry of four or higher dimensions is, if not a 
necessity, certainly a convenience of language,—a transla- 
tion of the algebra,—and let the philosophers ponder the 
metaphysical questions involved in the idea of a point space 
of higher dimensions. But no one with a clear conception 
of the nature of mathematics will hesitate to admit the 
geometry of hyperspace? into the society of mathematical 
disciplines on a basis of complete equality. It should not 
be forgotten that we actually have linear spaces of n 
dimensions existing in the plane and in ordinary space. 
The abstract theory of a point space of five dimensions for 
example is identical with that of the system of conics in the 
plane. The properties of one imply all the properties of 
-the other and in a mathematical sense one is just as real 
and existent as the other. 


EXERCISES 


1. Show that two spaces S; of an S, have a linear manifold M» in 
common, i. e., intersect in a plane. Generally, two S;’s of an Sry 
intersect in an S,-1. 

2. Show that two planes in four dimensions meet in a point; that 
two planes in five dimensions do not meet. 


1 Such curves are called norm curves and are always rational. 
2 Hyperspace denotes a space of more than three dimensions though 
sometimes in a narrower sense refers to S.. 
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3. Prove that mS,_1’s, in Sn, m=n, meet in an S,»_m. Thence or 
otherwise show that an S; and an S; in S, intersect in an S;41-n, 
itk=n. 

4. State analytic reasons why two independent points determine 
a line and three a plane. In a similar manner show that four points 
in general determine an S;. And generally, n + 1 points determine 
a space of n dimensions. 

5. What is the dimensionality of ordinary space S3 when ‘the 
element is (a) the sphere, (b) the general quadric surface, (c) the 
line, (d) the cirele? 


CHAPTER II 
DUALITY 


No demonstration can be held valid in method, or as touching the 
essence of the subject matter, in which the indifference of the duadic 
law is departed from. Until these recent times, the analytic method 
of geometry, as given by Descartes, had been suffered to go on halting 
as it were on one foot. To Pliicker was reserved the honor of setting 
it firmly on its two equal supports by supplying the complementary 
system of codrdinates.—SyYLVESTER. 


10. Pliicker line codrdinates.—We have seen that a line 
in the plane possesses two characteristic constants, viz., the 
essential constants in the general equation. These may be 
chosen in various ways. For example any two of the six 
ratios of the coefficients in the equation ax + by +c =0 
might be selected.1_ Geometrically, to choose the constants 
simply amounts to choosing the geometrical conditions that 
fix the position of the line in the plane. Thus when the 
equation is written in the form 


y = tx + Yo 
the constants are the slope ¢ and the y-intercept yo. When 
the Hessian normal form 
xeosa+ysina = 7p 


is used the constants are the length p of the perpendicular 
upon the line from the origin and the angle a which that 
perpendicular makes with the «z-axis. 

Since the two constants however chosen are sufficient to 
locate the line in the plane they may be called coédrdinates of 


1 xcept of course the pairs like a/b and b/a. 
15 
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the line or line coérdinates. When the equation of a line is 
reduced to the form 


ux +oy+1=0, (1) 


where x and y are either rectangular or oblique point 
coérdinates, the numbers wu and v are called the Plicker line 
coérdinates. Geometrically these numbers represent the 
negative reciprocals of the intercepts of the line as may be 
verified by setting « and y successively equal to zero. 

If the equation of a line is given the Pliicker line coérdi- 
nates, or the line codrdi- 
nates as we shall call them 
henceforth, can be found by 
reducing the equation to 
the form (1). Conversely 
if the coérdinates of a line 
are known its equation can 
be written at once. Thus 
the coérdinates of 4a + 5y 
+ 2 = 0 are (2, 54); while the equation of the line (1, 3) is 
z+dy+1=0. 

In the preceding we have tacitly supposed that wu and v 
were definite constants. Let us now examine their meaning 
when considered as variables. If we ask that line (1) pass 
through the point (2, 3) we must have 


aU. a0 > lO); (2) 
For every pair of values of wu and v which satisfy (2) we have 
a line but every such line contains the given point. Thus 
when wu = 1,v = —1 and (1) becomes « — y +1 = 0 which 
obviously passes through (2, 3). 

We may say then that (2) is the relation which is satisfied 
by the coérdinates of all the lines through the point (2, 3); 
in other words (2) is the equation of the point (2, 3) in line 
coérdinates. If the coérdinates of a point are known its 
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equation can be written down at once. 


Moreover if the 


equation of the point is given its codrdinates can be found 


by a method analogous to that for a line. 


linear equation in wu and v 


au+bs+c=0 


Thus the general 


(3) 


represents a point whose codrdinates are (a/c, b/c). 

But how shall we regard an equation like (1) which is 
linear in both point and line codrdinates? The answer to 
the question will be best understood perhaps by summariz- 
ing the discussion in parallel columns 


(a) If u and v are fixed con- 
stants and x and y are 
variables 

uz +ovy+1=0 
is the equation of the line 
(u, v). 

(b) If w and »v are para- 
meters the equation gives a 
doubly infinite system of 
lines, v7z., all lines in the 
plane. 


(a’) If x and y are fixed 
constants and w and v vari- 
ables 

ux + oy +1 =0 
is the equation of the point 
(x, y). 

(b) If x and y are para- 
meters the equation gives a 
doubly infinite system of 
points, v7z., all points in the 
plane. 


Since in either case the equation is the condition that 
the point (x, y) lie on the line (u, v), (1) is frequently called 
the incidence relation or the equation of united position of 


point and line. 


Another example will make still clearer the significance 


of line codrdinates. 


(c) If the points (a1, y:) 
and (22, yz) lie on the line 


ax +by+c=0 
2 


(c’) If the lines (u:, 01) 
and (ue, v2) pass through the 
point 

au+bv+c=0 
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we must have 

az, + byi +c = 0 

ax, + by2 +c = 0. 
The condition that these 
three equations be consis- 


tent, v7z., 
bree MI wih 
Di yee lee), 
Le Yo 1 


is the equation of the line 
joining the two points. 


(d) Suppose now that the 
two points are given not by 
their codrdinates but by 
their equations, thus 

au+bw+c =0 
aou + by +c = 0. 
The equation of the line 
joining these points is found 
to be 
Le te: 
hw dis eh 
(6%) bo Co 
or lbe|x aa |caly + |ab| = (0), 
Cor. If a third point 
asu + by + cz; = 0 
lie on the line 


= 0 


! 
a, by Cy 
do bo Co) = 0. 
a3 bs ¢3 


1 By |ab| we mean the determinant | 


we must have 

au; + bv; +c = 0 

aue + bve +c = 0. 
The condition that these 
three equations be consis- 


tent, v2z., 
Oh BO 
u1 vw 1| =90, 
Uo Ve 1 


is the equation of the point 
of intersection of the two 
lines. 


(d’) Similarly, the equation 
of the point of intersection 
of the lines 


ax+ by +c, =0 
aor + bey + c2 = 0 
is 
MW w i 
ay 6p Cy 
a2 be Ce 
or |be|w + |calo + lab] = 0.1 
Cor. If a third line 
asx + bsy + c3; = 0 
pass through the point 


= 0 


ay by Cy 

ae bo C2) = 0. 

az ba C3 
a1 bi ace : 
aves Similarly the last determi- 


nant of this article is abbreviated to |abc]. 
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EXERCISES 

1. Find the codrdinates of the lines (a) 4a — 5y = 7, (b)2 +3 = 
0, (c) y = mx + b, (d) cosa + ysina = p, (e) ax + by +c = 0, (f) 
t/a + y/b = 1, (9) yy: = p(x + 2), (h) my + yt = 2c. 

2. Plot the lines (1, 1), (14, 26), (0, a), (6, 0) and write their equations. 

3. Write the equations of the points (3, 5), (34, —7), (a, 0). 

4. Find the coérdinates of the points and lines in (c) and (d) above. 

5. Write the equation of the point of intersection of x — 38y — 2 = 
0 and 5a + 4y + 6 = 0. 


11. Line locus.—The foregoing suggests for the line a 
role analogous to that played by the point in the analytic 
geometry of Descartes. There a ‘“‘curve’’ is regarded as 
the locus of a point and a relation connecting a pair of 
variables is the “equation of such a curve’’ or point locus 
only in virtue of the interpretation of the variables as point 
coordinates. The whole of (plane) Cartesian geometry is 
but a translation of the theory of algebraic equations in two 
variables into the language of geometry. In this connection 
we think of a point as an element, 2. e., not divided into parts. 
While a line is an assemblage of points—a point locus. 


Equally well a line (of indefinite extent) may be con- 
sidered as having an existence quite apart from any of the 
points which lie on it,—in other words a line may be con- 
sidered an element. The notion will be clear if one con- 
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ceives a line not as traced by a pencil point but as stamped 
by a straight edge. Let us fix our attention on the line as 
an element, having introduced the notion of line codrdinates. 
Suppose now that the line moves subject to some condition, 
e. g., that it shall always be tangent toacircle. The moving 
line will coincide in succession with all the tangents to the 
circle. The aggregate of these lines constitute a line locus. 
Similarly the system of tangents to any point locus is a 
line locus. Thus a line locus is a one-parameter family of 
lines just as a point locus is a one-parameter family of 
points. More precisely we may say 


A point locus is the as- 
semblage of all points whose 
coérdinates satisfy an equa- 
tion of the form f(z, y) = 0. 

The degree of this equa- 
tion is called the order of the 
point locus. 

The points of a point locus 
of the first degree lie on a 
line, or a point locus of the 
first order is a line. 

The junctions of consecu- 
tive points of the point locus 
are lines of a line locus. 


A line locus is the assem- 
blage of all lines whose 
coordinates satisfy an equa- 
tion of the form ¢(u, v) = 0. 

The degree of this equation 
is called the class of the line 
locus. 

The lines of a line locus of 
the first degree pass through 
a point, or a line locus of the 
first class is a point. 

The intersections of con- 
secutive lines of the line locus 
are points of a point locus. 


12. Two notions of curve.—It is now evident that the 


term “curve” is ambiguous and we have to distinguish 
between point curve which is a locus of points and a line 
curve which is a locus of lines. We might of course intro- 
duce the concept curve as a thing in itself,—like the concept 
line considered as an element, Imagine for example a 
circle as stamped by a material ring. Such a “circle” 
might serve to carry an infinite number of points, as beads 
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on a string. Moreover an infinite number of lines could 
be drawn to touch the circle. The infinite system of points 
would constitute a point locus and the infinite system of 
lines a line locus. 

More generally let us fix our attention upon a point and 
line in the united position both free to move, the point along 
the line and the line about the point. Suppose now that 
the point moves generating a point locus and that the line 
rotates about the point in such a way as to be always 
tangent to the point locus. Then the line will generate a 
line locus. The equation in x and y satisfied by the coérdi- 
nates of the point would be the equation of the point locus 
and the equation in u and v satisfied by the coordinates of 
the line would be the equation of the line locus But the 
system either of points or lines would determine a curve 
in the sense here used. Hence the first equation might 
properly be called the equation of the curve in point coérdi- 
nates and the second the equation of the curve in line 
coérdinates. 

We may then use point locus and line locus to denote the 
respective assemblages of elements and reserve curve for 
the thing associated with both. If, however, we wish to 
consider a curve as made up of elements it is only fair to 
regard it as both a locus of points and a locus of lines. 

13. The principle of duality—We have seen (§10) that 
an equation of the first degree in two variables may repre- 
sent either a line or a point. Similarly any equation, 
f(a, 8) = 0, between two variables will represent either a 
point jocus or a line locus according as a, 6 are interpreted 
as point or line coérdinates. Likewise any property of the 
equation will have a twofold geometric interpretation, one 
for the point locus and one for the line locus We are now 
in a position to enunciate for the plane one of the most far- 
reaching principles of mathematics known as the principle 
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of duality or reciprocity: The theory of algebraic equations 
in two variables gives rise to two geometries according as the 
variables are interpreted as point or line coérdinates. These 
two geometries are called dual geometries, or if we choose 
to consider them as one geometry we say that the theorems 


of geometry occur in pairs. 


Corresponding ideas, figures, 


properties are known as dual or reciprocal. 
Let us illustrate how single theorems of algebra can be 


translated into pairs of dual theorems of geometry. 


We 


shall give first the algebraic statement then the geometric 


theorems side by side immediately below. 


are stated for two variables. 


All the theorems 


(1) Two linear equations have in general one common 


solution. 


. . bal 

(1’) Two lines in general 

have one common point, 
their intersection. 


(1) Two points in gen- 
eral have one common line, 
their junction. 


(2) If two linear equations have more than one common 
solution they have all their solutions in common. 


(2’) If two lines have 
more than one point in com- 
mon they coincide. 


(2’") If two points have 
more than one line in com- 
mon they coincide. 


(3) A linear equation and an equation of degree n have 
precisely n solutions, real or imaginary. 


(3’) A line and a point 
locus of order n have pre- 
cisely mn points, real or 
imaginary, In common, 7. e., 
the order of a curve is the 
number of points in which it 
cuts a line. 


(3) A point and a line 
locus of class n have pre- 
cisely n lines, real or imagin- 
ary, in common, 7. e., the 
class of a curve is the 
number of tangents which 
can be drawn from a point. 


DUALITY 23 


(4) Two equations of degrees m and n have mn common 
solutions. 


(4") Two curves of orders (4) Two curves of classes 
mand n have mn common m and n have mn common 
points. lines. 


In the preceding we have assumed the truth of the 
algebraic statement. We derived thence the geometric 
theorems by supposing that the variables were point 
coordinates on the one hand and line codrdinates on the 
other. But since the algebra of dual theorems is identical, the 
proof of either establishes the validity of both. Therein lies 
the great power of the principle of duality. Its beauty 
consists in the symmetry with which it invests geometry. 

The procedure in any instance is now clear. A theorem 
is proved either for point loci or line loci and the reciprocal 
theorem is merely stated, its proof being implied in the 
other.!. Moreover an inspection of the illustrations above 
will indicate that the statements of dual theorems differ 
essentially only in certain technical terms. Naturally 
each concept in the geometry of point loci has a dual con- 
cept in the geometry of line loci so that a theorem in either 
is carried over into the other simply by the interchange of 
dual expressions. 

14. To facilitate the process we collect into a vocabulary 
the dual terms already used.? The list will be supple- 
mented as new words are introduced. 


1 Obviously, having established the principle of duality, the proof of a 
theorem need not be analytical and the algebra may be dispensed with 
altogether. We have simply used the algebraic means of approach. 

2 In space a point and plane are dual elements while the line is self dual. 
Similarly in Ss a point (So) is the dual of a space (Ss) and a line is dual to the 
plane. There is no self-dual element. Generally in S, an S;-1 and an 
S,-: are dual spaces. Consequently there are self-dual spaces only when 
n is odd. 
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1. point 1. line 
2. junction of two points 2. intersection of two 
lines 
3. point locus 3. line locus 
4. order 4. class 
5. tangent (junction of 5. point of contact of tan- 
consecutive points) gent (intersection of con- 
secutive lines) 
6. curve (locus of points 6. curve (locus of lines 
and lines) and points) 


When a point is on a curve, for brevity we shall also 
say that the curve is on the point. 

15. Line equation derived from point equation.—Hav- 
ing chosen (§12) to regard a curve as equally a locus of 
points and a locus of lines, it is no longer quite appropriate 
to speak of the equation of the curve for there are two 
equations involved. Since however either defines the curve 
it should be possible to pass from one to the other. Suppose 
now we are given the relation in x and y which is satisfied 
by the points of the curve. The task is to find the relation 
in u and v satisfied by the lines (tangents) of the curve. 
In other words given the equation of the curve in point 
coérdinates we are to seek the equation of the curve in line 
codrdinates. 

Example. Let the point equation be 

a? + y? = 2, 
The line ux + vy + 1 = 0 will cut the circle in two points 
the abscissas of which are given by the quadratic 

(u? + v?)x? + Qua + 1 — vr? = 0. 
The roots of this equation will be equal and the points will 
coincide if 
WU? — GP oP oer) =O: 

or u? + y? = 1/r?, 
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Since this is an equation in wu and v it represents a line locus. 
But it is the condition which must be satisfied by all lines 
which are tangent to the circle. It is therefore the locus of 
such lines or the line equation of the circle. 

The student must be very careful to distinguish between 
the dual of a curve in point codrdinates and its line equation. 
The dual of a point locus is found by replacing x and y in the 
equation by u and v,—e. g., the dual of f(x, y) = Oisf(u, v) = 
0 and conversely. The equations are therefore of exactly 
the same form. ‘The line equation on the other hand is not 
only of different form in general but, excepting in special 
cases, it is not even of the same degree. 


EXERCISES 


1. State the duals of the following: 

(a) If the vertices of a triangle are points of a curve the tri- 
angle is said to be inscribed in the curve. 

(b) If the coérdinates of a point satisfy the point equation 
of a curve the point lies on the curve. 

(c) The coérdinates of the common points of two curves are 
the simultaneous solutions of the point equations of 
the curves. 

(d) The line equation of a curve, f(z, y) = 0, is the condition, 
¢(u, v) = 0, that an arbitrary line (u, v) shall be tan- 
gent to the curve, 7. e., have two consecutive points 
in common with the curve. 

(e) It is a linear condition for a point curve to pass through 
a point. Hence a general curve of order n is uniquely 
determined by 4n(n + 8) arbitrary points. 

(f) It is a quadratic condition for a point conic to touch a 
line. See Ex. 5 below. 

2. Through four points and tangent to a line how many conics 
can be drawn? Dualize. 

3. Find the line equation of (a) the parabola y? = 4azx; (b) the 
ellipse or hyperbola a?/a? + y?/b? = 1. Write the duals of each. 

4. Show that the line equation of the hyperbola 4ay = kis w = 
1/k. Thence prove that the area of the triangle formed by a tangent 
to an equilateral hyperbola and its asymptotes is constant. 
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5. Derive the line equation of the general conic 
ax? + 2hey + by? + 2fy + 2gz +c = 0. 


6. What is the class of each of the curves in Exs. 3-5? 
7. Which of the lines (2, —1), (8, 2), (—5, 3), (4, 7), (8, 2) are 
tangent to y? = 8x? 
8. Find the tangents to the curve 252? + 16y? = 1 from (—\s5, 
—%0). 
9. Find the equations of the common tangents to the pairs of 
curves 
4l(z? + y’) =1 2y? 
80xy = 1 527 + 20y? = 
10. A line moves so that the segment intercepted by the axes is 
constant and equal toa. Find the equation of this line locus. What 
is the class of the curve? Draw enough of the lines to form an idea 
of the figure of the curve. 
11. Show that the degree of the condition for a point curve to touch 
a line is the class of the curve. Dualize. 


25(a? + y?) = 1 
1082? + 64y? = 3 


Il 


ll 
8 


| 
iN 


16. Methods of deriving the point equation from the 
line equation—The problem of obtaining the point equa- 
tion of a curve from the line equation is a special case of the 
problem of envelopes explained in books on the differential 
calculus.! For we are to find the envelope of an arbitrary 
line of the curve. It is likewise the dual of the problem con- 
sidered in $15. The method outlined there accordingly 
may be used to recover the point equation from the line 
equation. Suppose the line equation is given in the form 
¢(u, v) = 0. The u-codrdinates of the lines common to 
@ = 0 and an arbitrary point, uz+ vy +1 =0, will be 


+1 = 
determined by the equation ¢{1u, Sa) =0. Now the 


point equation is simply the condition that the point be on 

the curve or what amounts to the same thing that two of the 

common lines coincide. This will happen if ¢ considered as 

an equation in u have a double root. In other words the 
1See Hulburt, Calculus, Chap. 33. 
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point equation is the u-discriminant of ¢ set equal to zero, 
and we have to eliminate u between ¢ = 0 and 2 = 02 


It is not necessary of course to perform this elimination 
for every problem. Indeed the discriminant may be calcu- 
lated once for all for the general equation of a certain degree 
and thenceforth used as a formula. 

17. We shall now explain a second method applicable to 
an important class of curves appropriately defined. In the 
previous case we began with a relation ¢(u, v) = 0 which 
connects the coédrdinates of an arbitrary line of the curve. 
But the curve is equally defined by the equation of an 
arbitrary line of the envelope. For example x cosa + y 
sina = p, @ a parameter, is the equation of a family of 
lines which envelop a circle with center at the origin and 
radius p. 

Consider now the equation 


Ve — y+ t = 0: (1) 


If ¢ is given the equation represents a definite line. For 
varying ¢ it is the equation of a one-parameter family of 
lines. It therefore defines a line locus. Through an 
arbitrary point of the plane pass two lines since for given 
x, y (1) is quadratic in ¢, z. e., the locus is of the second 


1Tf the equation f(t) = 0 have a double root r then we may write 
ft) = @ — 17) 9). 
of 


ag 9g\. 
— =(t — re .¢—r) =(t— t—r) — 
Now ar Caine. = PHO) C0) = (GW) ay] ae (E —) a 
: ’ af F 

Hence « double root of f = 0 is a simple root of Vis 0. The necessary 
and sufficient condition that f = 0 have a clea is to within a 
ts) 

at 
root. The respective functions of the coefficients which vanish when and 
only when these conditions are fulfilled are called the discriminant of f 


factor the same as the condition that f = 0 and = 0 have a common 


ts) 
and the eliminant or resultant of f and 2s : 
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class. The envelope of the system is found by expressing 
the condition that the two lines on a point coincide, or that 
(1) considered as a quadratic in t have equal roots. The 
equation of the envelope is therefore 


dey +1 =0. (2) 
Generally, if ¢ is a parameter the equation 
LCS) ei 


linear in x and y and of degree n in ¢ represents a singly in- 
finite system of lines which touchacurveofclassn. For if tis 
given f = Ois the equation of aline. Butif x and y are fixed 
f = 0 determines n values of t, 7. e., on an arbitrary point are 
n lines of the curve. The point equation is obtained at 
once by taking the discrimmant of f as to t. 

In particular if ¢ enters rationally, f = 0 is a rational 
curve for then the codrdinates of the lines of the curve are 
expressed as rational functions of a single parameter. This 
property which is characteristic may be taken as a definition 
of rational curves. 

18. A third form of the problem which can be brought 
under the second method of solution may be worth men- 
tioning. Suppose the line equation is ¢(u, v) = 0 where 
however wu or v can be expressed explicitly as a function of 
the other. If, e. g., v = y(u) the equation of the family of 
lines becomes 


fu) =ut+y(uy+1=0 
and the equation of the envelope is found by eliminating u 
between f = 0 and ols = 0. 
OU 


Example. Let us find the point equation of the curve 


ato =a? (Ex. 10, $15) (1) 
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or what is the same thing the envelope of the line ux + vy + 
1 = 0 where u and »v satisfy equation (1). 


From (1), 
A U 
° = Gat — 1) o 
hence the equation of the family of lines is 
uy 
woe ian putt = 0 = f(x,y, u). (3) 
(6) 
Je u 0 (4) 


Ceinawe (a?u? — 1)3 
Eliminating wu between (3) and (4) gives the equation of the 
envelope. 


From (4), 
CES (v\¥ 
u= ~———_5 4 aim (ie 
ax’® =) (¥) (5) 
- Substituting in (3) 
(a8 dni j 
(x + y%a’4) +1=0. (6) 
ax” 
whence 
x78 as ys = gq (7) 


which is the familiar equation of the astroid. Thus the 
curve (1) of class four is of order six. 

19. Fourth method.—In all the preceding cases the solu- 
tion has depended on the possibility of expressing the line 
equation as a function of a single parameter of the form 
f(x, y, wu) = 0. The point equation was then obtained by 


alee : 0 : 
eliminating the parameter from f = 0 and af =.0. It is 


frequently simpler in practice to consider the line equation as 
a function of two parameters subject to a condition. Thus 
in the line equation ¢(u, v) = 0 the codrdinates of the line 
always satisfy the relation f=ue+vy+1=0. Or 
f = 0 will be the equation of an arbitrary line of the curve 
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if wu and v are connected by a relation ¢ = 0. The point 
equation may then be expressed by eliminating wu and v 


oe dv dv . 
from ¢ = 0,f = O and ~ 7 Se ed a where 7 is 
found by differentiating ¢. 


EXERCISES 


1. Plot the system of lines y = t2 + 1/t. Find the equation of 
the envelope. 
2. Find the locus of a line the sum of whose intercepts on the axis 
is constant and equal to a. Derive the point equation of the curve. 
3. Outline the duals of the methods in §§$16—-19. 
4. Calculate the discriminant of the cubic az* + bz? + cx +d = 0. 
5. Find the line equation of y? = 2°. 
6. Find the line equation of x? + y3 + 1 = 0. 
7. If a sheet of paper is folded, a corner to an edge, the crease 
envelopes a parabola. 
8. Find the envelope of the normals to the parabola y? = 4az. 
This is the evolute of the parabola. 
9. Find the point equation of (aot? + 2bot + co)a + (ait? + 2bit + 
cy)y + (aot? + 2bet + co) = 0. What are the codrdinates of this line? 
10. Find the envelope of the line wa + vy + 1 = 0 where wu and » 


3P 3t cave 
faa rs a Show that this is the 
same as the point equation of the curve u3 + v3 — 38w = 0. 

I = Ge 


11. Find the line equation of the curve y = > epee Weeds ee 


satisfy the equations u = 


CHAPTER III 
THE LINE AT INFINITY 


20. Points at infinity——The principle of duality breaks 
down in the elementary geometry of Euclid. Indeed it was 
necessary to qualify the first theorem of §13. For while two 
distinct points always determine a line, two lines fail to 
determine a point when they are parallel. Such exceptions 
are not uncommon in mathematics but they can frequently 
be avoided by the aid of appropriate expedients. Often it 
suffices to modify definitions or merely adopt conventions 
of language. But sometimes new postulates or assump- 
tions are required. Thus in algebra we might say that the 
quadratic equation «? — 2ar+a?=0 has only one 
roota. For the sake of uniformity however it is customary 
to say that the equation has two equal roots. Here a change 
of language is all that is needed. On the other hand if the 
equation x? + 2+ 1 = 0 is to have any root it is necessary 
to extend the domain of numbers to include the imaginary 
numbers. With these conventions,—that a repeated root 
counts for two and that imaginary roots are to be accepted 
equally with real,—we can say every quadratic equation 
has two roots. 

Again we might say that a circle cuts a line of its plane in 
two points, one point or no point. But with the proper 
modifications we can make the geometry conform to the 
algebra. Thus a tangent is considered as meeting the curve 
in ‘two coincident points.”’ But in order that the state- 
ment shall be true universally it is necessary to introduce 
a new class of points, the ‘“imaginaries.” Imaginary 
points correspond to the imaginary numbers of algebra. 

31 
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If in solving the equations of line and circle the roots turn 
out to be imaginary, the points of intersection are said to be 
imaginary. ‘No point’ is now replaced by “two imagi- 
nary points” when without exception a line cuts a circle in 
two points,—real and distinct, coincident or imaginary. 
The new statement not only serves every purpose of the old 
but is really more descriptive of the true relation of line 
and circle.! 

To say that two parallel lines do not meet is like saying 
that certain lines have no point of intersection with 
a circle. There we found that the exception could be 
removed by introducing imaginary intersection. In an 
exactly analogous fashion we may introduce a second new 
class of points into geometry, points at infinity, which will 
serve for the “intersections of parallel lines.”’ We do this 
formally by means of the following statement which is in the 
nature of a 

Postulate. There 1s on every line one and only one point 
at infinity. 

21. Some consequences of the new postulate.—It follows 
at once that the locus of points at infinity in the plane is a line, 
the line at infinity, for it is a figure which every line of the 
plane cuts in one and only one point. We shall designate 
the line at infinity by £.? This line is not imaginary in the 
technical sense in which that term is used in mathematics. 
It is fictitious only in that it differs in some respects from 
ordinary lines though it enjoys many properties in common 
with them. Indeed as we shall see, in projective geometry 
no distinction is made between the line at infinity and other 
lines. 

1 The axis of a circle is a true example of a line which does not meet 


the circle. Likewise an element of a circular cone meets the circle of the 
base in one point. 


2 This symbol is made by combining the script & with the symbol for 
infinity (©). 
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Since there is a line at infinity in every plane the locus 
of the infinitely distant points in space is a plane, the plane 
at infinity. The line at infinity in any plane is simply the 
intersection of the plane with the plane at infinity. 

Generally the locus of points at infinity in Sp is an Sy-1. 

The immediate advantage arising from the recognition of 
points at infinity is that certain exceptions which occur in 
duality are removed.!_ We can now say for example that 
every pair of distinct lines meet in a point. Yet we have 
done no violence to elementary geometry for with a slight 
revision of the terminology the familiar properties of 
Kuclid can be described in the new language as well as in 
the old. We have in fact merely substituted another postu- 
late for the classical parallel postulate. The old definition 
of two parallel lines as lines (a) which lie in the same plane 
and (b) which do not meet however far produced, is replaced 
by the following: Two parallel lines are lines which meet at 
infinity. This simple statement includes both essential 
parts of the old definition. A system of parallel lines in the 
plane or in space meet at a common point at infinity. 

Similarly parallel planes are planes which have their 
infinitely distant lines in common. 

A line and a plane which are parallel meet at the point at 
infinity of the line. 

That our present machinery is vastly superior to Euclid’s 
in dealing with an important class of theorems on parallels 

1 For other noteworthy exceptions which disappear see below and the 
following chapter. It is not to be supposed that there are no disadvan- 
tages. For example our agreement that there shall be a single infinitely 
distant point on a line implies that if two points travel in opposite direc- 
tions on the line they will ultimately arrive at the same destination, wz., 
at the point at infinity. More properly the line at infinity should be con- 
ceived as a repeated line which every line cuts in two coincident points. 
Even then the points just mentioned and indeed every pair of such 
coincident points would be infinitely distant from each other. This is 
however no worse than having distinct points at a zero distance from each 


other as happens in the case of certain imaginary points. 
3 
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is evident from the appended exercises. For the proofs 
‘here depend on the most elementary notions such as inci- 
dence and coincidence, that two points determine a line, 
three a plane, etc. Whereas the treatment of Euclid is not 
without its subtleties. 


EXERCISES 


1. Show that the postulate of §20 in view of our definition of paral- 
lel lines is equivalent to the parallel postulate,—through a point there 
is one and only one line parallel to a given line. 

2. Translate into the language of infinite elements the following 
theorems and prove. The theorems are stated for S;. 

(a) Through a point there is a unique plane parallel to a 
given plane. 

(b) Two lines which are parallel to a third line are parallel to 
each other. a . 

(c) If a line is parallel to each of two intersecting planes it is 
parallel to their line of intersection, and conversely. 

(d) If a line J is parallel to a plane z any plane containing I 
cuts z in a line parallel to l. 

(e) Through a given line one plane and only one can be 
passed parallel to a given skew line. 

(f) Through a given point one plane and only one can be 
passed parallel to each of two skew lines. 

(g) All the lines on a point and parallel to a given plane lie in 
a plane parallel to the first plane. 

(h) If a plane contain one of two parallel lines but not the 
other it is parallel to the other. 

(t) The intersections of a plane with two parallel planes are 
parallel lines. 

3. Define prism and cylinder in terms of pyramid and cone respec- 
tively. 

4. Define parallel spaces in Sy. Generalize for S, as many of the 


theorems under Ex. 2 as you can. State some analogous theorems 
for S,. 


22. The algebraic aspect of the infinite point on a line.— 
We have seen that there is a certain geometric advantage in 
the use of elements atinfinity. Because of the close connec- 


THE LINE AT INFINITY 35 


tion between geometry and algebra we should expect a similar 
algebraic advantage. The intimacy between geometry and 
algebra is due to the interpretation of numbers as coérdi- 
nates. ‘Thus along the line we associate with each point a 
number, and conversely every number determines one and 
only one point. In order that this correspondence between 
point and number be without exception it is necessary to 
attach to the point at infinity on the line a number. To 
this ‘‘improper’’ point we assign the improper number o. 
We can give any meaning we please to this number pro- 
vided only the new meaning shall be consistent with the 
geometric significance already implied. 

We saw that parallel lines meet in a point at infinity. 
Now the line 


y=te—-—@ (1) 
cuts the z-axis at the point 
x= a/t. (2) 


The line is parallel to the z-axis when t = 0. It will then 
meet the z-axis in the infinitely distant point. Hence 
from (2) we have 

eee EC ONO a oe oe. (Vee 
Similarly the codrdinates of the intersections of 


y =ax?+ba+e (3) 
and the axis of x are the roots of the equation 
ax? + bx +c = 0, say x; and 2. (4) 
Now the roots of 
a+ ba+ cx? = 0 (5) 


are the reciprocals of the roots of (4), 7. e., 1/x, and 1/22. 
And if 2; = 0, 1/4; = @ (from 1°). But the condition 
that 7; =0 is c=0. That is, one root of a quadratic 
equation is © if the coefficient of the highest term is zero. 


1Ifq@ = Oat the same time 1° is indeterminate for then the line coincides 
with the x-axis and intersects it throughout. 
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Therefore if a = 0, 7; = 0 (from (4)) and 1/a, = 0 (from 

(5)). Accordingly we attribute to oo the further property 
2°. 1/o =0. 

Again if a = 0, one root of the equation (4) is x1 = —e/b 


which is determinate and not infinite if b, c #0, 0. The 
other root %2 = oo. But 


x, + t = —b/a = (6) 
and 
Ll = 00/00 (7) 
Hence we have the additional properties 
from (6) 
—c/b +o = —b/a = 0 (b+ 0,2. €., m1 w) 
or = 
3°. 2+ 0 = o, zany number not infinite, 
from (7) 
—c/b-~ =c/a =o (¢ #0) 
or 


4°. 2:0 = 0, Zany number not zero. 


23. The infinite roots of equations.—Since the equation 
ax? + bx + c = 0 has one root equal to infinity when a = 
0, we may regard the equation bz + c = 0 as a quadratic 
with an infinite root. If in addition 6 = 0 the other root 
is infinite and the equation c = 0 may be looked upon as a 
quadratic with two infinite roots. These results admit of 
immediate extension to equations of any degree. For 
consider the equations 


f(x) = aoe” + aye"! + age”? +... . +anurt+t+a, =0 
and 
f/x) = ao + aye + aor? +... Ont” + Anz” = 0. 


f(1/z) = 0 will have one roct 0 if a> = 0, two roots 0 if ay = 
a, = 0, and r roots 0 if a9 =a, =a2= ... a1 = 0. 
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Under the same conditions f(z) = 0 will have one, two, r 
roots o. In other words not only may az +b =0 be 
regarded as a quadratic with one root o but as a cubic 
with two roots o or an n-ic with n — 1 roots o. 
Generally, an equation of apparent degree r may be considered 
as. an equation of degree n with n — r roots = w. 

The context will usually indicate when it is desirable to 
consider the apparent degree of an equation as too low. 
It will also serve as a guide in selecting the appropriate 
degree. 

The theorem just quoted is invoked in enumerating the 
intersections of curves when it is desirable to take account 
of infinite intersections, particularly in the study of asymp- 
totes. For example it is intuitively obvious that a line 
drawn at random will meet the hyperbola 


x? — Ay? = 21 (1) 


in two points. And experience teaches us that a linear 
equation and a quadratic like (1) usually have two solu- 
tions, though they may be coincident or imaginary. But 
if we combine the equation 


a= 2y+3 (2) 
with (1) we obtain 


Ay? — Ay? + 12y = 12. (3) 


Whence there appears to be a single set of simultaneous 
values, viz., x =-5, y = 1, 7. e., the line (2) seems to meet 
the hyperbola in a single point. If however we consider (3) 
as a quadratic with one root infinite, as is natural since the 
coefficient of y? becomes zero, the exception is avoided and 
we can say that the line and hyperbola meet in two points, 
one finite and one infinite. In the same way we should find 
that the line x = 2y meets the hyperbola in two points at 
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infinity. With this understanding every line meets the hyper- 
bola in two points, real or imaginary finite or infinite.' 

24. Inconsistent equations in the light of infinite ele- 
ments.—We shall consider first the linear equations 


aw + by +c, =0 (1) 
aot + bey + co = 0, (2) 

The solution of the equations may be written 
p [eel 2A Sle Br 


| abe | Ci z | abe | C 
Obviously there is a unique pair of values of x and yif C # 
0.2. Let us examine the possibilities when C = 0. Two 
cases present themselves: (I) Either A and B are not both 
zero or (II) A = B =0. We proceed to the analysis of 
Case I. C = 0, B #,0. Such equations are called 
inconsistent in elementary algebra and they are said to 
have ‘‘no solution.’”’ There are three characteristic hypoth- 
eses depending on the way in which C becomes zero. 
1°. a, = 6; = 0.. ‘Then ‘A ="—b.c,, b= ees. .oimee 
B is different from zero c1, d2 0. Now (a) b2 = 0 or 
(b) bo 4 0. We shall have respectively 
x = 0/0 L = 0 (4) 
Vinaesas os tf =O). 
Under our hypothesis the first line on dividing by c; reduces 
to 
Or + Oy +1=0 (5) 
whose intercepts —1/a, and —1/b; are infinite. The line 
then may be considered as having moved off to infinity, 


1 These classes are not all mutually exclusive for a finite or an infinite 
point may be either real or imaginary. The two points need not both 
belong to the same class and of course they may coincide. 

It should be observed that if we adhere to the ‘‘one point” “‘no point”’ 
terminology there is no way of distinguishing a line like (2) from a tangent. 
And ‘‘no point’’ would refer indiscriminately to two imaginary or two 
infinite points. : 

2 A set of values, one for each variable, which satisfy two or more 
equations is called a solution of the equations. 
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1. €., (5) may be taken as the equation of £. The second 
line is parallel (or coincident) with « = 0, or not parallel 
to either axis according as (a) or (b) is fulfilled. In either 
case the two lines meet at infinity—at the infinitely distant 
point on the second line. 

2eyeor— 1b, = 02 ‘Then A =.0,0B = ja, — Gai, The 
lines reduce to aww + c; = 0, a2 +c, = 0. Since B ¥ 0 
both lines exist and remain distinct. They are manifestly 
parallel to x = 0 and intersect therefore at the infinite 
point of the y-axis whose codrdinates are x = 0/0, y = ow. 

3°. @1/d2 = b;/b2 ¥ ¢1/cz. Barring hypotheses 1° and 
2° the equations reduce to the form ayz + by + c1 = 0, 
aye + biy + co’ = 0 whose solution is +r = 0, y = ow. 
The lines are parallel and thus meet at infinity. 

Under each supposition of Case I we have found that the 
two equations may be interpreted as representing distinct 
lines which meet at a single point at infinity. The coér- 
dinates of this point will be a solution of the equations and 
we no longer have pairs of linear equations with no solution. 
We may retain the term “inconsistent’’ introducing the 
following: 

Definition.—The two linear equations are inconsistent 
when and only when they represent lines which meet at infinity. 

We shall not here delay on Case II. We merely remark 
that if A = B = C = 0 the equations have an infinity of 
solutions and they are not independent. 

25. Three linear equations.—Similarly the solution of the 
three equations 


aye + by + o2+ d, = 0 


aoe + boy + coz + dz = 0 (1) 
asx + bsy + c32 + dz = 0 
may be written 
A B sey, 
r= ny. Wl D’ z D 
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If D = 0 but not all the numerators are zero the values of 
one, two or three of the unknowns will be oo. In that case 
the equations are “inconsistent” as before. Geometrically, 
the three planes meet in a unique point on the plane at 
infinity. 

If A, B, C, D are all zero, the equations are dependent 
and have «1! or w? solutions according as the planes have 
a common line or coincide. Such equations may however 
be inconsistent as for example the equations 


te ee 1 
Bi ya 22 
etyt+2z=s3. 


The three planes are parallel and hence have their infinitely 
distant lines in common. ‘We are led.to extend our defini- 
tion of inconsistent equations as follows: 

Three non-homogeneous linear equations in three variables, 
whether dependent or independent, are inconsistent when the 
planes which they represent meet only at infinity. 

26. A general definition of inconsistent equations.— 
There is no difficulty in generalizing these results for sets 
of n linear equations in n variables. Indeed the definition 
is valid when there are fewer equations than variables. 
Thus the equations of two parallel planes would be incon- 
sistent. Moreover any set of equations in linear form will 
be inconsistent under similar conditions. For example the 
equations 

ax? + by? + ki = 0 (1) 
ax? + by? + kz = 0 ky # ky 


may be considered linear in a2? and y?. Solving we have x? 
=o, y? =». The four solutions coincide in pairs, 7. ¢., 
the curves have double contact at infinity. 

Two equations need not be of the same degree to be 
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inconsistent. We had an instance of this in §23. As 
another example we mention the equations 

Coy y —l = 0 

Pes, (2) 

Substituting in the second equation the value of x? obtained 
from the first we find 

Oy® Oy? + Oy’ "1 = 0, 
all of whose roots are infinite. The two curves intersect 
wholly at infinity. We can now formulate our general 

Definition.—r_non-homogeneous equations in n variables, 
r<=n, are inconsistent when and only when the graphs 
represented have all their intersections whether real-or imagi- 
nary at infinity. 

Enough has been said to demonstrate the utility of 
infinite elements in algebra as well as geometry. Another 
service which they perform conducive to generality of 
statement has been anticipated in §23. There it was 
possible to say that every line meets an hyperbola in two 
points,—surely a verbal economy. Likewise theorem 4’ 
(§13) that two curves of orders m and n have precisely mn 
points in common is valid only when infinite as well as coin- 
cident and imaginary points are taken into account. 


EXERCISES 


1. What is the dual of the origin? State and prove the dual of the 
theorem: If the equation of a point locus contain no constant term, 
the origin is a point of the locus (curve). 

2. Find all the intersections of x? — y3 = 19, —y = 1. 

8. Determine a and b so that the equation 

x? — (ax + b)x — 2a — 2(ax +b) + 1 =0 
shall have o for both its roots. 


1 An algebraic criterion would be better if we were discussing the equa- 
tions solely but we are interested here in the geometrical aspect of the 
case. Furthermore the very purpose of this exposition is to show that 
with the admission of infinite elements inconsistent equations so called 
disappear as an exceptional class and we have little occasion to recognize 
them. However failure to obtain finite solutions is usually a satisfactory 
algebraic test of inconsistence. 
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4. Show by the distanve formula that all lines of the system x + 
iy +k =0 (? = —1, k #0) are at an infinite distance from the 
origin. Reconcile this with the statement that there is just one line 
at infinity. 

5. Dualize Case I (§24), indicating the geometrical relation of the 
two points under each hypothesis. 

6. Analyze Case II and show that (a) the lines coincide either as 
finite lines or with the line at infinity, (b) one line vanishes identically, 
(c) both lines vanish identically. 

7. If D = 0, A, B, C not all zero (§25), what is the relation of the 
three planes? Three answers. 

8. Make a list of the exceptions that have been removed already 
by the recognition of infinite elements. 


27. Homogeneous codrdinates on the line-—When the 
infinite elements come into consideration it is usually 
preferable to employ homogeneous codrdinates. In this 
system we associate with each point along a line two numbers 
or codrdinates t,, ft. The new codrdinates are connected 
with the old by means of the relation (1) « = t1/tz. From 
this equation it is plain that not both of the homogeneous 
coordinates of a point can be zero else the point is indeter- 
minate. Again if the ?’s are given x is uniquely determined. 
On the other hand if x is given only the ratio of the t’s is 
known. In other words (rt:, rte) defines the same point 
as (t1, te). 

If t; =0,% = 0; if 2 = 0,¢ = o andift = th, x = 1. 
That is, the coérdinates of the origin, the point at infinity 
and the unit point respectively are (0, ts), (t:, 0), (t:, t1) or 
(0, 1), (1, 0) and (1, 1) since only the ratios are required. 


(0,1) (1,1) (t1,t2) (1,0) 
0 1 a foe) 


In the non-homogeneous system the origin and unit point 
may be chosen arbitrarily, 7. e., the numbers 0 and 1 may be 
attached to any two points whatever. The number o 
however is always, at least tacitly, assigned to the point at 
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infinity. The choice of the three points which are to be . 
designated by 0, 1 and o completely establishes the codérdi- 
nate system. The homogeneous system here introduced is 
subject to similar restrictions, for we are dealing with Carte- 
stan coordinates in both systems. 

An equation f(z) = 0 by means of the relation (1) is trans- 
formed into an equation homogeneous! in ¢, t2 and of the 
same degree. While an equation in the ¢’s goes back into 
an equation in x by means of the substitutions t; = 2, te 
= 1. As an example the cubic az? + bz? + cx +d =0 
becomes 

at,3 + bt12te + ctyto? + dt, == {§). 


Ita. = 0, te = 0, x= 0, 
a=b=0, to? = 0, L= 0,0, 
G1 610) tile” ="0, x = 0, 0, 0, 
a=d=0, tite = 0, p10 oom 


This illustrates the superiority of the homogeneous form in 
discussing the infinite roots of equations. Not only do the 
infinite roots appear more readily, being placed on the same 
basis as zero roots, but the degree of the equation is always 
in evidence. 

28. Homogeneous coordinates in the plane. 


In the plane the homogen- 
eous coérdinates of a point 
are three numbers, not all 
zero (x’, y’, 2’) connected with 
the Cartesian codrdinates 
by the equations 

men ae orth ea i 21 


1 Hence the name 


“homogeneous coordinates.” 


Dually the homogeneous 
coordinates of a line are 
three numbers not all of 
which are zero, connected 
with the Pliicker codrdinates 
by the equations 

We Aly Wi. = Ul fy 


There are many 


systems of homogeneous coérdinates on the line, depending on the geomet- 
rical interpretation of the numbers. In the present system the number 
a or the ratio of the t’s represents a directed segment. The absolute value 
of the number gives the length of the segment and the sign indicates the 
direction from the origin. 
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As before only the ratios of 
x’, y’ and z’ are determined 
when the point is given by 
its Cartesian codrdinates. 
Thus tka’; vky's ke’) (25 
ay suet). 

An equation f,(v, y) = 0 
under the — substitutions 
above is transformed into an 
equation homogeneous in 
x’, y’, 2’ of the same degree. 
The resulting homogeneous 
equation can be written 
down most readily by simply 
inserting in each term the 
requisite power of z to bring 
it up to the nth degree. 
The Cartesian equation is 
recovered by substituting 
Czar) ty! teeta ieee sak 

If y = 0, @’ #0), y =0 
and the point lies on the 
g-axis. If 2’ =0 at’ the 
same time = 00, y is Inde- 
terminate and the point is 
still on the z-axis though at 
infinity. Hence y’ = 0 may 
be called the equation of the 
x-axis in homogeneous coérdi- 
nates. Likewise x’ =0 is 
the equation of the y-axis. 
When z’ = 0 either = 0 
or y = © or both and the 
point is on’ £. That is27 = 
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If (u’, v’, w’) are given the 
line is uniquely determined. 
But if the line is given only 
the ratios of wu’, v’ and w’ 
are known for 
(ku’, kv’, kw’) = (w’, v’, w’). 


Ti ar) = "0, lap 5430) ate 
x-intercept % = 0 and the 
line is parallel to the z-axis, 
z. é. is on the infinitely dis- 
tant point of the z-axis. If 
u/- = 0 and w’ = 0 theny)= 
co and wu is indeterminate, 
z. e., the y-intercept yo = 0 
and 2» 1s arbitrary hence the 
line is the z-axis. When 
u’ = 0 therefore the line 
always contains the point 
at infinity on the z-axis. 
Hence u’ = 0 is the equation 
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0 is the equation of the line of the infinite point of the 


at infinity. 


These three lines 


Oy es Oye =O 
may be called a triangle! of 
reference and are designated 
u-, y- and Z-axes respec- 
tively. The cédordinates of 
its vertices are 
(x’, 0, 0), (0, y’, 0), (0, 0, 2’) 
or since only the ratios are 


x-axis. Similarly’ v’ = 0 is 
the equation of the infinitely 
distant point of the y-axis. 

When w’ = 0 either u = 
0 or v = oo or both, 7. «., 
% = 0 or yo =0 or both 
and the line is on the origin. 
Hence w’ = 0 is the equation 
of the origin. 


v'=0 


(010) 


These three points 

uy = 0, 0 =-0; w= 0 
may be called a triangle of 
reference. The codrdinates 
of its sides are (1, 0, 0), 
(Ook, Ode MO 0. be The 
first two are the Cartesian 
axes, the third is the line at 
infinity. 


1The codrdinates on that account are sometimes termed trilinear 


coérdinates. 
confusion. 


In practice primes are dropped since there is little danger of 
Observe that now the «a-axis is the line whose equation 13 


az = 0,a custom that unfortunately is not followed in elementary analytics. 
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essential (1, 0, 0), (0, 1, 0), 
(0, 0, 1). The first two are 
the infinite points of the Car- 
tesian axes, the third is the 
Cartesian origin. 


The incidence condition of point and line becomes in 
homogeneous coérdinates 


(ux) = ux + vy + we = 0.! 


This equation therefore represents the line (u, v, w) or the 
point (x, y, 2) according as the point or line codrdinates are 
considered variable. Thus the codrdinates of a point or line 
are simply the coefficients in its homogeneous equation ,—or 
three numbers proportional to the coefficients. 

The equation of the line The equation of the point 
on the two points (#1, yi ,21,),_ of intersection of the lines 


(Te, Ye, 22) 18 (ui, U1, Wi), (%2, V2, We) is 
tee ee TT 
H1 Yi 21| = 0. Vin Oa Wa = O, 
To Yo 22 U2 V2 We 
The equation of the line The equation of the cum- 
on the points mon point of the lines 
au + bw + cw = 0 aix + bry + coz = 0 
agu + by + cow = 0 a2t + bey + coz = 0 
is is 
OT lu v w 
ay by C1) = 0, ay by Cy| = 0, 
ag bo C2 (62) be C2 


or |belx + |caly + lable = 0. or |bclu + Icalv + lablw =0. 


1 (wa) is a convenient symbol for a homogeneous function linear in two 
sets of variables. Likewise (az) might denote either az + by + cz or aiw + 
ay + a3z, the precise coefficients being immaterial. 
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That is, the codrdinates of Hence the codrdinates of the 
the line on two points are point of intersection of two 
proportional to the determi- lines are proportional to the 


nants of the matrix determinants of the matrix 
ay, bi C1 ay b; C1 
2 bo C2 a2 be C2 


formed by the coefficients formed by the coefficients in 
in the equations of the the equations of the lines. 
points. 

In solving a system of n equations homogeneous in 
n+ 1 variables only the ratios of the variables can be 
determined. Two methods are available. The equations 
may be divided by one of the variables say ¢ and treated 
just as non-homogeneous equations in w/t, y/t, z/t, ete. 
The numerators of these fractions are then taken as the 
values of zx, y, 2, etc., and the denominator is the value 
of t. Orn of the variables may be expressed in terms of the 
remaining one to which an arbitrary value is assigned. 
If in either case the isolated variable turns out to be zero 
it is usually necessary to select another which is always 
possible since at least one of the variables must be different 
from zero. A set of equations in the linear form however 
can always be solved by the determinant method even when 
some of the values are zero. The system of values then 
consists of nm + 1 numbers proportional to properly chosen 
determinants of the matrix made up of the coefficients in the 
equations. 

EXERCISES 

1. Find the condition that the three points (a) (xi, yi, 2), (0) 
au + bw + cw = 0, t = 1, 2,3, beonaline. Dualize. 

2. Find the coérdinates and the equations of the lines on the pairs 
of points (2, 3, 4), (4, 4.2); 2, —7), 6,-—2,-—11); (1, 1, 2), 14,4); 
Qu —v + 5w = 0, 8u + 20 — w = 0; 4u — 30 — 8 = 0, 38u — Sv — 
6 = 0. 
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3. Write the equations of the six lines joining the four points 
(Girard re ‘sen by 

4. Find the coérdinates and equations of the points of intersection 
of the pairs of lines x — y = 62, 3a + 4y = 42; 2a —y +2 =(Q, 
4p) Sy og = 67/10, BPE, 2, 4) oO) te 

5. Show that the lines 32 — 2y — 22 = 0, 34a —y + llz =0O, 
x —y — dz = Omeetina point. Find the coérdinates and the equa- 
tion of the point. 

6. Find the value of a such that the points 3u — 2v = 0, u — v + 
2w = 0, 3u — v + aw = 0, lie on a line. 

7. Write the equations of the lines joining the vertices of the tri- 
angle of reference to the point (a, 6, c). Find the coérdinates of the 
points in which these lines cut the sides of the triangle. Write the 
equations of the sides of the new triangle. Show that the sides of 
the two triangles meet in pairs in three points of a line. Write the 
equation of this line. This is the polar line of (a, b, c) with respect to 
the triangle. 

8. What is the polar line of he centroid Gintersection of medians) 
of a triangle? 

9. Solve the system of equations 2% + 3y — 22 + 44 = 0, « + 
y +z = 5t = 0, 382 + dy = dz — 10% = 0. 

10. Solve the system « + y — z+ 2¢ = C, 2a — 38y — 52 + 4t = 
0, 3x — 2y +2+ 6¢ = 0. 


29. Classification of conics.—An equation f,(z, y) = 0, 
homogeneous and of the nth degree in x and y, breaks 
up into n factors of the form ax + by. The equation thus 
represents n lines on the point (0,0, 1). If therefore in the 
homogeneous equation of a curvef,(x, y, 2) = 0 we set z = 
0 we obtain the equation of the n lines from the vertex 
w to the points of intersection of the curve and the z-axis 
(£). The codrdinates of the points of intersection are the 
simultaneous solutions of the system f = 0,2 = 0. Similar 
statements of course hold for the other axes. P 

Dually an equation f,(u, v) = 0, homogeneous in wu 
and v represents n points on the junction of wu = 0, v = 0, 
z.e.,0n (0, 0,1). Thus if we put u, vor w = 0 inthe homo- 
geneous equation of a curve of class n, fn(u, v, w) = 0, we 
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obtain the equation of the n points on the a-, y-, or z-axis 
respectively cut out by the tangents to f from the u-, v-, 
or w-vertex. The codrdinates of the n tangents are the 
simultaneous solutions of f = 0 with either u, vor w = 0. 

We are now in a position to study most conveniently the 
behavior of a curve in the infinite region. For example 
the homogeneous equation of the parabola y? = 4ax is 
y? = 4azx. Now the parabola is tangent to the line x = 0 
at the point where this line meets y = 0. But since the 
equation is symmetrical in x and z the parabola will have 
the same relation to z = Oas tox = 0. Hence the parabola 
is tangent to the line at infinity at the infinite point of its 
axis, y = 0. 

The general equation of the second degree in three homo- 
geneous variables may be written, 


ax? by? -- ¢2* + 2fyz + 2gzn -- 2Zhey-=-0 (1) 


Such an equation defines a conic. The coérdinates of the 
points in which this curve cuts the line at infinity are found 
by solving (1) with z= 0. We obtain thence 


ax? + 2hry + by? = 0, or a(a/y)? + 2hx/y +b =0 (2) 


as an equation to determine the ratios of x to y. However 
we are interested not in the actual points of intersection but. 
in the relation of conic and line. Now the nature of the 
roots of a quadratie depends upon the value of the dis- 
criminant D. The roots of (2), 7. e., the points in which the 
conic cuts the line will be real and distinct, real and equal 
or conjugate imaginary according as ! 
D=ab—h?<0,=0,>0. (3) 
But these are just the conditions that a proper conic be a 


hyperbola, a parabola or an ellipse. 


1 Here as elsewhere, unless the contrary is specifically stated. the 
coefficients are assumed to be real. 
4 
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The behavior of conics with respect to £ therefore serves 
as a basis of classification into the three principal types for 
we may say, 

A proper conic is a hyperbola, a parabola or an ellipse 
according as it meets the line at infinity in points which are 
real and distinct, real and concident or conjugate imaginary. 

30. Degenerate conics. The line at infinity not a part 
of the locus.—When a conic breaks up into two lines, not 
including £, it can be shown without difficulty that the 
lines are 


1°. D < 0, real and distinct, 

2°. D > 0, conjugate imaginary,! 

3°. D = 0, (a) real parallel lines; (6) real coin- 
cident lines. 


Ly 


Since these line pairs meet the line at infinity exactly as 
do the proper conics we shall call them degenerate hyper- 
bolas, ellipses and parabolas respectively. 

For the case where the line at infinity is a part of the locus 
see below (§35). 

31. The aspect of any curve is affected to an extraordin- 
ary degree by the way it gets off to infinity. Indeed the 
behavior of curves at infinity has been used extensively as a 
basis for their classification. As an illustration of the first 
remark consider the equation of the conic y’? = 4az‘z’. 
This equation may be made non-homogeneous by setting 
z’ = 1. In effect this is simply selecting the line 2’ = 0 
to be £ and the curve is the familiar parabola. . 

If however we wish to send y’ = 0 off to infinity, regard- 
ing x’ = 0, z’ = 0 as the Cartesian axes it is only necessary 

1A line is imaginary when, the triangle of reference being real, its 
equation necessarily contains one or more imaginary coefficients. Two 
imaginary lines are conjugate if their equations are interchanged when 7 is 


replaced by —-i, 1 = ./—1. 
Ex. Two conjugate imaginary lines meet in a real point. 
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to substitute y’ = 1, x’ = 2, 2’ = y. The equation then 
becomes 4axy = 1, a rectangular hyperbola. 

In a sense there is no difference in the two curves since 
their homogeneous equations are virtually identical. The 
great difference in the figures depends on the isolation of 
different lines to be £. 

32. Definition of asymptote.—Consider next the relation 
of an hyperbola to its asymptotes. Let the equation of the 
hyperbola in homogeneous coérdinates be 


O20? 07 = 27, (1) 
The asymptotes of this hyperbola are 
Or On or ur as ay =O! (2) 


Solving the equation of either of the lines (2) with (1) 
we have 22 = 0. Hence each line (2) meets the curve in 
coincident points. That is, the hyperbola is tangent to tts 
asymptotes at infinity. 
The equation 
(ax)(bx) = kz?, (3) 


where the coefficients on the left are fixed constants and k 
a parameter, defines a one-parameter family of hyperbolas 
since obviously every curve meets £ in two real, distinct 
points. Moreover each curve of the system is tangent to 
each of the lines (ax) = 0, (bx) = O at infinity. In other 
words (3) is a family of hyperbolas with these lines for 
common asymptotes. But since all members of the family 
touch the same lines at the same points they are tangent 
to each other at those points. Hence (3) represents a system 
of conics which have two real contacts at infinity with the line 
at infinity as the common chord. 

Equation (3), containing five essential constants, is a 
form to which the equation of any hyperbola can be reduced. 


52 PROJECTIVE GEOMETRY 


It follows that the equation of any hyperbola in Cartesian 
coordinates, rectangular or oblique, can be written 


product of asymptotes = a constant. 


By analogy we define an asymptote of any curve asa tangent 
line whose point of contact is on the line atinfinity. Anasymp- 
tote need not be a simple tangent as in the case of the 
hyperbola but may meet its curve in any number of coinci- 
dent points up to the degrée of the curve. Neither do we 
restrict asymptotes to real lines preferring to speak of real 
or imaginary asymptotes. 

33. The circular points.—But the relation of a circle to 
the line at infinity is from the present point of view of 
paramount significance and importance. The general 
equation of a circle in homogeneous codrdinates may be 
written 

k(a? + y”) + 2fye + 2ger + cz? = 0. (1) 
We shall say that this equation defines a circle when the 
coefficients are any complex numbers. If k ¥ 0 the circle 
will cut the line at infinity in points given by 

x? + y? = 0, or («& + ty) (a — ty) = 0. (2) 
We have thus as the coérdinates of intersection (1, 7, 0), 
(1, —7,0). Ifk = Othe line at infinity is a part of the locus 
which contains the points as before. But since (1) is 
every circle in the plane we have the remarkable 
theorem 

All circles in the plane pass through the same two conjugate 
amaginary points at infinity. 

Conversely any conic, real or imaginary, which contains 
these points is a circle. For if the conic ((1) §29) is on the 
points we must have 

at+2h-b=0 (3) 
a— 2ih—b=0 
whence, adding and subtracting, h = 0, a=b. ap. 
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In particular if a, b, h are real a conic which contains one 
of the points contains both, for then either equation (3) 
requires h = 0, a = b. 

Thus the necessary and sufficient condition for a conic to 
be a circle is that it be on these points. 

Because of their connection with circles these two points, 
frequently designated by J and J, are called the circular 
points. Taken together they constitute the absolute so 
named by Cayley. The absolute is thus a degenerate line 
conic. Its point equation, which must be of the second order, 
is obviously 22 = 0. In other words the absolute as a locus 
of points is a real line, the line at infinity, repeated.! 

We now see that many exceptional properties of circles 
are only apparent. Thus while two conics ordinarily meet 
in four points two circles appear to meet in only two. This 
is because two intersections are already preempted for the 
circular points. Likewise a circle can be made to pass 
through three arbitrary points only since it must first 
pass through J and J. Indeed many properties of circles can 
be translated into properties of conics on two fixed points. 

34. Isotropic lines.—The two conjugate imaginary lines 
which connect a point with the circular points are termed the 
circular rays from the point. Thus « + zy = 0, 2 — ty = 
0 are the circular rays from the origin. More generally 
any line on either of the circular points is called an zsotropic 
line. That is, isotropic lines are the lines (tangents) of the 
absolute considered as an envelope. 

Isotropic lines reveal curious and startling properties 
when tested by the familiar analytic formulas for real lines. 
We mention the following which can be verified by means of 
the equation 

Vo cae tk 


which represents all isotropic lines. 
1 Cf. p. 33, footnote. 
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The distance between any two points on an isotropic line ts 
zero,! unless one of the points ts a circular point when the 
distance ts arbitrary. 

The distance from an arbitrary point to an isotropic line is 
infinite unless the point is on the line when the distance is 
arbitrary. 

Every isotropic line is perpendicular to ttself. 

An isotropic line makes an infinite angle with every real 
line. For let t be the slope of the real line and 6 the angle 
it makes with an isotropic line. Then 

Cit) 


= ea SEs 
tan @ (cee) IE 


Expanding by McLaurin’s theorem 
O-= tan 4 = 7 aaah tak = ob: Ma REE COO 

These properties may be rejected of course on the ground 
that the formulas apply only to real lines. Or they may be 
regarded as implying new attributes of the concepts dis- 
tance, perpendicular, angle. 

35. Classification of circles.—Since a circle is a conic 
on J and J it is geometrically evident that we have the 
following types. If the line at infinity is not a part of the 
locus we have (1°) a proper circle, (2°) a pair of circular rays 
or null circle. If the line at infinity is a part of the locus we 
have three additional varieties: (3°) £ and an arbitrary 
line (not isotropic), (4°) £ and any isotropic line. (5°) £ 
repeated. 

If A denote the discriminant of the circle § 33 and r the 
length of the radius we have 

2 2 i 
= k(ke — f? — 9), 9 = tke 
codrdinates of center, (—g/k, —f/k). The five classes 
may then be characterized as follows: 


1 For that reason isotropic lines are sometimes called minimal lines. 
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1°. A ¥ 0, proper circle, center and radius finite. 

2°. k #0, ke — f? — g?=0, null circle, center finite, 
radius zero. 

3°. ke — f? — g? #0, k = 0, center at infinity, radius 
infinite. 

4°. k = ke — f? — g? = 0, f and g not both zero, center 
at infinity, radius indeterminate. 

5°. k =f =g = 0, ¢ 0, center and radius arbitrary. 

The degenerate circles appear as limiting cases in families 
of proper circles. For example in the equation x? + y? = 
a if a changes from a positive number through zero to a 
negative number the circle changes from a real proper curve 
through a null circle to a proper imaginary circle.! 
If the other coefficients remain fixed in (1) §33 and k 
decreases to zero the center recedes to infinity and the 
circle approaches type 3°. On the other hand if k tends to 
infinity the center moves to the origin and the circle becomes 
a null circle. 


EXERCISES 


1. Find the homogeneous coérdinates of the points of intersection 
of the central conic az? + by? +c = 0 with £. 

2. Find the homogeneous codrdinates of the points of intersection 
of zy = a with the rectangular axes, 7. e., with its asymptotes. 

8. Find the intersections of the family of conjugate hyperbolas 
x?/a? — y?/b? = +k, k the parameter, with their asymptotes. 

4. How many asymptotes may a curve of degree n have? What 
are the asymptotes of a circle, an ellipse? What becomes of the 
asymptotes of the parabola? 

5. Show that the family of circles x? + y? = a are tangent to the 
circular rays x + iy = 0 at I and J, thus proving that concentric 
circles have double contact at the circular points. 

6. Find the intersections of the cissoid y2(2a — x) = x* with the 
line at infinity. 

1Imaginary since all its points are imaginary even though the coeffi- 
cients in the equation are real. Proper because it does not decompose 
into lines. 
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7. What are the intersections of the folium of Descartes x? + y? — 
3aazy = 0 with the line at infinity? How many real asymptotes? 

8. Study the behavior of the cubical and semi-cubical parabolas 
y = x3, y® = x at the origin and at infinity. Hence compare the 
two curves. Also compare the curves with x*y = 1. Draw figures 
of each. 

9. Study the behavior of the witch y(«? + 4a?) = 8a? at infinity. 
Suggestion: Send x = 0 and y = O successively off to infinity and 
compare the curve with those in Ex. 8. 

10. Given a circle with center at the origin, radius r and a fixed 
tangent parallel to the axis of y. Let a variable tangent with contact 
at a point P cut the fixed tangent at Q. Show that the locus of the 
mid-point of the segment PQ is a cubic curve on J and J. 

11. Dualize the example of §29 or otherwise discuss the behavior 
of uw? = 4av at the origin and at infinity. 

12. If C = Ois the equation of any proper circle, (az) = 0 any line 
and L = 0 the equation of the line at infinity show that the equation 
of every circle can be written Cy+ kL (ax) = 0. 

13. Write the equation of the pair of points J, J, t. e., of the 
absolute. 

14. Find the common lines of the absolute and the parabola y? = 
4x and show that they meet at the focus. 

15. Find the common lines of the absolute and (a) zy = k; (b) 
HORS Ee eae) 9 ale 

16. Show that the tangents from J and J to the ellipse, Ex. 15, 
meet in the four points (+c, 9) and (0, +7c) where c? = a? — b?. 
These latter points are the tiinaginary foci of the ellipse. Find the 
four foci of the hyperbola in Ex. 15. 

17. Prove that the sum of the focal radii drawn from any point on 
an ellipse to the imaginary foci is constant and equal to 2b. Prove 
a similar property for the imaginary foci of the hyperbola. 

18. How many conditions on a curve to be given (a) an asymptote; 
(b) the direction only of an asymptote? Why? 

19. If both the asymptotes of a conic are given what sort of family 
is determined? 

20. Find the equation of the hyperbola with the asymptotes 
x+y—1=0and 2x —y+1 =0 and passing through the point 
Qasr 

21. Recalling our definition of a parabola, how many parabolas can 
be drawn tangent to four lines, 7. e., inscribed in a quadrilateral? 
(Consider the conics as given in lines.) 
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22. How many circles can be drawn to touch three lines? 


23. Show that 2 is a rectangular hyperbola. 


ae + b 
oe +d 

24. Show that the pies between two isotropic lines, one on / and 
one on J, is infinite. 

25. Find the equation of the null circle on each of the points (0, 0), 
(3,02), 025, 4) 

26. Show that every curve of odd order with real coefficients has 
at least one real point at infinity, 7. ¢., has at least one infinite branch. 

27. Trace the changes in the system of hyperbolas 92? — 16y? = a 
as @ varies from a positive to a negative number through zero. 


CHAPTER IV 
PROJECTIVE PROPERTIES. DOUBLE RATIO 


86. Projection.—The elements most commonly employed 
in geometry are the linear spaces, points, lines, planes, etc. 
Any collection of such spaces is a geometrical figure or 
briefly a figure. Confining ourselves to ordinary space 
let us consider a figure / made up of points and lines lying in 


a plane zr. If O is a point not in z then every point of F 
determines with O a line and every line of F determines with 
Oaplane. We have thus a space figure S consisting of lines 
and planeson QO. This process by which the conical figure S 
is obtained from F is called perspection. Any section of 
this space figure by a second plane 7’ not on O is a new plane 
figure F’. The process by which F’ is derived from F is 
58 


PROJECTIVE PROPERTIES 59 


termed projection, or more specifically central projection, O 
being the center. Thus a projection is a perspection 
followed by a section. Obviously if we began with F’ we 
could recover F by a process of projection. Hence either 
figure is a projection of the other from O. 

Projective geometry is the study of those properties which 
are common to a figure and its projection. Such properties 
are called projective: Or we may say that a projective 
property is one that is not affected by projection. 

37. One-to-one correspondence.—Let us consider the 
relation between F and F’ above. For every point P in 
F there is a corresponding point P’ in F’, viz., the point in 
which OP pierces 7’, and reciprocally. Likewise to every 
line J in F corresponds a line l’ in F’, namely the inter- 
section of the plane Ol with 7’, and conversely. This is 
expressed by: saying that between a figure and its projection 
there exists the relation of one-to-one correspondence. 

The idea of one-to-one correspondence (notation (1, 1) 
correspondence) is so important that we define it formally. 
Two classes of elements are in (1, 1) correspondence if every 
element in either class corresponds to one and only one element 
of the other. The elements in the two classes need not be of 
the same kind. Thus we may have a (1, 1) correspondence 
between points of one figure and lines or planes of another. 
Among familiar examples of (1, 1) correspondence may be 
mentioned that between 

(a) the points of a line and numbers of a codrdinate 
system 

(b) points of a curve and lines of the dual curve 

(c) points of the plane and lines of the plane? 

(d) circles in a plane and points of ordinary space 

(e) conics in a plane and points of S; 


1By the older writers descriptive. According to present usage 
descriptive geometry is quite another science. 
2In virtue of the equation ua + vy + we = 0. 
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38. Metric and projective properties.—We shall notice 
first some non-projective properties. Obviously the distance 
between two points and the angle between two lines are 
altered in projection, 7. ¢., neither the size nor the shape of a 
figure ts preserved. Since angles are changed parallel 
lines in general go into intersecting lines so that projective 
veometry has no concern with the troublesome question of 
parallelism which distressed the followers of Euclid for 
centuries. ‘The line at infinity projects into an ordinary 
line. It therefore loses all its peculiarities and is treated 
exactly as other lines. Since a circular cone is merely a 
perspection of a circle from the vertex it follows that any’ 
section, not on the vertex 7. e., any proper conic 1s a pro- 
jection of the circle. Accordingly we recognize but one 
species of proper conic in projective geometry. 

It is evident that there must be a vast difference between 
the geometry we are considering and the familiar geometry 
of Kuclid. For it is fundamental in Euclid that a figure 
can be freely moved without changing either its size or its 
shape. Without this axiom it might seem that the whole 
temple of geometry would be demolished. On the contrary 
we shall see that not only are certain properties invariant 
under projection but that they are after all the salient 
properties,—that indeed LKuclidean geometry is only a 
special case of projective. 

What then are some of these projective properties? First 
of all the nature of the element is not changed, 7. e., a 
point projects into a point and a line into a line. Moreover 
the points of a line in Ff go into points of the corresponding 
line in FP’. Thus if three, or any number of points, in F lie 
on a line the projections of those points will lie on a line 
inf’. Duallyif a set of lines of / meet in a point the projec- 
tions of those lines will meet in a point of ’’. The vertices 
and sides of a triangle go into the vertices and sides of a 
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triangle though of course the area of the triangle is altered. 
A conic is projected into a conic, 7. e., the order of the 
curve is not disturbed. If a line / is tangent to a curve C 
at a point P then l’ is tangent to C’ at the point P’. 

Thus projective geometry deals with those relationships 
which do not involve magnitudes. Those geometries 
like Euclid which are concerned with the comparison of 
magnitudes,—lengths, areas, volumes etc.,—and therefore 
with measurement are called metric. They may be 
described as quantitative while projective geometry is 
essentially qualitative. 

The instruments of construction in Euclid are a ruler, 
for drawing straight lines, and a compass for deseribing 
circles, or what amounts to the same thing for measuring 
distances. In projective geometry on the other hand, since 
distances are changed, we use only the ruler, 7. e., a straight- 
edge. To solve a problem by means of one geometry or the 
other is to solve it with (only) the instruments character- 
istic of each. Thus while it is impossible to trisect an angle 
or duplicate a cube by Euclid both problems admit of 
simple solution by the use of conics and curves of higher 
order. 

39. Metric and projective properties in their relation to 
the absolute.—The interrelation between projective and 
metric geometry will be pointed out repeatedly. But that 
the distinction may always be clear we give another criterion 
for differentiating between projective and metric properties. 
In (Euclidean) metric geometry the line at infinity is 

1The student should convince himself that practically the whole of 
elementary geometry is metric. Thus perpendicularity involves the 
notion of equal angles, circle that of length, parallelism is tied up with the 
angle sum of a triangle, etc. Between the geometry of Euclid which pre- 
serves both the size and shape of figures and projective geometry which 
preserves neither is a geometry which preserves shape, namely the geometry 


of similar figures or cquiform geometry. Its characteristic instruments 
are the straight-edge and the pantograph. 
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isolated and invested with peculiar properties, as, e. g., those 
concerning distance and angle. In projective geometry it 
is treated like any other line. Such metrical ideas as 
parallel lines, circle, parabola, asymptote, focus were 
defined in:the language of infinite elements. But when the 
line at infinity is projected into an ordinary line a parabola 
for example loses its distinctive features and becomes merely 
a conic tangent to a line. Hence if a geometrical statement 
involve the line at infinity, 1. e., have a special relation to the 
absolute, it is metric, otherwise projective. 

The absolute thus not only furnishes a convenient basis 
of distinction between projective and metric properties but 
the transition from one to the other can actually be effected 
through its mediation. A projective theorem concerning 
any plane figure can be trarslated into a Euclidean theorem 
by isolating a line for £ or a pair of points for IJ and J. 
Indeed several metric theorems can be obtained by selecting 
different lines for £. And certain Euclidean theorems can 
be stated projectively by considering I and J as an ordinary 
point pair or £ as an ordinary line. 


EXERCISES 


Exercises 1-3 refer to §36 


1. Construct in each of the planes 7 and 7’ the line corresponding 
to the line at infinity in the other. 

2. Construct in 7’ the point corresponding to the intersection of 
two parallel lines in z. 

3. Show that the (1, 1) correspondence between zw and x’ would 
break down were it not for infinite elements. Show also that, assum- 
ing the parallel postulate, the (1, 1) correspondence requires that there 
be a line at infinity. 

4. Recalling that in space a point and plane are dual and a line is 
self-dual state the duals of the definitions of (a) a plane figure, (6) 
perspection, (c) section. ‘ 
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5. If two triangles (in different planes) are so situated that lines 
joining corresponding vertices meet at a point, the intersections of 


corresponding sides lie on a line. 


State the space dual. 


6. Translate into projective theorems where the line at infinity is 


an ordinary line 


(a) The locus of the foci of parabolas on three points is a 
quintic curve passing through J and J. 

(b) The circle circumscribing the triangle formed by any three 
tangents to a parabola passes through the focus. 

(c) The common chords of three circles taken in pairs meet in 


a point. 


(d) The foci of the five parabolas each of which touches one 
set of four out of five lines lie on a circle. 


40. Perspective and projective figures in one dimen- 
sion.—We shall take up now the special case of projection 
in a plane together with the dual, exhibiting dual theories 


in parallel columns. 


The set of all points on a 
line is called a pencil or a 
range of points or briefly a 
range. The line itself is 
called the axis of the range. 
In particular any set of col- 
linear points finite in number 
is called a range. 


The set of all lines on a 
point is called a pencil of 
lines or briefly a_ pencil. 
The point itself is the center 
of the pencil. A finite num- 
ber of concurrent lines is 
also called a pencil. If the 
center of the pencil is at 
infinity the pencil becomes 
a parallel pencil. 


The range and pencil are linear and one-dimensional in 


their respective elements of point and line. 


They are 


therefore described as linear or primitive one-dimensional 


forms. 


To project a range wu from 
a point A we first form a per- 
spection from the point, 7. ¢., 


To project a pencil X we 
first take a section by a line 
a, the axis of projection. We 
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construct the pencil with then form a perspection from 
Thus section 
followed by perspection is 
projection. 


center A. 
across the pencil by a line w’. 


The ranges u and w’ are 
said to be in perspective 
position or perspective (A) 
from A. That is, two ranges 
are perspective from a point 
A if they are in (1, 1) corre- 
spondence and lines joining 
corresponding points meet at 
A. The point A is termed 
the center of the perspectivity. 
Thus perspective ranges are 
sections of the same pencil. 


We. then cut a point X’. 


The pencils X and X’ are 
said to be perspective from 


the line a. That is, two 
pencils are perspective from 
a line a if they are in (A, 1) 
correspondence and all vnter- 
sections of corresponding lines 
he on. a. The linea, is 
termed the axis of perspec- 
tivity. Thus perspective pen- 
cils are perspections of the 
same range. 


A pencil and a range are perspective if they are in (1, 1) 
cerrespondence and so situated that corresponding point and 


line are incident. 


PROJECTIVE PROPERTIES 65 


If now the range wu’ is projected from a second point A’ 
onto a line wu” we obtain a third range wu’ perspective to wu’ 
but not to u. However since wu” was derived from u we 
need a term to describe the relationship. They are called 
projective (A). 

More generally any two primitive one-dimensional forms 
are projective if they are connected by a series of perspectivities. 
eymbolically, ual A PER RUA 2 5a Cr. then FA 
Fr, It is to be emphasized that F and F* may represent 
(a) two ranges, (b) two pencils, (c) a range and a pencil. 
In particular they might be the same form, 7. e., a range or a 
pencil may be projective with itself. 

We have as immediate consequences of this definition 
the following useful theorems 


1°. If F A F’ then F A F’. 

2°. If F A F' and F’ A F" then FQ FP". 

3°. If F A F’ and F’ A F” then F A F”, or generally 
IFAP AF’ A... A FrthenF AF. 


A projective correspondence between two forms of the 
same kind is called a projectivity. 

41. Double ratio.— Consider now a pencil of four lines. 
(See figure.) Any line x cuts (ap) 
the pencil in a range of four 
points say X;! and a line y 
likewise determines a range of 
points Y;. Take x and y as 
coordinate axes and denote 
by 2; the x-coérdinates of the 
points X; and by y; the y- 
coordinates of the points Y;. 


1X;,7 = 1, 2, 3, 4is a shorthand method of writing four points with the 
subscripts 1, 2, 3, 4. 
5 
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Let the codrdinates of the center of the pencil be (a, 6). 
Then since the lines X;Y; are on (a, b) we have 


a/x; + b/y: = 1, (1) 
whence by subtraction of any pair of equations (1), 
; a(x; = 3) pee — bly; ma Yi) (2) 
UX 5 Yili 
hence 
(t1 — ®2)(@s — 4) _ (Yi — Y2)(Ys — Ya) (3) 


(t1 — ©4)(%3 — 22) (yi — ys)(ys — Y2) 

Now the range y is a projection of the range x. And since 
the function of the x’s goes over into the very same func- 
tion of the y’s this function defines a property inherent in 
the four points themselves which is unaltered by projec- 
tion.! This number projecéively attached to the four points 
X, in the order written, we call the double ratio? of the points 
and denote it variously by (a:23lx2%4,) (X1X3|X2X4) or 
(13124). 

We have at once the theorem: If one range is projected 
into another the double ratio of any four points of the one is 
equal to the double ratio of the four corresponding points of the 
other. 

Since all lines cut a pencil of four lines in ranges having 
the same double ratio this double ratio may be considered 
characteristic of the pencil. Accordingly we define the 


1 Note that (3) is independent of a and b so that the equation holds 
when we project from any point whatever. 


; =e 1 — 2x 
22, — a2 represents the directed segment. X2Xi. Hence 3 => 
1 il, 
ts — 2 aes é ; Ps 
and = i are the ratios into which the points 1 and 8 divide the segment 
ay AA 


24. It is the ratio of these ratios that is called the double ratio. The 
double ratio is equally the ratio of the ratios in which the points 2 and 4 
divide the segment 13. The double ratio is thus symmetrical in the two 
pairs 1, 3 and 2, 4. Alternative names in common use for double ratio 
are anharmonic ratio and cross ratio. 
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double ratio of a pencil to be identical with that of any line 
section. 

Likewise two points B, D and two lines a, ¢ are said to 
have a double ratio (acl BD) defined by 
the identities 


(aclBD) = (aclbd) = (ACIBD). 


Thus double ratio is self-dual and all 
the properties of the double ratio of four 
points have their analogues in the 
double ratio of four lines or of two points and two lines. 

42. The group of double ratios——The value of the 
double ratio of four points evidently depends upon the 
order of the points. There are twenty four double ratios 
corresponding to the permutations of the points but not 
all are distinct. The number of distinct double ratios as 
well as their values can be found as follows. The points 
can be paired in three ways giving rise to the three functions 
(at — X2)(%3 — 2X4), (G1 — Hs) (4 — Ze), (Z1 — 24) (2 — 2s). 
Denoting these by P, Q, and RF respectively we have the 
useful identity associated with any four points P +Q+ Rh 
=0. Let r be the value of the standard double ratio of 
four points in the natural order (1, 2, 3, 4) thus 

igh 2) Za) 


dt 
See Grieia 2) 


Then 

1°. The interchange of two points and the simultaneous 
interchange of the other two leaves r unaltered. Thus 
(13/24) = (24113) = (31/42) = (42/31). 

2°. The interchange of alternate points changes r into 
1/r. For example (13/42) = 1/(13124). 

3°. The interchange of means or extremes changes r 
into 1—r. Thus (12184) = —Q/R = (P+ R)/Rk = 1 
q- P/ Kh = 1 = fr. 
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Hence of the twenty four double ratios six are distinct, 
W12., 


. 1 Pod! hi a 5 ep wd 
1-—r fi R Q Lg. 

DS yc ont ee eae _f _@ me?) 

r r—1 P R Q 


These six numbers have an interesting property. If in 
any one of them we replace r by any double ratio of the set 
we recover some member of the set. The six double ratios 
thus form a closed set, in other words they constitute a 
group. 

43. Special values of the double ratio. Harmonic 
sets.—In the foregoing we have supposed that all the points 
were distinct. If now two,(and only two) of them coincide, 
as 3 with 4, we have 34 = 0 and (13/24) =r=0. The 
other double ratios become 1 and o. Hence if two of the 
four points coincide the double ratios reduce to three equal 
pairs with the values 1, 0 and o. 

Conversely if the double ratio of four points is 1, 0 or « 
two of the points coincide. It will suffice to prove this for 
the standard double ratio r. 


If 
Ate ee a) Ores) 4 vi 
ra (a1 ie Ls) (L3 — Lo) a 0, 1 = Lo OF Lz = V4. 
If 
vitae A I: OF Le = 1X3. 
If 
(ph 11 sat ie Fee] (12/34) = 0, 1. é. (x1 — 23) (Le ste a4) eh) ' 
Serre Be as Q.E.D. 


Two of the double ratios may coincide however and the 
four points remain distinct. For example if r = 1/r, 
r? = 1. If now r = —1 the points are in general distinct. 
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This case is particularly important as the sequel will prove. 
The four points in question are harmonic or apolar. In any 
double ratio alternate points are paired in a symmetrical 
way. When the points are harmonic each pair is symmetri- 
cal within itself. If x, y and a, b are two such harmonic 
pairs 


(xy|ab) = G Re = i = —1. (1) 


It follows directly (as well as from 1° and 2°, §42) that the 
double ratio is unaltered when the two pairs are inter- 
changed or when the points of either pair are interchanged. 
Hither point of one pair is the harmonic conjugate or polar 
of the other with respect to the other pair. The polar of a 
point with respect to a pair of points is unique but if three 
points are given it is possible to select a fourth in three ways 
to form with the others a harmonic set since 4 may be the 
polar of any one of the three points with respect to the 
other two. 

Dually the polar of a line 
with respect to a pair of lines 
in the same pencil is defined 
to be the harmonic conjugate 
of the line with respect to the 


pair. 
Scab wal 
Observe now that the har- SRS 
: A : \ 
monic conjugate of a point ‘a 
with respect to a pair of lines y. 


is not unique. For if lines a 

and b, meeting at O, and points X, Y are harmonic pairs 
and Y is fixed X is free to move along OX, the harmonic 
conjugate of OY as to a,b. Accordingly we define the polar 
line of a point Y, with respect to two lines as the locus of 
points X which are harmonically separated from Y by the 
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line pair. It follows that OX is the polar of any point on 
OY with respect to a, b and vice versa. 

Dually the polar point of a line u with respect to a pair of 
points is the locus of lines v harmonically separated from u by 
the two points. 

Suppose now that in (1) a, 6 are fixed and 2, y are vari- 
able points. If z« = a the numerator vanishes and in order 
that (1) shall hold the denominator must vanish at the 
same time. Hence 

1°. If a falls at a so also does y. Similarly if x coincides 
with b, y coincides with b. Thus if two points of a harmonic 
set coincide three do. 


Next write (1) in the form Eyes as ci 
a+b 


9 — the tid point of ab. Thus 


2°. Metrically speaking, we may define the center of a 
segment as the polar point of the line at infinity with 
respect to the end points. 


lfizg=o,y= 


EXERCISES 


1. Show that in two perspective ranges the point at infinity in 
either corresponds in general to a finite point in the other. 

2. Determine the relation between corresponding segments of 
two perspective ranges whose center of perspectivity is at infinity. 
Construct the ranges. 

3. Determine the relation between corresponding segments of 
two perspective ranges when the center of perspectivity is a finite 
point and the infinite points are corresponding. 

4. Are two perspective ranges whose infinite points are correlative 
necessarily parallel? 

5. Show that in two perspective pencils there is always one pair of 
corresponding lines which are parallel. 

6. Construct two perspective pencils one of which is a parallel 
pencil. 
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7. Construct two perspective pencils whose axis of perspectivity 


is at infinity. 


8. Construct two pencils each perspective to a third but not per- 


spective to each other. 


9. Show that three points on a line can be projected into any 
three points on a second line (in any order) by not more than two 


projections. 


10. If three points a1, x2, x3; and a double ratio r are given show 
that there is a unique point x such that (xv3|rex) = r. 

11. Write the twenty-four double ratios in four columns and six 
rows such that the double ratios in each row are equal. 

12. Show that the interchange of the first two or the last two of 
four points changes r into r/(r — 1). 

13. Find the different values of the double ratio of four harmonic 


points. 


14. If r = —w, show that the six double ratios reduce by threes to 


—w and —w?, where w is a complex cube root of unity. 


The four 


points are then called equianharmonic. 
15. Express the six double ratios in terms of the six trigonometric 


0 3 
functions given (13124) =r = — tan? 9" where @ is the angle of 


intersection of the circles described on 13 and 24 as diameters. 


? 2 
16. If (x:x3|x2x4) = —1, verify that = 


1 1 
%1— Xo AG 4 


1 —%3 


17. Find the polar of each of the points in a set with respect to the 
remaining pair in the sets 1, w, w?; 0, 1 0; 1, 2, 3; 0,1, —1. 
18. Show that if z, y and 0, » are harmonic pairs, 7 = —y. 


44. Quadrangles and polygons. 


A simple n-point is a set 
of n points (vertices) taken 
in a definite order, together 
with the vn lines (sides) join- 
ing them in the chosen order. 
'The figure is self-dual. 

A complete n-point is a 
set of n points together with 
the n(n — 1)/2 lines joining 
them in pairs. 


A simple n-line is a set 
of n lines (sides) taken in 
order together with the n 
points (vertices) of intersec- 
tion of successive lines. The 
figure is self-dual. 

A complete n-line is a set 
of n lines together with their 
n(n — 1)/2 points of inter- 
section. 
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A complete 4-point or 
quadrangle consists of four 
points and their six junc- 
tions. A complete quad- 
rangle whose vertices are 1, 
2, 3, 4 contains the three 
simple quadrangles 1234, 
1342, 1423. 

Opposite sides of a quad- 
rangle, simple or complete, 
are those which have no ver- 
tex in common. ‘The inter- 
sections of opposite sides 
are diagonal points. Thus 
a simple quadrangle has 


two diagonal points, a com- 
plete quadrangle three, which 
form a diagonal 3-point. 
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A complete 4-line er quad- 
rilateral consists of four lines 
and their six intersections. 
A complete quadrilateral 
with sides 1, 2, 3, 4 contains 
the three simple quadrilat- 
erals 1234, 1342, 1423. 


Opposite vertices of a quad- 
rilateral are those which 
have no side in common. 
The junctions of opposite 
vertices are diagonal. lines. 
A simple quadrilateral has 
two, a complete quadrilat- 
eral three diagonal lines 
which form a diagonal 3-line. 


45. Harmonic properties——We shall now take up a 
characteristic property of these figures, restricting the 
discussion however to quadrangles and leaving the dual as 


an exercise to the student. 


The student should assiduously 


cultivate this habit of dualizing for it is one of the most 
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important methods in geometry. He cannot regard 
himself master of it until he can think through a problem 
in lines as well as in points and vice versa. Practice 
has already been afforded in making dual statements, the 
chief difficulty in which is due to unfortunate imperfections 
in terminology. Dual constructions are greatly facilitated 
by a judicious choice in the notation. Methods which have 
proved effective are to designate dual elements by (1) the 
same character, particularly figure, (2) the same letter, one 
large and one small, (3) the same character, primed and 
unprimed, (4) corresponding Greek and Roman letters. 
Many constructions are rendered almost automatic by 
consistent use of a good notation. One difference will be 
observed in actual practice. When two lines are drawn 
their point of intersection is incidentally constructed. On 
the other hand when two points are drawn in the dual figure 
it is necessary to make a separate construction for their 
junction. 

We illustrate a dual notation which the student should 
attach to a pair of figures. 


Quadrangle Quadrilateral 
vertices 1234 sides 1 2 3 4 
opposite diagonal opposite diagonal 
sides points vertices lines 
12 34 D, 12 34 dy 
13 42 Dz» 13 42 de 
14 23 D; 14 23 d3 


Consider now a simple quadrangle with vertices 1234, 
diagonal points D,, Dz and diagonal lines dj, dz, the last 
meeting at O. First project from D,; the range 14 on the 
range 23, A; and A, being corresponding points collinear 
with O. Then using O as a center project 23 back onto 14 
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and thence onto D,D».. Hence, the ranges being projec- 
tive, r = (14[A,De) = (23|AeDe) = (41/AiD2) = 1/r = 
(B2B,|DiD2). Since r = 
Lit 2. Bowie 
1 two of the points would 
coincide (§43). Therefore 
ry = —1 and each range is 
made up of four harmonic 
points. From the last 
double ratio it appears 
that the points D;, De and 
the lines d;, d, are harmonic 
pairs. Hence in a simple 
quadrangle the diagonal 
points areharmonically sepa- 
rated by the diagonal lines. 

By considering in turn the simple four-points contained 
in the complete four-point we have the more general 
theorem: 

Any pair of diagonal points of a complete quadrangle 
are harmonically separated by the pair of sides not passing 
through them. / 

46. The preceding 
theorem furnishes a method 
of constructing with ruler 
only the harmonic conju- 
gate of a point with respect 
to a pair of points. Thus 
to find the polar point of 6 
with respect to a, c, from 
a draw any two lines 1, 2 
and from 6 any line 3 cutting 1 and 2 in O and Q. Join 
cto O and Q meeting 1 and2inPand fk. ‘Then 6 the junc- 
tion of P and R, cuts line abc in the required point x. For 


a 
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lines 1, 2 and 4, 5 form a simple quadrilateral of which a, c 
are diagonal points and 3, 6 diagonal lines. Hence a, ¢ and 
3, 6 or what comes to the same thing a, ¢ and b, x are har- 
monic pairs. Inasmuch as the polar of a point with respect 
to a pair is unique this construction yields the same point 
regardless of the choice of 1, 2 and 3. 

In particular, given a segment ac and its center b, to 
draw a line through a given point P parallel to ac. Connect 
P with a and c. Draw any line 2 through a. Then draw 
3, 5 and 6 in order. 6 is parallel to ac. Why? We 
have thus a projective solution of a metrical problem. 

This construction can also be used to draw the harmonic 
conjugate of a line with respect to a pair of concurrent 
lines. If the polar of 3 with respect to 1, 5 is required, cut 
across the pencil by any line abc. Then complete the 
construction for the point x as above. The line Oz is the 
line sought. 

The polar of a point with respect to a pair of lines can be 
constructed by an application of the following 

Theorem.—If from any 
point P three, or any number 
of lines, are drawn cutting 
two lines a and b in pairs of 
pointsads 14512, 2/s3;.3’ -etc., 
the pairs of cross lines like 
12’, 1’ 2 etc., meet in points 
collinear with Q the intersec- 
tion of a and b. For if & 
and S are two such points 
the quadrangles 11’ 2’ 2 and 
22’ 3'3 have R and S respectively for diagonal points with 
P and Q as common diagonal points. Hence QR and QS 
are both harmonic conjugates of QP with respect to a, b. 
Therefore QR = QS, 7. e., Q, R, S, are collinear. So for any 


ps 
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other point X like R and S. The locus of X for variable 
line 11’ of the pencil P is the polar of P as to a and 6. 

The polar construction fur- 
nishes a method of drawing 
through a point a line which shall 
pass through the inaccessible 
intersection of two lines. If a,b 
are the lines and R the point, 
draw two lines 12’ and 1/2 
through Rk determining the 
quadrangle 11’2’2, with a sec- 
ond diagonal point P. Com- 
plete the construction as above. Then RS, the polar of P 
with respect to a and 6, will pass through the intersection 
of the two lines. 8 


EXERCISES 


1. Show that a complete n-point contains n! simple n-points of 
which (n — 1)!/2 are distinct. How many simple hexagons in a com- 
plete hexagon? Draw a complete 5-point and pick out all the simple 
5-points. 

2. Construct the complete 4-point and 4-line determined by a 
simple quadrangle. Show that the diagonal 3-point of the 4-point 
is distinct from the diagonal 38-line of the 4-line. Construct the 
simple quadrilaterals contained in the complete 4-line and locate 
their diagonal points and lines. Locate the diagonal points and lines 
of the simple quadrangles, §44. 

3. Given a triangle and its centroid (intersection of the medians). 
Find the diagonal 3-point of the figure considered as a 4-point. 

4. If a triangle and the line at infinity are considered a 4-line 
draw the diagonal 3-line. 

5. Dualize the statement (§45) of the harmonic properties of the 
complete quadrangle. 

6. Pick out all the harmonic ranges and pencils you can associated 
with a complete quadrangle. 

7. Dualize the construction (§46) for the polar of a point as to 
two points. 
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8. If a line bisects the interior angle between two lines show that 
its harmonic conjugate bisects the exterior angle. 

9. Given a line parallel to a segment construct the center of the 
segment. 

10. Through a point draw a line parallel to two given parallel lines. 

11. Give a projective definition of a median of a triangle. Trans- 
late into a projective theorem the theorem that the medians meet in 
a point. 

12. State the dual of the theorem of §46. Construct the polar 
point of a line with respect to a pair of points by dualizing the con- 
struction there given. 

13. Select the metrical exercises in this list. 


CHAPTER V 
PROJECTIVE COORDINATES 


47. Projective codrdinates in one dimension.—We 
saw (§27) that the ordinary coérdinate system of points 
on a line was completely determined when the numbers 0, 
land o were assigned to the origin, the unit point and the 
point at infinity. Similarly any codrdinate system in one 
dimension is fully established as soon as a (1, 1) correspond- 
ence is set up between the number system and the elements 
of the domain in question,#for then each element is named 
by a number and each number is the name of an element. 


0 x! (oe) 1 
tt t+ 
0 1 Yo x Yeo a ee) 


If ro, 71, To are the Cartesian metric codrdinates of 
three fixed points, called the base points, on a line and z that 
of a variable point we define the projective codrdinate x’ 
of the point x to be the double ratio 

a! = (ari|roreo). (1) 
For every point x there is a unique number wz’ and con- 
versely. In other words we have effected a (1, 1) corre- 
spondence between the numbers zx’ and the points of the 
line which establishes a coérdinate system. When xz falls 
at 10, 11, To respectively x’ = 0, 1, 0, 7. e., the projective 
coordinates of the base points are 0,1, 0. The old and new 
names of the points are exhibited in the figure. 

Observe that Cartesian codrdinates are a special case of 


projective. For if we select 0 and 1 as base points and let 
78 
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To go off to infinity where the numbers have their usual 
metric interpretation of distance, the Cartesian codrdinate 
of any point x may be defined by the double ratio (x1|00 ) = 
a: 

Projective coérdinates may be made homogeneous exactly 
as metrical coérdinates. Thus (1) can be written in the 
form 

pe ans 6 
~ catd (2) 
where @ =11 — To, 6 = rilto — m1), ¢€ = (1i— rT), d = 
To(ro — 71). Then replacing x by 21/2 and 2’ by 2'/x.’ 
we have 
ti mS ax, + bate 
Ze! ~—s C4, + de (3) 


which says that the homogeneous projective codrdinates 
x1’, £2’ of the point x are proportional to az; + ba, and cx, + 
dx. where x; and 22 are the homogeneous Cartesian coér- 
dinates of x. Equation (8) may be made non-homogeneous 
in z or x’ or both at pleasure, reducing in the last case to the 
original form (2). 

Dually to establish a coérdinate system for a pencil 
of lines we select three lines of the pencil at random with 
coordinates say So, $1, S®. Then the projective codrdinate 
u’ of any line u is defined by the double ratio 


B 
u’ = (us;|SoSm) = nite. (4) 


As before the projective coérdinates of the base lines are 
0, 1 and o. Likewise the homogeneous projective coér- 
dinates of the line are 

our = Au + Bus, oU2! = Cur + Duy (5) 
where o is a factor of proportionality and wi, wz are the 
homogeneous codrdinates of the line in the old system. 
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But it is desirable to have a framework to which may be 
referred alike the points of a range and the lines of a pencil. 
For this purpose we need three 
points of the range and three 
lines of the pencil. Two of each 
are called the reference elements, 
the remaining are the unit point 
and line. Let the reference 
points 7, fm and the reference 
lines sx, So respectively be inci- 
dent. And further let the unit point 7; be the polar of the 
unit line s; as to the reference points (or dually). Then the 
projective codrdinates of any point x and any line wu are 


x’ = (xr roe), wu’ = (Us1|S0S0). (6) 


If y is the point of the range cut out by s; we have from the 
harmonic property 


(r1 — To) (y — Tw). 
Gas aayercin) 7) 


Then the condition that wu pass through z is 


(3 eae (a a To )(Y =a ro) 
We MEUM) oe arcane gay 
pal ct AEE) OS) atc) 


(a — ro) ("1 = Tw) 
= —(ary|roro) = —1/2’. (8) 


Hence the incidence condition of point x! and line u! is u'x! 
+ 1 = 0, or in homogeneous coérdinates uy'x1' + u2!xo! = 0. 

48. Transformation of codrdinates.—Equation (2) §47 
may be looked upon as a renaming of the points of a range 
for the old metrical name « of any point is replaced by the 
new projective name x’. More generally let us ask how the 
codrdinates of a point may be transformed from any pro- 
jective coérdinate system to another. Let x; be the coér- 


1 = (ry|rore) = 
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dinates of the points referred to the old system and y; the 
coérdinates of the corresponding points in the new. The 
first requirement is that there shall be a (1, 1) correspondence 
between the numbers x and y. We next assume that the 


v) Ls &4 Le 


transformation is continuous, 7. e., a8 x approaches the value 
x; as a limit in the one system y approaches y, as a limit 
in the other. It follows that the relation between a and y 
must be linear in each. The most general bi-linear or 
lineo-linear equation satisfying both conditions is 


ax +b 
ee +a’ 2) 
where the coefficients are arbitrary constants subject only 
to the condition ad — bec ¥ 0. This restriction amounts to 
saying that if two names are distinct in the old system they 
will be distinct in the new. For if x, x; and yi, y; are two 
pairs of corresponding coérdinates 

re (ad — be) (a; — i), 
Yi ~ Yi = Cog, + d)(ox; + d) 
Hence if x; # x; and ad — be ¥ 0, then y; ¥ Y;. 

By means of equation (2) it is easily verified that 
(yiys|Yoys) = (41%3[%2x4). Hence the double ratio of the 
four points is independent of the codrdinate system by which 
the points are named. 

49. Alias and alibi—The bilinear equation, which in 
the abstract we may call a linear transformation, is subject 
to a second interpretation quite as important as the 
other. In the previous paragraph we thought of x and y as 
coérdinates of the same point in different codrdinate systems, 
when (1) was the process which changed the names of the 


points leaving the points themselves fixed in position. 
6 


cry — ar +dy—b=Oory 


(2) 
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We may however regard x and y as codrdinates of cor- 
responding points in different ranges and in particular as 
céordinates (in the same system) of different points in the 
same range.'!) Then (1) becomes the operation which 
picks up the point x bodily and sends it into the point y 
in a one-to-one way, 7 other words wt vs the analytic definition 
of a projection or projectivity ($40). There are thus two 
aspects of a linear transformation in one dimension. Pro- 
fessor Morley has happily called the first of these, which 
is a change of name, an alzas and the second, which is a 
change of place, an alibe. The standard term for an alibi 
whether for points or lines is collineation. 

50. We shall now develop some properties of the linear 
transformation as applied to projective ranges situated on 
different lines. But the amalytic proofs imply analogous 
theorems in the transformation of codrdinates or collinea- 
tion on the same line together with the duals. Because of 
their importance we shall first recapitulate formally the 
results of §§48—49 (theorems 1° and 2°). 

1°. If two ranges are projective then corresponding points x, 
y are connected by a relation of the form 

aE 0 
ca +d 

2°. Conversely if x and y satisfy a bilinear equation they 
may be considered corresponding points in two projective 
ranges. For the correspondence is one-to-one and the 
double ratio of four points x is equal to the double ratio of 
the four corresponding points y. 

Cor. If two ranges are in (1, 1) correspondence they are 
projective. For corresponding points are connected by a 
relation 


1 Each interpretation of the linear transformation has of course a dual. 
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The general linear transformation represents a three- 
parameter family since it contains three essential constants. 
This means that three independent conditions are necessary 
to specify it. In particular any three points x of the 
one range may be sent into any three points y of the other, 
v. €., three pairs of values may be assigned arbitrarily to x 
and y giving rise to three linear equations which are suffici- 
ent to determine the ratios a:6:c¢:d. Thus suppose that 


when x = 0, —1, 2, y = —1, 0, 3 respectively. We must 
have b+ d=0,a —6 =0, 2a+ b — 6c — 3d = O, whence 
a = b = c = —d and the transformation is y = (x + 1)/ 


(« — 1). Obviously now when either variable is given the 
other is determined. We may say then 

3°. A projective correspondence between two linear one- 
dimensional forms is fully established when three pairs of 
corresponding elements are given. 

If x1, Y13 Ve, Y2; V3, ys are the three fixed pairs of cor- 
responding points the transformation can be expressed in 
terms of them in virtue of the equality of double ratios thus 

(y — yx)(Y2 — ys) _ (@ — 21) (@2 = 4s) 
(y — ys)(y2 — ys) (@ — 5) (2 — 21) 
where x, y are a variable pair of corresponding points. 

Ex. (Cor.) If three elements 
of one form coincide with the 
three corresponding elements of 
the other the forms coincide 
throughout. 

4°. If the junctions of three 
pairs of corresponding points of 
two projective ranges are concur- 
rent the ranges are perspective. 

Let x1yi, T2Y2, Z3y3, denoted by a, b, c, meet at O and let 
az and y be any other pair of corresponding points. Calling 

1Cf. Ex. 9, §43. 
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Ox and Oy d and d’ respectively we must have (ac | bd) = 
(arxs[zer) = (yrysly2y) = (ac| bd’). Hence d = fi Meee ak ee 
x and y are perspective from O. 

Cor. If two projective ranges, 
lying on distinct lines, have a pair 
of corresponding points in coinci- 
dence the ranges are perspective. 

For any two pairs of corre- 
sponding points as Xe, Y2 and 23, 
y3 determine a point O which 
may be joined to 7, = y:. We 
have thus three pairs of corresponding points perspective 
from O, a case of the theorem. 

5°. If two ranges are projective there exists a third range 
perspective to both. a 


3 


Let points 1, 2, 3 of range x correspond respectively to 
points 1’, 2’, 3’ of range y A « Now form a perspection 
of y from (say) 2 and a perspection of x from 2’. If the 
first pencil is denoted by X and the second by Y we have 


XA YALAY. HenceX A ¥. 
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If corresponding lines of these two pencils are taken as 12! 
and 1’2 ete. then 22’ is a self-corresponding line. Therefore 
X A Y (4°, Cor. (dual)). The axis of perspectivity 2(= 
1’’ 2’ 3") is perspective to both z and y. Q. B. D. 

This theorem enables us, given any three pairs of correspond- 
ing points of two projective ranges, to construct the ranges. 

Let 4 be any fourth point of x (see figure). Joining 4 to 
2’ we determine 4” on z. Then 24” cuts y in 4’, the partner 
of 4. 


EXERCISES 


1. Show that if ad = bc in the linear transformation all points x 
correspond to a single point y. 

2. Determine the transformation that sends (a) 0, 1, © into 1, 
0, 0; (b) 1, 2, 3 into 2, 1, 3, (c) 0, 7, 1 mto —1, 0, 7, (d) 0, 1, © into 


2 
w?, 1, w. 


. Tite 2 : 

3. Find the effect of the transformation y = ae t 1 on the cubic 
2y3 — 3y2 + 15y — 7 =0. Interpret in two ways. 

4. Apply the homogeneous transformations t; = te’ — wh’, tg = 


ty’ — ots’ to the equation tit, — 2t;5t2? + 26723 — tite! = 0. 
5. Find a transformation that sends y;2 — 5yiy2 + 6y2? = 0 into 
%M1X%2 = 0. 
6. Find the transformation that sends y? + 1 = Ointoz? — 1 =0. 
7. Dualize theorem 5° and the construction. 
8. If x and y (Th. 5°) meet at O, find the partner of O considered 
(a) as a point of z, (b) as a point of y. Thence show that the con- 
struction for z is independent of the choice of the centers X and Y. 
Dualize. 
9. Find the point on each range corresponding to the point at 
infinity on the other. 
10. Construct z given that 3 and 3’ are the points at infinity on 


the two ranges. 
11. Can x, y, z be concurrent? 


51. Projective codrdinates in two dimensions.—Pro- 
jective codrdinates of points and lines in a plane may be 
defined as in one dimension by double ratios. We shall 
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however adopt a method that leads directly to forms sug- 
gested by the final results of §47, where we saw that the 
homogeneous projective codrdinates are proportional to 
linear combinations of homogeneous metrical codrdinates. 

For this purpose we select three non-concurrent lines, 
called the triangle of reference, the equations of whose sides 
in homogeneous Cartesian coordinates are 


asx’ + by’ + cz’ = (aw’) = 0, a hay) ras Lede, 


If now z, y, 2 are the homogeneous Cartesian coérdinates 
of a point, we define the homogeneous projective coérdinates 


won 


£1, 2, £3 Of the point as numbers proportional to expressions 
obtained by substituting x, y, zin the (Cartesian) equations 
of the sides of the triangle of reference thus 
px; = ax + by + cz, t= 1,2, 3, (2) 
where p is an arbitrary factor of proportionality. As in the 
old system of homogeneous coérdinates only the ratios of 
the numbers «; are of consequence. 
The selection of the reference lines however is not suffi- 
cient to establish a system of projective codrdinates. For 
the values on the right in equations (2) depend on the form 
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in which the equations of the lines are taken. If the equa- 
tions are multiplied respectively by arbitrary constants ky, 
ke, ks, which in no way affects the lines themselves, we shall 
obtain the more general definitions of projective coérdinates 


px, = ky(aya + bry + c2) 

pt, = ke(aex + bey + 22) (3) 

(BERS k3(asx + bsy + c32). 
The k’s may be fixed in any convenient manner. In 
particular they may be so chosen that any point (a, y, 2), 
which indeed does not lie on a side of the fundamental 
triangle, will have its projective codrdinates all equal. This 
is done by substituting (a, y, z) in (8) and asking that kx, = 
kot, = k3x3. The choice of this point, called the unit point 
since its projective codrdinates are proportional to 1, 1, 1, 
completes the determination of the codrdinate system. It 
remains to decide on a suitable point for the unit point. We 
shall see below how it may be picked to the best advantage. 

The determinant of equations (3) 

a, by C4 
d =|@2 be Ce 
a3 bs C3 
cannot vanish since the lines are not on a point. 

The equations of the sides of the triangle of reference in 
projective codrdinates are x; = 0, 2 = 0, x3 = 0, for when 
(x, y, 2) lies on the side (a;x’) = 0 we must have (ar) = 0. 
It follows that the projective coérdinates of a point cannot 
all be zero else the sides of the triangle of reference would all 
pass through the point. 

If a geometric meaning of the new coérdinates is desired it 
will be recalled that the distances of the point (a, y, 2) from 
the sides of the reference triangle are 

q, = oF + by + ez 
T a/ad +b? 


; (4) 
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so that we may write from (3) px; = mdi where 


mM, = kiz V a,? + b;?. 


Hence the projective codrdinates of a point are proportional 
to fived multiples of the distances of the point from the sides 
of the triangle of reference. 

52. Projective line codrdinates.—To establish a system 
of projective line coérdinates we shall need dually three 
non-collinear points and a unit line. For the points we use 
the vertices of the triangle of §51. Their equations in 
homogeneous Pliicker coordinates are ($28) 


Aw’ + By’ + Cw’ = 0, Me ORES (1) 


where the coefficients are the cofactors of corresponding 
elements in the determinant d. The determinant of equa- 
tions (1) we shall denote by D thus 


ARISE BCs 
D = Ao By Ce 
A3; B; C3 


and the cofactors of elements of D will be represented by 
corresponding Greek letters. It is well known from the 
theory of determinants that D = d? a property that will 
be used in subsequent reductions and which the student 
may verify. 

If Ky, Ke, Kz are arbitrary multipliers and o a factor 
of proportionality the homogeneous projective coérdinates 
(ui, Us, Us) Of the line whose Plicker codrdinates are 
u, v, w are defined by the equations 


ou; = Ky(Awu +- By -|- Cyw) 
ou, = Kx(Agu + By -- Cow) (2) 
Ou3 = K3(A3u 4+- Bsv “b Cw). 
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The projective coérdinates of a line are thus three numbers 
proportional to fixed but arbitrarily chosen multiples of the 
expressions obtained by substituting the Pliicker coérdinates 
of the line in the equations of the reference points. 

Any line not on a vertex of the triangle of reference may 
be taken as the line (1, 1, 1). The choice of the unit line 
suffices to fix the K’s,—when the coérdinate system is 
completely determined. 

53. We have now to consider the equations of curves in 
projective coordinates. For the utility of any codrdinate 
system is conditioned on the forms assumed by the equa- 
tions of loci which are referred to it. 

The equations ((3) §51 and (2) §52) which define projective 
coordinates may be regarded as effecting a renaming of the 
points and lines of the plane. For given the metrical codér- 
dinates of an element the projective codrdinates are 
expressed by those equations. Again since neither d nor D 
can vanish the equations can be solved for 2, y, z andu,v, w 
and the old coérdinates expressed in terms of the new thus 


Lge (Ai ae aees tM Ass 
a? AG ky tat ks 2) 


B B B 
y= AqGint gat Zn) (1) 
pao, Or Cs 
Z ay Tae gt? ks ws) 


ae By + Put 2 ws) (2) 
Ay 3 
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Now the codrdinates in either system are linear, homogen- 
eous functions of the codrdinates in the other. Hence an 
equation homogeneous and of degree n in the codrdinates 
of one system will be transformed by the appropriate 
substitutions into a homogeneous equation of the same 
degree in the codrdinates of the other. It follows that 

1°. Any equation, f"(x1, 2, 3) = 0, homogeneous and of 
degree n in projective point codrdinates represents a curve 
of order n. For the equation will be transformed by the 
substitutions (3) §51 into a homogeneous equation of the 
same degree in 2, y, 2. Dually an equation, 6™(u1, U2, Us) 
= 0, homogeneous and of degree m in projective line codrdi- 
nates represents a curve of class m. 

2°. Conversely a curve of order n is represented by a homo- 
geneous equation of degree fi in projective point coérdinates. 
For the Cartesian equation of the curve under the substitu- 
tions (1) is transformed into a homogeneous equation of 
degree ” in %, %, x3. Dually a curve of class m is repre- 
sented by a homogeneous equation of degree m in projective 
line coérdinates. 

54. The equation of a line in projective codrdinates 
is thus linear and homogeneous in 1, %2, 3 and wi, U2, Us 
but the precise form of the equation is still unknown. To 
find it we substitute for the letters in ux + vy + wz = 0 
their values from (1) and (2) above, supposing for the 
moment that the k’s are undetermined. We have thence 


dD 
pays + vy + wz) = 


@ Wi = kK, = K. us) (Ga = Xo = “2 ) 
)( 


= (az = a U2 + ic U3 


a : C C @ 
4 (Feu +t Ee wa)(Gi ai + Gwe t G2 ts), Ci) 
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the right side of which may be rearranged in the form 


3 38 aA; + BiB; + yC; 
> wth 5 iD j tV j ie 
ie vad ee UiX;. (2) 


Now it is shown in the theory of determinants or may be 
verified directly that 


aA; = B;B; oie WiC; 
is merely the expanded form of D when7 = 7 but identically 


zero when? # j. Hence of the nine terms in (2) all vanish 
but three and (1) reduces to 


UX U2 U 3% 3 


Fein, Wael ore (3) 


where the D has been divided out. But the k’s are still 
at our disposal. Choosing the unit’ point and line in such 
a way that Kiki = Kek, = K3 k3, we have the equation of 
the line in projective coérdinates in the elegant form 


(wx) = Ut, + Uete + uzx3 = O. (4) 


We shall assume in the sequel when projective codérdi- 
nates are employed that the k’s have been so chosen that 
the equation of the line takes the form (4). The gain 
is not only one of simplicity,—the important result is that 
then the projective codrdinates of the line are the three coeffi- 
cients in its equation. 

Dually if we hold fast the x’s while the w’s vary, (4) is the 
projective equation of the point (a1, 2, 23). 

Equation (4) is thus the incidence condition of point 
(1, Ze, £3) and line (wi, we, ws) in projective codrdinates. 

Hereafter unless the contrary is explicitly stated the 
variables in an equation are to be interpreted as projective 
coérdinates even when for convenience of writing we use 
x, y, 2, etc. In actual practice however there is little 
occasion to differentiate between the two systems of homo- 


d 
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geneous coordinates! for as long as we are dealing with 
projective properties the algebra is identical. Thus the 
whole of §28 together with solutions of the appended 
exercises and the first two paragraphs of §29 are equally 
valid when the variables represent projective coérdinates. 


EXERCISES 


1. Show that the projective codrdinates of a line are proportional 
to fixed multiples of the distances of the line from the vertices of the 
triangle of reference. 

2. What are the projective coérdinates of the sides of the triangle 
of reference? 

3. Write the projective equations and codrdinates of the vertices 
of the reference triangle. 

4. Show that when the k’s are fixed as above the unit elements are 
polar point and line (§28) with#respect to the fundamental triangle. 

In Exs. 5-13 the equations of the axes in Cartesian coérdinates 
are x+y+2z2=0, x—y+2=0, 22+ 3y —z =0, the unit 
point is (8, —4, 2) (in Cartesians) and the unit line is taken in the 
standard way. 

5. Find the projective co6rdinates of (1, 1, 1), (0, 1, 1), (—1, 0, 1), 
(2, —3, 4), (2, y, 2). 

6. Calculate d and D and verify that D = d?. 

7. Kind the projective coérdinates of the limes whose homogeneous 
Pliicker codrdinates are (1, 1, 1), (1, —1, —1), (8, 2, —5), (a, —a, 0), 
(u, v, w). 

8. What are the Cartesian and Pliicker codrdinates respectively 
of the vertices and sides of the reference triangle? 

9. Find the Cartesian codrdinates of the points whose projective 
coordinates are (3, 0, —5), (1, —1, 1), (6, 7, 4), (x1, v2, 2s). 

10. Find the Pliicker coérdinates of the lines whose projective 
coérdinates are (1, 1, 1), (5, 2, 0), (—i, 0, 1), (ui, we, ws). 

11. Write the equations of the sides and vertices of the Cartesian- 
Pliicker triangle of reference in projective coérdinates. Find the 
projective coérdinates of the sides and vertices. 

12. Write the equations of the following lines and points in pro- 
jective coordinates 


1Or any two systems of homogeneous coérdinates in which the equation 
of the line takes the form (4). 
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e+ry+e2=0, u+ov+w =0, 
an — 3y +2 = 0} 2 10s Sw) = 0) 
z—y =0 u+t+v=0 

ax + by + cz = 0, au + bv + cw = 0. 


13. Write the equations of the following lines and points in Car- 
tesian and Pliicker coérdinates 


Z1 — X2 = 0, Uy; + U2 + us = 0, 
X2 + x3 = 0, Uz — UW = 0, 
ax, + brz + cx; = 0, au; + bue + cu; = 0. 


14. Find the equation of the line uz + vy + wz = 0 in projective 
codrdinates when the unit point and line are taken as (3, 2, 5) and 
(2, —3, 4) respectively. Are codrdinates of the line the coefficients 
in its equation? 

15. Find the equation of b?x? + a®y? — ab’? = 0 in projective 
coérdinates when the projective coérdinates are defined by the equa- 
tions 41 = & — az, % = x4 az, 23 = y. 

16. The coordinates of the vertices of a quadrangle are (8, 2, 5), 
(5, —2, 3), 1, 4, —1), (—3, 0, 3). Find the equations of the six sides 
and the coérdinates of the vertices of the diagonal triangle. 

17. The equations of the sides of a quadrilateral are x; — 2x, — x3 
= 0, 1 + 2a; = 0, 341 + %2 + 273 = 0, 241 — r2 — 823 = 0. Find 
the equations of the six vertices and the coérdinates of the sides of 
the diagonal triangle. 


55. Double ratio in terms of a parameter.—We have 
expressed the double ratio of four points in terms of (a) 
the line segments joining the points and (b) the codrdinates 
of the points, whether metric or projective (§§41, 48). 
There is another form of great importance since it enables 
us to write down the double ratio of the points from their 
equations. We shall solve the dual problem first involving 
as it does the more familiar ideas. 

Let there be given two lines whose equations are 

U = (ax) = aya, + aote + a3t3 = 0, (1) 
V = (bx) = biti + boxe + bsars 

Then for every value of d 
(ax) + d(bx) = 0 (2) 


I 
= 
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is the equation of a line on the intersection of the two. For 
(a) the equation is of the first degree and (6) since the 
coordinates of the intersection make (ax) = 0 and (bx) = 0 
separately they will also satisfy (2). For varying X, (2) is 
the equation of a pencil whose base lines are (ax) and (bz). 
We have thus a (1, 1) correspondence between the values 
of \ and the lines of the pencil. The \ which is associated 
with a line in this correspondence is called the parameter - 
of the line. 

Consider now the pencil of four lines yj, 2, As, Aa? ~The 
equations of the lines are 


(ax) + d,(bz), i= 1,2,3,4. (3) 


Since the double ratio of the 
pencil is identical with that 
of any line section, the 
double ratio of the four lines 
is equal to the double ratio 
of their intercepts on any 
axis. Setting x2 = 0 in (8) 
we find as the intercepts on xv, = 0 
= ze bs\i + as 
> A ap mas 7s 


AC eh mglinoeeen (4) 


But this equation has the form of the linear transformation 
((1) §48). Hence (xixs|xex4) = (A1A3|AeA4), 2. €., the double 
ratio of the four lines 7s equal to the double ratio of their 
parameters. 

In particular the parameters of U and V ar2 0 and 
respectively. Hence to find the double ratio of U and V 
(say \; and As) and any other pair of lines \. and 4 of the 
pencil we seek the double ratio of 

U=0,V=0,U+rV =0, U+ruV =0. (5) 


1 We shall refer to the line whose parameter is A as the line X. 
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The double ratio is thus (0 0 | Ned4) = Aeo/Ag.! 
If X2 + As = O the lines Av, A, are harmonic with the 
base lines, 7. e., 
U=0, V=0,U+2dV = 0, U— dV = 0 (6) 


are lines of a harmonic pencil, a form which may be regarded 
as standard. 

If w1, U2, ws are codrdinates of a variable line of the pencil 
(2) we have 


U1= ay, + NOH 
U2 = A2 + Abe (7) 
U3 = Az + Nbz. 


These equations which express the codrdinates of lines on a 
point (the center of the pencil) in terms of a parameter are 
called parametric equations of the point. 

Here as throughout the discussion the \ can be made 
homogeneous, as is sometimes convenient, by setting 
X = Ao/Ar. Equation (2) then becomes \;(ax)+ do(bx) = 
0, equations (7) are uw; = aid + b;d2; the parameters of the 
base lines are 1, 0 and 0, 1, ete. On the other hand since 
we are dealing with projective properties the lines might 
have been taken in the non-homogeneous or any other 
convenient form. 

Dually given two points 


X = (au) = ay + Aote + asus = 0, (8) 
Y = (bu) = dius + dove + b3uz = 0, 
then for every value of 
(au) + (bu) = 0 (9) 
is the equation of a point on the junction of the two. For 


1 The parameter of a line may be thought of quite properly as a codrdi- 
nate of the line, one number being sufficient to determine a line of a pencil. 
Indeed if U and V are taken as reference lines and A4 as the unit line then 
for any fourth line \ we have (0 0|A\1) =A. 
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varying \, (9) represents a range of points. The double 
ratio of the four points \; whose equations are 
(au) + rx(bu) = 0, Ci oa: (10) 
is equal to the double ratio of the parameters of the points. 
In particular the double ratio of the base points X, Y 
and the pair de, A4 is A2/A4. Whence X + AY = 0, X — 
AY = O are a pair of points harmonic with X = 0, Y = 0. 
The equations 


AD = bin 3 ay 
Lo = bor + ae (11) 
v3 = bsr + a3 


which express the codrdinates of a variable point (2, %2, X3) 
of the line (axis of the range) in terms of a parameter are 
called parametric equations,of the line. 

56. Projective-metric definition of angle.—The results of 
the last section enable us to express the angle between two 
lines as a double ratio. For 
taking the vertex of the angle 
as origin of rectangular codérdi- 
nates, let 6; and 62 be the 
angles which the lines make 
with the x-axis. Then if @ is 
the angle between the lines we 
have 6 = 6; — 62. The equa- 
tions of the lines may be written 
y = 2 tan 01, y = x tan 62 while 
the circular rays through the origin are y = ix, y = —ia. 
Hence the double ratio r of the four lines is 


(tan 0 /=— 1) (tan 0. + 1) 
(tan 6; + 7)(tan 0. — 7) 
_ (cos 6; +7 sin 6:)(cos 02 — isin 62) _ ee 1% 
(cos 6; — 7 sin 0;)(cos 02 +7 sin 02.) ee 
= e2i(9i— 9) — 216 


r = (tan 6, tan 0.|7 —7) = 
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where e is the Naperian base of logarithms. Therefore 
log r = 220 or 0 = slog r. 


In other words, the angle between two lines is a definite 
mulitple of the logarithm of the double ratio of the two lines 
and the circular points.! 

57. Double ratio of two points and two lines.—Let 
the equations of the lines be (uz) = 0, (vz) = 0, where 
z is the running coérdinate, and 
the codrdinates of the points be 
(1, %2, %s), (Ys, Y2, Ys). Then 
(wz) + A(vz) = 0 is a variable 
line of the pencil determined by 
wand v. If this line is on x we 
must have (ux) + Awe) = 0. 
The corresponding value of }, 
say Ag, is ko = — (ux)/(vx). Similarly the parameter \4 of 
the line on y is \4 = —(uy)/(vy). Hence the double ratio 
of the two points and two lines which is d2/d4 ts equal to 

(wx) (vy) 
(uy) (0) i 

Cor. 1. The condition that the points and lines form 
harmonic pairs 1s 


(ux) (vy) + (uy) (ox) = 0. (2) 


For fixed u, v, y and variable 2, this represents a line, v2z., 
the polar line of y as to the line pair u, ». On the other 


1]. Laguerre, Nouv. Ann. Math., Paris, 12 (1853). 
7 
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hand if 2, y, v are fixed and w variable (2) is the equation of 
the polar point of v as to , y. 

Cor. 2. Ex. If the double ratio is equal to 1 the inter- 
section of the lines is on the gunc- 
tion of the points. Or 


(ux) (vy) — (uy)(vx) =0 (3) 


for variable x is the equation 
of the line joining y to the in- 
tersection of u, v. While for 
variable wu it is the equation of 
the point of intersection of v with the junction of a, y. 

58. The projective codrdinates of four points can be 
taken in the form 1, +1, +1.—For we may select the 
diagonal triangle of the poiats 
as reference triangle and one 
of the points as (1; 1, 1). 
Then the line joining (0, 1, 0) 
and? (1 EL )is = a But 
this line passes through a 
second one of the four points. 
Accordingly we may assign 
to that point, two of the co- (11c¢) 
ordinates being equal, the 
numbers (1, a, 1). Similarly 
the coérdinates of the remaining points will be (6, 1, 1) and 
(1,1, ¢). Since (1, a, 1), (6, 1, 1) and (, 0, 1) are‘on a line 
we must have 


(100) 


= Q, or ab = 1. 


Go oe 
ons 
Se ee 


And from symmetry bc = ca = ab =1. Whence a = 
b = c = —1, which proves the theorem. 
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EXERCISES 


1. Examine the relation of the two points and two lines §57 
when the double ratio is 0 or «. 

2. Show that the double ratio of the x; codrdinates of four collinear 
points in the plane is the same as the double ratio of the points. 

3. From the results of §55, 58 prove the harmonic property of a 
quadrangle. 

4. Find the double ratio of the lines x —1=0, y—2=0, 
x—y +1 =0, 7 — 3y +5 = 0. 

5. Find the equations and the double ratio of the lines joining the 
point (a1, a2, a3) to the four points (1, +1, +1). 

6. Show that the double ratio of the lines joining a point of the 
curve £2” — 4%,x%3 = 0 to the four points (1, 2, 1), (1, —2, 1), (4, 4, 1) 
and (0, 0, 1) is constant. 

7. Show that J and J are harmonic with any pair of perpendicular 
lines, obtaining thus a new definition of perpendicularity. 

8. Show that the logarithmic definition of a right angle leads to 
the equation e'™ +1 = 0. 

9. Write the parametric equations of the centers of the pencils in 
Exs. 4, 5. 

10. Find the parametric equations of the lines on the points 
(2, —5, 3), (4, —3, —7); Uy oe U2 + U3 = 0, 3U1 tli) -f 6u3 =) ((} 

11. Find the double ratio of the points 2u; + w2— us = 0, uw — 
5u2 + 3u3 = 0 and the lines 2; — zr. — x3 = 0, 8x1 + 5x2 + 6x; = 0. 

12. Find the equation of the point in which the line 4%; — 5x2. + 
323 = O cuts the line joining the two points wi — wz + us = 0, 2u1 + 
U2 + 2u3 = ()) 

13. Translate into a projective theorem concerning conics: The 
angle inscribed in a fixed are of a circle is constant. 

14. Find the equation of the polar point of the line (2, 8, —1) with 
respect to the points 5u; — we + uz = 0, U1 + 22 — Us = O. 

15. Find the three polar lines of the point (a1, a2, a3) with respect 
to pairs of sides of the triangle of reference. Show that these lines 
cut the sides of the triangle where they meet the polar of the point 
with respect to the triangle. Obtain thus a new definition of the 
polar line of a point as to a triangle. Dualize. 

16. Find the homogeneous equation of (a) the point (7), (b) the 
line (11), §55, (c) the line whose parametric equations are 


Q, = 2at + a, % =t+ 2a, 73 = wt 4-1. 
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59. Perspective triangles——Two plane n-points are 
perspective from a point, the center of perspection, if junc- 
tions of corresponding vertices are on the point. Dually 
two plane n-lines are perspective from a line, the axis of 
perspection, if intersections of corresponding sides are on 
the line. These definitions hold whether the figures are in 
the same plane or not. If the figures are in the same plane 
the center or axis is also in the plane. 

The condition that two triangles in the same plane be 
perspective is found most conveniently when one is con- 
sidered a 3-point and the other a 3-line. Let the equations 
of the three points and the three lines be respectively 


(au) = 0, (bu) = 0, (cu) eal) (1) 
(ax) = 0, (Bf) = 0, (yz) = 0, (2) 
where the parentheses as usual indicate row products, thus 


(au) = aii + Getle + asus. 
(c,e,c,;) Then the equation of a line on 
7 the intersection of a and £ is 


(ax) + (Bx) = 0. (3) 
If this line be required to pass 
through (ci, €2, ¢3) we have 

(ac) + A(Bc) = 0 (4) 


as an equation to determine }. 
Whence the equation of the line is 


(ax) (Bc) = (Bx) (ac). (5) 
From symmetry the equations of the lines joining the other 
pairs of corresponding vertices are 

(Bx)(ya) = (yx) (Ba) (6) 

(yx) (ab) = (ax) (yb). (7) 
The condition that these equations have a common solution, 
v. e., that the lines meet in a point is found by eliminating 2. 


\ 
(bib2b3) 
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Multiplying the left and right sides of the equations and 
removing the common factors we obtain 


(Bc) (ya) (ab) = (ac) (Ba) (yb) (8) 
which is the condition that the triangles be perspective from a 
point. 
Similarly the equations of the points of intersection of 
corresponding sides of the two triangles are 


(au) (by) = (bu) (ay) 
(bu) (ca) = (cu) (ba) (9) 
(cu)(aB) = (au) (cB). 


Eliminating wu the condition that these points be collinear, 
t. €., that the triangles be perspective from a line is 

(by) (ca) {aB) = (ay) (be) (cB), (10) 
the same condition as before. Combining this result with 
Ex. 5, §39, we have the important 

Theorem of Desargues.—Two triangles (in the plane or 
in space) which are perspective from a point are also perspec- 
tive from a line, and conversely. 

The figure of two perspective triangles thus contains 
10 points (the 6 vertices, the intersections of corresponding 
sides, and the center) and 10 lines (the sides of the triangles, 
junctions of corresponding vertices, and the axis) so situated 
that 3 of the points are on each line and 3 of the lines 
are on each point. Such a figure of n points and m lines 
so related that p of the points are on each of the lines and 
1 of the lines are on each of the points is called a con- 
figuration. The configuration is sometimes represented 


symbolically by . . . The symbol for the configuration 
of two perspective triangles, called the Desargues configura- 


tion is thus 3 10 : 
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60. Multiply perspective triangles.—Relation (8) of 
the previous section is not the most general condition that 
two triangles be perspective for it was derived on the 
assumption that the vertices were paired in a definite way. 
Now the vertices of two triangles can be paired in no fewer 
than six ways and the condition that they be perspective in 
any of these ways is a relation similar to (8) (transposed). 
The general condition for perspective triangles therefore is 
the product of the six factors obtained by pairing the 
vertices in all possible ways. The triangles will then be 
simply, doubly, . . . sextuply (fully) perspective accord- 
ingas1,2 .. . 6 of these factors = 0. 

Denoting the vertices of the triangles by a, b, ¢ and 
a’, b’, c’ and the opposite sides by a’, 8’, y’ and a, B, v 
a ve 
Wade. 
nate perspective triangles where corresponding elements are 
those in the same column.! All possibie arrangements are 
obtained most conveniently by permuting the letters in one 
row only. 


respectively we shall use the notation ( to desig- 


If two triangles are perspective in the orders (‘, i ) and 


b balk: 
(@ a a) they are also perspective in the order (¢ _ ol 
For translated into the language of conditions this is another 
way of saying 


If 

(Bc) (ya)(ab) = (ac) (Ba) (yb) 
and 

(yc) (aa) (Bb) = (Bc) (ya) (ab), 
then 


(ac) (Ba)(yb) = (ye) (aa) (8b) 
1 Any pairing of vertices carries with it of course a definite pairing of the 
sides and dually. Thus in the triangles (i y ) be, ca, ab correspond 


respectively to b’c’, c’a’, a’b’. 
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which is obviously true. Note that the vertices of one 
triangle have been permuted cyclically, otherwise to be 
doubly perspective does not imply being triply perspective. 

61. Heretofore we have supposed that the vertices of 
perspective triangles were two distinct sets of points. If 
this restriction is removed so that the same point may 
belong to different triangles, we have the theorem 

If two triangles are perspective the six vertices can be 
grouped in four ways to form perspective 3-points. 

For manifestly if the points form the perspective 3-points 


(: p ) they can also be arranged according to the 


GU ©. 
"iit boat a b’c abc 
UU tOM MNO Dae) ANGeb Cl) 


schemes 
While these four pairs of triangles have a common center of 
perspection, the four axes of perspection are distinct. 
Again since the Desargues configuration is symmetrical 
with respect to all its points and lines, any point may be 
taken as a center of perspection. The six points lying oa 
lines through this center may then be arranged as vertices of 
two perspective triangles whose axis contains the remaining 
three points. The configuration can thus be regarded in ten 
ways as made up of two perspective triangles. The six 
vertices in each of the ten arrangements can of course be 
broken up into four pairs of triangles with the same center 
of perspection. 


EXERCISES 


1. Write the general condition (product of six factors) that two 
triangles be perspective. Find this condition when one of the tri- 
angles is the reference triangle. 

2. Show that if two triangles are perspective in five ways they are 
fully perspective. Find conditions that two triangles be quadruply 
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perspective which also make the triangles fully perspective. Recon- 
cile this with the first part of the exercise. 

3. Find the conditions that the simple polygons (au) (bu) (cw) (du) = 
0 and (ax)(Bx)(yx) (da) = 0 be perspective from a point. Will they 
then be perspective from a line? ' 

4. The maximum number of ways six points can be: grouped 
into perspective triangles is ten. 

5. How many constants are possessed by two simply perspective 
triangles? Two fully perspective triangles? 

6. Construct a Desargues configuration. Select pairs of triangles 
perspective from each point and such that the axes of perspection 
will be the lines of the figure. Show that the configuration can be 
regarded as made up of a complete 4-point and a complete 4-line. 
Separate the points and lines of the configuration into two simple 
pentagons such that the vertices of each are on the sides of the other. 
(This can be done in six ways.) 

7. Show that (a) when the axis of perspection is neglected two 
triangles perspective from a p6int solve the puzzle of planting 19 
trees in 9 rows, 5 in a row; (b) when the axis is taken into account 
25 trees can be planted in 10 rows, 6 in a row. ‘The lines (rows) in 
these two figures should meet in 36 and 45 points respectively,— 
account for the others. 


8. Construct the figure of the four pairs of triangles a # ay 
/ , / 
E ” py bile le a : ). Show that the sides meet in six points 
which are the vertices of a complete quadrilateral (whose sides are 
the axes of perspection). Show that the diagonal triangle of this 
quadrilateral is perspective with any pair of the four triangles from 
their common center of perspection. 

9. What are the symbols for the configurations of a complete 
4-point, complete 5-point, complete n-point and their duals? 

10. Show that the reference triangle and (1, 1, 1), (1, @, w?), 
(1, w, w) are fully perspective. Show that corresponding vertices lie 
in pairs on 9 lines which meet at 6 points (centers of perspection) and 
that the vertices, centers of perspection and the 9 lines therefore form 


the configuration re Al Find (a) the intersections of the sides 


of the triangles (b) the six centers of perspection. Show that these 
centers can be grouped to form two fully perspective triangles whose 
centers of perspection are the vertices of the original triangles. Prove 
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that any two of the four triangles are fully perspective and that the 
centers of perspection are the vertices of the other two. Show that 
the intersections of the sides of the first two triangles lie by threes on 
the twelve sides of the four triangles and that therefore the points 


and lines form the configuration | These two configurations 


are dual. 

11. Define polar point and line with respect to a triangle (§28, 
Ex. 7) in the language of perspective triangles. 

12. Consider the 4-point (1, +1, +1). Show that the codrdinate 
axes cut the sides of the 4-point (exclusive of the intersections at the 
diagonal points) in six points which are the intersections of the four 
lines (1, +1, +1). Thus the six vertices of the 4-line are the sides 
of the 4-point. The polar of each point of the 4-point with respect 
to the triangle of the other three is a line of the 4-line. The 4-point 
and the 4-line have a common diagonal triangle. The figure is a 
special Desargues configuration and is self-dual. Draw the figure (a) 
beginning with the 4-point, (6) beginning with the 4-line. 

13. When each point of a 4-point is omitted in turn, four triangles 
are obtained each perspective with the diagonal triangle, the center 
of perspection in each case being the isolated point. The axes of per- 
spection are the sides of the 4-line associated with the 4-point (Ex. 12). 
Dualize. 

14. Draw the figure in Ex. 12 when the 4-point is (a) a square, (b) 
a triangle and its centroid. 


62. Transformation of codrdinates in the plane.—It 
should be observed that the equation f(a1, v2, x3) = 0 of 
any curve is expressed by means of the equations 2, = 0, 
£2 = 0, x3 = 0 of the sides of the reference triangle. Sup- 
pose now for example that a conic can be thrown into the 
form 
(a; — we + 2%3)(2e1 + x2 — 3x3) — (41 + 42 + %s)* = 0. 
Then evidently we may replace the parentheses by 2x1’, 22’, 
x3 respectively whereupon the conic takes the form 


Dy! 22! = Bae = 0 
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which is the equation of the curve referred to the triangle 
whose sides are 

ei 24 — %2 + 2273 = 0 

Zo’ = 2a, + re — 373 = 0 

ue) = %, + Le + a = 0. 


This suggests a method of passing from one projective 
coordinate system in the plane to another. Let (a1, x2, x3) 
be the codrdinates of a point in the original system while 
(x1', Xo’, x3’) are the codrdinates of the same point in the new 
system. Then if the sides of the new triangle of reference 
expressed in terms of the original codrdinates are 


Aix, oe b;Xe + C3 = 0, —— ib 2, 3 (1) 
the relation between the new and old coérdinates is defined 
by the equations 

Xi’ = A141 + Di%2 + C123 
T-!: Xo! = 2%, + bot, + Cox3 (2) 
x3! A301 + bse + C33. 
To express the old codrdinates in terms of the new we 


have but to solve the equations just written for x1, v2, x3! 
thus 


I 


Aa, = Aya’ + Acme’ + Asay! 
T: Aw, = Bye + Bose’ + Baas! (3) 
Axs = Cixi’ + Coxe! = C303". 


Where Aj, e. g., is the cofactor of a; in the determinant 


T and T-' are the desired formulas for the transformation 
of codrdinates. 7! carries the old codrdinates x of a 


1 This is always possible since the determinant A # 0, the new triangle 
of reference being by hypothesis a proper triangle. 
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point into the new codrdinates x’. If however we wish to 
transform the equation f(x, x2, x3) = 0 of a curve referred 
to the old triangle into its equation with respect to the new 
triangle we must apply formulas 7. To reverse either 
operation we merely interchange the two sets of formulas, 
T and T being inverse to each other.! 

Dually if the coérdinates of a line referred to the 3-point 
U1 = 0, Ue = 0, uz = O are (1, Ue, vs) and the codrdinates 
of the same line referred to the 3-point 


as + bite + cits = 0, ~=1,2,3 (4) 


are (u1’, U2’, U3’), then the equations which transform the old 
coordinates wu of a line into the new coérdinates wu’ are 


Uy! = ay + bitte + Crus 
S71: Us! = Au + boule + Cols (5) 
U3 = A3U1 + bsue + C32. 


While to pass from the equation of a curve f(u1, we, us) = 0, 
referred to the old triangle, to the equation referred to the 
new triangle we employ the formulas 


Au = Ayu,’ + Atte’ as A3us’ 
SA Byut' + Botte! et Byus’ (6) 
Au3 = Cyuy’ ae Cotte’ ate Cyus,’ 


where the coefficients have the same significance as before. 
S and S~! are likewise transformations inverse to each 
other. Thus S changes the new coédrdinates u’ back into 


1 Strictly since the choice of the reference lines does not suffice to 
determine the coérdinate system completely, the equations 7~! should be 
written 

vi! = ki(aizy + bixe + cixs), b= thy FA BS 
where the k; are to be determined by the choice of the unit point in the 
new system. This will modify the form of the transformed equations 
somewhat but it will not materially effect the study of the projective 
properties of curves. A similar statement of course applies to the dual 
case below. 
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the old coérdinates wu while S~! transforms the equation of 
a curve referred to the new triangle into its equation referred 
to the original triangle. 

Effect of a transformation of coérdinates.—Since all the 
formulas for the transformation of codrdinates are linear 
in the variables involved, neither the order nor the class 
of a curve is altered. In particular a point is transformed 
into a point and a line into a line. It follows that a range 
of points goes into a range and a pencil of lines into a pencil. 
We shall now prove that 

The double ratio of four collinear points 1s independent 
of the coérdinale system. 

If (a1, a2, a3) and (61, B2, Bs) are the coérdinates of any 
two points in the original system then the coédrdinates of a 
variable point x collinear vath them are ($55) 2; = a; + 
B;, 7 = 1, 2, 3. And the double ratio of four points x is 
equal to the double ratio of their four parameters. Now 
under the transformations 7T—! the codrdinates v are changed 
into coérdinates x’ in the new system thus 


ri’ = a; + dB, 
= aja; + bias + cas + AMaiBr +3 6382-5 C83). 


The double ratio of four points wv’ is likewise equal to the 
double ratio of their four parameters. But the parameter of 
each point x is identical with that of the corresponding 2’, 
which proves the theorem. In short 

Projectiwwe properties are unaltered by any change in the 
cobrdinate system.* 

The definition of projective codrdinates ($51) may be 
regarded as a transformation of the Cartesian coérdinates 


1 Which justifies the name projective codrdinates. It is otherwise 
however with metric properties. For example by the very simple trans- 
formation z’ = 22, y’ = y, the circle x? + y? = a is changed into an 
ellipse. The only transformations that preserve both the size and shape 
of a figure are (a) the translation, (b) the rotation of axes for the axes must 
remain perpendicular and the scale of measurement must be unaltered. 
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of a point into projective codrdinates so that the transforma- 
tions considered in the preceding section include the trans- 
formation of Cartesian coérdinates as a special case. 

Again if we wish to give a metrical setting to a curve 
whose equation in projective coérdinates is f(a1, 2, x3) = 0 
we may interpret the variables as homogeneous Cartesian 
coédrdinates. Then writing x1 = 2, t = y, 23 =1 we 
obtain the ordinary rectangular form. This is not a legiti- 
mate transformation of coérdinates. The effect is however 
the same as if two sides of the triangle of reference had been 
revolved about a vertex until they became perpendicular 
while the third side #3 was sent off to infinity. All points 
on #3,—whether they be ordinary points, points of inflexion, 
double points, etc.—are of course carried off to infinity. 
Tangents to f with contacts lying on x3; = 0 become asymp- 
totes, the point pair w;? + ue? = 0 (in projective line coér- 
dinates) go into the circular points while intersections of 
tangents from this pair of points to the curve become foci 
of the curve. In the same way any side of the triangle of 
reference may be isolated for the line at infinity and the 
other two taken as rectangular axes.! 

On the other hand we may conveniently study the behav- 
ior at infinity of a curve whose rectangular equation is 
F(x, y) = 0 by first making / homogeneous in the Cartesian 
coordinates x, y, 2 (§28) and then supposing the variables 
to represent projective coérdinates by the substitutions 
X= 1, Y = tM, 2 = 23. . While. not a transformation of 
cobrdinates in the sense of this article the effect is as if £ 
had been brought into the finite region of the plane. The 


1—In the ordinary transformation of coérdinates we deal with two tri- 
angles of reference which have distinct projective relations to the curve. 
Whereas the present process is really equivalent to.a projection of the 
curve together with the reference triangle,—it being possible in a single pro- 
jection to send any line into £ and any angle into any other,—which 
explains the persistence of the pro‘ective relation of the curve to its tri- 
angle of reference. See below, §161, Ex. 5. 
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two curves indeed have the same projective relations to 
their respective triangles. Metrical properties of F become 
simply properties with special relations to the line x3 = 0. 
Asymptotes correspond to tangents with contacts on 2s, 
parallel tangents go into tangents meeting on 23, etc. 


EXERCISES 


1. The cofactor of A; in the determinant 


A, By, C, 
A=/|Az Bz Cr 
1A; Bs C3 
is aA. 

2. If the triangle of reference in the dual transformation (§62) is 
the same as that used for point codrdinates the equations of trans- 
formation are 

S-1: uy! = Ayu + Brus + Crus, at 1 ae 
Ss = (an'), Uz = (bu’), On = (CM). 

3. Find the equations for transformation of coordinates (point 
and line) when the equations of the sides of the old triangle expressed 
in terms of the new co6érdinates are 

a;t1' + byte’ + G23’ = 0, ew Dos 

4, The formulas for the transformation of coordinates contain eight 
essential constants. 

5. Show that the codrdinates of four points (no three on a line) in 
the one system can be assigned arbitrary names in the new system 
(provided only that the new names do not imply collinearity of three 
of the points) which completely determines the transformation. 

6. The transformation of coédrdinates is completely determined 
when the new triangle of reference and the new unit point are chosen. 

7. Determine the transformation that changes the coérdinates of 
the points (1, 0, 0), (0, 1, 0), (0, 0, 1) respectively into (2, 1, —1), 
(—1, 2, 1), (1, —1, 2) and leaves the unit point unaltered. 

8. Determine the transformation that changes the names of the 
points (0, 0, 1), (1, 7, 0), (1, —2, 0), (1, 1, 1) respectively to (0, 0, 1), 
(Oe 0) Fan @ em 00) an @ Us an a I) Oa Vo 

9. Show that the equations for translation and rotation of axes 


in rectangular codrdinates are special cases of the transformations 
in this section. 
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10. If the rectangular axes are rotated through an angle @ the equa- 
tions of the new axes are y + «cot @ = 0, y — x tan 6 = 0, or xcos 8 
+ysin @ = 0, —xsné+ycos@ =0. The equations of trans- 
formation are thus 


zx’ = xcos 6 + ysin 6 


Ud 


y’ = —xsin 6+ ycos 6. 


If we set x’ and y’ equal to the first pair of equations, what would be 
the effect on the codrdinates? What would be the effect of changing 
the sign of either or both equations? 


CHAPTER VI 
THE CONIC 


63. Projective generation of conics.—We have seen 
($40) that the intersections of corresponding lines of two 
perspective pencils lie on a line, the axis of perspectivity. 
Consider now two projective pencils. Since each pencil is 
a singly infinite system of lines the intersections of cor- 
responding lines will constitute a one-parameter family of 
points, 7. e., a point curves The question is what sort of 
curve is thus defined? We shall prove the following 

TuoErorem. The locus of intersections of corresponding 
lines of two projective pencils 1s a conic passing through the 
centers of the pencils. 

Suppose the equations of the two pencils are 


(ax) + XA(bx) = (1) 
and 
(cx) + (dx) = 0 (2) 
where 
(ax) = 121 + Ger, + ses, etc. 


These pencils will be projective if we correlate lines having 
the same parameter. For the pencils are in (1, 1) cor- 
respondence since every value of \ gives one and only one 
line of each pencil. Moreover the double ratio of four lines 
(ax) + d;(ba) = 0 is equal to the double ratio of the four 
(cx) + A;(dx’ 0,7 =1, 2, 3, 4, each being equal to 
(Gash 


I 
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Eliminating \ from (1) and (2) the locus of intersections 
of corresponding lines is found to be 


(ax) (dx) — (cx) (br) = 0. (3) 


Since each parenthesis is linear 
in %1, 22, x3 this equation is of 
the second degree and therefore 
represents a conic. To see that 
the conic is on the center of 
pencil (1) it is only necessary to 
observe that this center lies on 
both the lines a and b and hence 
that its codrdinates satisfy their 
equations. But any numbers that cause (ax) and (bz) to 
vanish will also satisfy (3), 7. e., the center is on the conic. 
Likewise the other center is a point of the conic. 

If the two pencils are perspective their common line, 7. e., 
the line joining the centers, is self-corresponding. Taking 
this line as \ = 0 we have (ax) = (cx) and the equation of 
the locus reduces to (ax){(dx) — (bx)} = 0. Thus when 
the pencils are perspective the locus (8) degenerates into the 
line of centers and another line, the axis of perspection. 

That (3) is a genera] conic appears from its equation 
which contains five essential constants. It is also evident 
geometrically that the general conic may be described by 
this method. For the centers of the two pencils (say 
points 1 and 5) can be selected at random. Then any other 
three points 2, 3, 4 can be taken as intersections of cor- 
responding lines from 1 and 5. The locus generated by the 
projective pencils so determined will pass through the five 
arbitrary points 1, 2, 3, 4,5; it is therefore a general conic. 

This theorem enables us to construct point by point the 
conic determined by five given points. For three pairs of 
corresponding lines like 12, 13, 14 and 52, 53,54 above estab- 

8 


3 
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lish a projectivity between the two pencils with centers 1 
and 5. We may then construct pairs of corresponding 
lines at pleasure (§50, 5°, dual) which will meet at points 
of the conic. 

64. Cor. If four fixed points on 
a conic are joined to a variable fifth, 
the double ratio of the pencil so formed 
is constant. For if x and x’ denote 
the variable point in two positions 
while a, b, c, d, represent the four 
fixed points, then the lines x-abcd 
and w’-abcd are corresponding lines 
of two projective pencils which 
generate the conic. Hence the double ratio of the two 
pencils is the same. a 


x! 


Q.E.D. 


We have thus a double ratio which is characteristic of 
four points on a conic and which may be called the double 
ratio of the points. This affords a method of naming the 

points on a conic by a single 

coérdinate. We saw that corre- 

sponding lines in the pencils which 

generate a conic (§63) are those 

oa, with the same value of \. The 

> value of \ common to the two lines 

0 <i may be considered as the codérdinate 

ES or parameter of their point of inter- 

1 section which is a point of the conic. 

Now taking as reference points on 

the conic the intersections of the base lines of the two 

pencils and the unit lines, 7. e., the points 0, © , 1 we have 

as the double ratio of these points and ‘any fourth point 
Aa OCOuAL) == Ne 
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We have thus spread a parameter ) along the conic and 
hence established a (1, 1) correspondence between the 
points of a conic and the points of a line.! 

From the definitions it is evident that the double ratio 
of four points on a conic, as in the case of the line, is equal 
to the double ratio of their parameters. 


EXERCISES 


1. Dualize §63. 
2. If S and S’ are centers of two projective pencils which generate 
a conic show that SS’ considered as a line of the pencil on S has as 
correspondent the tangent to the conic at S’ and vice versa. 
3. From the result of Ex. 2 show how tc construct a tangent at 
any point of a conic. 
4. Given five points show how to construct at any of the points 
the tangent to the conic through the five. 
5. Dualize Exs. 2, 3, 4. 
6. Construct a conic when one of the pencils is a paralle! pencil; 
when both are. 
7. Show how a given conic can be generated by two projective 
pencils; two projective ranges. 
8. Construct a line conic when one of the generating ranges is the 
line at infinity. 
9. Dualize the corollary of §64. 
10. The locus of a line which cuts four fixed lines in a constant 
double ratio is a line conic tangent to the four lines. Dualize. 
11. Find the equations of the conics generated by 
Uy = ie te =k x+t+i+t=0 
Crain Os TC ea iw 
12. Prove the first theorem of §63 synthetically. (Show that the 
locus cannot cut an arbitrary line in more than two points.) 


1 For the points of a line can be named by a single coérdinate \. Corre- 
sponding points of line and conic are those having the same value of X. 
Or the correspondence may be established geometrically by taking the 
center of a line pencil on the conic. Lines of the pencil will then cut an 
arbitrary line and the conic in pairs of corresponding points. The same 
value of \ may then be assigned to corresponding points so determined. 
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65. Pascal’s theorem.—Six points on a conic joined in 
order constitute a simple hexagon inscribed in the conic. If 
the points are 1, 2, 3, 4, 5, 6 we may designate 12 45, 23 56, 
34 61 as opposite sides. Let these meet respectively in 
P, Q, R indicated by the scheme 


12°45 “P 
DS a 56a 
SA Gileeehe: 


We shall now prove the famous theorem first announced 
by Pascal. 

The opposite sides of a hexagon inscribed in a conic meet 
in three points of a line.' 

Synthetic Proof—Suppose the conic is generated by 
pencils with centers at 1 and 5. 
Then 12, 52 ete. are pairs of corre- 
sponding lines. Now correspond- 
ing lines of these pencils will cut 
any two lines, say 34 and 23 re- 
spectively, in corresponding points 
of projective ranges. We have 
thus (see figure) 2/4 R3A2 4’ Q3. 
But the two ranges have a self- 
corresponding point 38; they are 


6 


1 This theorem marks the climax of the classical theory of projective 
geometry. Its importance in the synthetic treatment of conics can 
hardly be exaggerated. But it has enjoyed a popularity commensurate 
with if not exceeding its importance. Discovered by its precocious author 
at the age of 16, studied by many of the eminent fathers of projective 
geometry, this theorem caught the imagination of mathematicians to 
an astonishing degree. As the remarkable properties of the complete 
6-point were unfolded, men called it in their enthusiasm the mystic 
hexagram (hexagramma mysticum). This is perhaps not surprising in 
view of the possibility of drawing with the aid of the theorem elements 
of a conic such as a tangent at a point, tangents from a point, asymptotes, 
center, etc. when the conic itself is represented only by a skeleton of five 
points! At one time however it became almost a menace to mathematical 
progress, investigators turning away from their search for new truth to 
deyote themselves to finding new proofs of Pascal’s theorem. 
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therefore perspective! and 22’, 44’ and RQ, 7. e., 12, 45 and 
RQ meet in a point P, 
Q.E.D. 

Analytic Proof—Lemma. If a=0, B=0, y = 0; 
6 = Oare the equations of the sides of a simple quadrilateral 
then 

ay + kB6 = 0 
is the equation of a conic on the vertices of the quadrilateral. 
For the equation is of the second degree and it is satisfied 
when a = 0, 8 = 0, 2. e., by the intersection of a and £. 
And so for the other vertices. 

Now denote the sides of the hexagon as in the figure and 
let 6 be the line 14. Then the equation of the conic since it 
circumscribes the two quadrilaterals may be written in the 
identical forms 


ay + kbs = 0 
aly’ + k’B’S =~ 0. 


paw Oo SR 
Therefore the two sides of the identity 

ay — aly’ = 6(k’p’ — kB), 
set equal to zero, represent the same locus which is obviously 
1§50, 4°, Cor. 
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a pair of lines. Now the locus on the left passes through 
the vertices of the quadrilateral aa’yy’ (lemma) and hence 
consists of the diagonals 6 and PR of the quadrilateral. 
It follows that the line k’g’ — kB = 0 joins the points P, R. 
And it is evident from the equa- 
tion that it also contains Q; in 
other words P, Q, FR are collinear. 
PQR is called the Pascal line of the 
hexagon. 

The dual of Pascal’s theorem is 
known as 

Brianchon’s  theorem.'—The 
opposite vertices of ahexagon circum- 
scribing a conic lie on lines through 
a point. The point is the Brianchon point of the hexagon. 

66. Pascal’s theorem supplies a convenient method of 
constructing linearly 
any number of points of 
a conic on five given 
points. Let the points 
be 12345. Draw 12 
and 45 meeting at P. 
Then through 1 draw 
any line 16 on which a 
sixth point 6 is to be 
located. This line cuts 
34 in R. Next draw 
Pascal’s line PR meet- 
ing 23inQ. Finally 5Q 
will intersect 16 in the required point 6. 

It should be observed that we have solved a more specific 
problem than the mere construction of random points 


1Tt is a remarkable fact that while Pascal’s theorem was published in 
1640 Brianchon’s did not appear till 1806. Needless to say the principle 
of duality was unknown at the earlier date. 
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on the conic; we have really found the second point in 
which a line on one of the base points cuts the conic. We 
can thus study the figure of the curve in any region for the 
lines 16 may be drawn in any desired direction. It goes 
without saying that there is no essential modification in the 
construction if 1 and 6 are replaced by any two of the 
consecutive points. 


SPECIAL CASES OF PascaL’s THEOREM 


67. Pascal’s theorem is still valid when one or more pairs 
of consecutive vertices coincide. The line joining such a 
pair of coincident vertices is then a tangent to the conic. 
We obtain thus three corollaries. 

Cor. 1. 1=6. If a simple pentagon 1 2 3.4.5 be 
enscribed in a conic the pairs of lines 12 45, 23 51(56), 34 
and the tangent (16) at 1 meet 
in three points of aline. Simi- 
lar statements of course ap- 
ply to the other vertices. 

PROBLEM (a). This theorem 
enables us, given five points, 
to draw at any one of them the 
tangent to the conic determined 
by the points. For to draw 
the tangent at 1 is to con- 
struct the line (16) joining the coincident vertices 1 and 6. 
Thus 12 45 meet in P, 23 51(56) meet in Q determining 
Pascal’s line. 34 cuts this line in R and R1 is the required 
tangent (16). 

The corollary also furnishes a solution to another im- 
portant 

PropieM (b). Given four points of a conic and the tangent 
at any one of them, to construct the conic. 

Let 1 2 3 4 be the points and 45 the tangent at 4 = 5. 
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Then 12 cuts 45 in P. On 1 draw any line 16 cutting 34 
in R. Draw Paseal’s line PR meeting 23 in Q. Then 5Q 
intersects 16 in the required 
point 6. ‘ 

Here again we can control 
the construction in a measure 
by drawing 16 in any desired 
direction. Or the problem may 
be otherwise stated: Given four 
points on a conic and a tangent 
at any one of them. To find 
the second point of intersection 
with the conic of any line on any one of the base points. 

Problems (a) and (b) have a variety of metrical aspects 
when one or more of the elements involved are at infinity. 
Thus if one of the points is at infinity the tangent at the 
point will be an asymptote and lines drawn to the point will 
be parallel to the asymptote. In other words to be given the 
direction of an asymptote is equivalent to being given a point 
at infinity on the conic. 

To be given an asymptote is to be given a point at 
infinity and the tangent at the point. 

Likewise to stipulate that the conic is a parabola is equi- 
valent to fixing a tangent (£). While to be given a parabola 
and the direction of the axis is to be given a tangent (L£) 
and the contact of the tangent. 

As an example of problem (a) metrically stated, suppose 
we are given four points on a hyperbola and the direction 
of an asymptote, to draw the asymptote. Take as the four 
points 2 3 4 5 and let the direction of the asymptote be 
indicated by the arrow d. Then d cuts the line at infinity 
in the coincident points 1,6. Draw 12 (7. e., a line through 
2 parallel to d) meeting 45 in P. Likewise 23 and 56 (a line 
on 5 parallel to d) intersect in Q. P and Q determine 


Se 45 
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Pascal’s line which cuts 34 in R. Finally R1 (a line on R 
parallel to d) is the required asymptote 16. 


Observe that this construction is the same as that for the 
general case of problem (a) when the contact i(= 6) of 
the tangent line 16 has receded to infinity in the direction 
of the arrow d. 

We shall now solve a typical metrical case of problem (6). 
If the given tangent is the line at infinity the conic becomes 
a parabola whose contact with £ is in the direction of the 
axis. We may then state the case as follows. Given three 
points of a parabola (in the 
fimte region) and the direc- 
tion of the axis, to construct 
the curve. 

Let 1 2 3 be the given 
points and let 4, 5 coincide 5 —— fas 
at infinity in the direction 
of the arrow d.' Draw 12, 
the infinite point of which will be point P. On 1 draw any 
line 16 meeting 34 (a line on 3 parallel to d) at R. Now 
draw Pascal’s line (on R parallel to 12) cutting 23 in Q. 


1Z.¢. line 45 is the line at infinity. In the previous example 1 and 6 
coincide on the line at infinity but the line 16 is a finite line, the asymptote. 


yee 
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Then Q5 (a line on Q parallel to d) intersects 16 in a point 
6 of the parabola. Similarly other points of the curve 
can be constructed at will. 

This construction corresponds to the general case of prob- 
lem (6) when the tangent line 45 moves off to infinity so 
that the contact 4, 5 is in the direction of the arrow d. 

Other metrical problems that can be solved by repeated 
applications of (a) and (b) are 


(1) Given four points on a hyperbola and the direction of an asymp- 
tote, to draw the tangent at each of the points. 
(2) Given three points on a hyperbola and the directions of both 


asymptotes, to construct the asymptotes and the tangents at the 


three points. 
(3) Given three points of a hyperbola, the tangent at one of them 
and the direction of one ee to find the direction of the other 


asymptote. 
(4) To construct a hyperbola when given 
(a) three points and an asymptote 
(b) three points, a tangent at one and the direction of an 
asymptote 
(c) two points, a tangent at one and the directions of both 


asymptotes 
(d) two points, one asymptote and the direction of the other 


asymptote. 

The student should solve all these problems. Any con- 
venient notation may be used for the special hexagon but 
it is essential that coincident vertices be consecutive, as 
1 = 2’or 3 = 4eete. 

If side 1 = 6 in Brianchon’s hexagon we have the 

Dua or CorotuaARy I. If a simple pentagon be circum- 
scribed to a conic the junctions of the three pairs of points 
12 45, 23 51, 34 and the contact of tangent 1 lie on three lines 
through a point. 

We have thus solutions of two ablede (a’) and (0), 


duals of (a) and (b) 
1See fig., next page. 
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(a’) Given five lines, to find the contact of any one (7. e., 
each) of them with the conic determined by the lines. 

(b’) Given four tangents of a conic and the contact of 
any one of them, to construct the conic by lines. 

We append some metrical ver- 
sions of these problems whose 
solutions are left to the student: 


(1) Given four tangents to a para- 
bola, to find the contacts of the tan- 
gents and the direction of the axis. 

(2) Given three tangents to a para- 
bola and the direction of the axis (or 
the contact of one of the tangents), to 
construct the parabola by lines. 

(3) Given three tangents and an 
asymptote, to construct a hyperbola by lines. 


68. Cor. 2. 1=6, 3=4. The hexagon is now a 
quadrangle and one pair of opposite sides (16, 34) are 
tangents to the conic. But Pascal’s line is the same if we 
suppose vertices 2 =3 and 5=6. The theorem then 
becomes 

The opposite sides of a quadrangle inscribed in a conic 
together with the pairs of tangents at opposite vertices meet in 
four collinear points. 


Dually the opposite vertices of a quadrilateral circumscribed 
to a conic and the contacts of opposite sides lie in pairs on 
concurrent lines. 
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These theorems furnish the solutions to two problems 
(a) and (6) and their duals (a’) and (6’). The student 
should make the appropriate constructions. 

(a) Given four points on a conic and a tangent at one of 
them, to draw the tangent at each of the other points. 

(b) Given three points on a conic and the tangents at 
two of them, to construct the conic by points. 

(a’) Given four tangents of a conic and the contact. of 
one of them, to find the contacts of the others. 

(b’) To construct a conic by lines, having given three 
tangents and the contacts of two of them. 

69. Cor. 3. If the six points coincide in pairs, 1 = 2, 
3 = 4, 5 = 6, Pascal’s theorem says 

If a triangle is inscribed in a conic, the tangents at the 
vertices meet the opposite side in three points of a line. 


Dually the corresponding case of Brianchon’s theorem is 

If a triangle is circumscribed to a conic, the vertices and the 
contacts of the opposite sides lie in pairs on three concurrent 
lines. 

Or the two may be combined into the single self-dual 
statement: Three tangents to a conic and their points of 
contact form two perspective triangles. 

This corollary furnishes a solution to the dual problems 
(a) and (a’). 
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(a) Given three points on a conic and the tangents at 
two of them, to construct the tangent at the third. 

(a’) Given three tangents to a conic and the contacts of 
two, to construct the contact of the third. 

70. Cor. 4. In the preceding cases we have stated the 
consequences of Pascal’s theorem on the hypothesis that 
the hexagon is specialized. Suppose now that the conic 
itself degenerates. We then obtain an important special 
case known as the 

THEOREM OF Pappus. If 1 23 are three points on a line 
and 1’ 2’ 3’ are points of a second line then the pairs 23! 2’3, 
31’ 3'1, 12’ 1’2 intersect in three collinear points. 

For the pairs as written 
are opposite sides of the 
hexagon 23/12/31’ inscribed 
in the conic (line pair). 

It is interesting to note 
that the theorem of Pap- 
pus is merely another form 
of the theorem concerning 
triply perspective triangles 
($60). For beginning with 
23’ and denoting the sides of the hexagon in order by 
c'ba’cb’a the theorem of Pappus may be stated: If the 


triangles (e 7) are perspective (from a line 1/2’3’) and 
also in the scheme ie ee, (7. e., from the line 123) then 


oe Qu0ne ; 
they are perspective in the order (é b! 2) (from the line 
PQR). 
EXERCISES 


1.-Prove Brianchon’s theorem both synthetically and analy tically. 
2. The necessary and sufficient condition that the six points 1 2 3 
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456 lie on a conic is that the pairs of lines 12 45, 23 56, 34 61 meet in 
three collinear points. 

3. If two triangles are perspective from a line PQR, the intersec- 
tions of the sides of one with the non-corresponding sides of the other 
are six points of a conic. Denote the sides of the hexagon formed by 
joining the points in order by a 6’ c a’ bc’. Then the perspective 


triangles are ¢ B “): 
a’ ly’ c! 

4, Show that six points on a conic joined in all possible ways give 
rise to 60 simple hexagons and therefore 60 Pascal lines. Show that 
the 15 lines connecting the six points meet in 45 points like P, Q, & 
(exclusive of the original six) and that on each of the 45 points are 
four Pascal lines. 

5. Dualize 2, 3, 4. i 

6. Dualize the construction of §66. 

7. Dualize problems (a) and (b) §67. 

8. By the aid of Pascal’s and Brianchon’s theorems and special 
cases solvé the following problems: 


(a) Given four points on a hyperbola and the direction of one 
asymptote to find the direction of the other asymptote. 

(b) Given five tangents to a conic to draw the tangent parallel 
to each of them. 

(c) Given four tangents to a parabola to draw from a point P 
on any of them the other tangent from P. 

(d) Given four tangents to a parabola to construct the tangent 
parallel to a given line. 

(e) To construct by lines the parabola determined by four 
given lines. 

(f) To construct by points a hyperbola when given two points 
of the curve, their tangents and the direction of one 
asymptote; or one point of the curve, its tangent, one 
asymptote and the direction of the other; or one point 
on the curve and both asymptotes. 

(g) To construct by points a parabola, having given two of its 
points, the tangent at one of them and the direction of 
the axis. 

(h) To construct by lines a hyperbola, given one asymptote, 
two tangents to the curve and the contact of one of them; 
or both asymptotes and one tangent. 

(t) To construct by lines a parabola, given two tangents, the 


(j) 
(k) 


2) 


(m) 


(n) 
(0) 
(p) 
(q) 
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contact of one and the point at infinity on the curve; or 
two tangents and their contacts. 

Given two points on a hyperbola, their tangents and the 
direction of an asymptote, to construct the asymptote. 
Given one point of a hyperbola, its tangent, one asymptote 
and the direction of the other, to draw the second 

asymptote. 

Given both asymptotes of a hyperbola and one point of 
the curve, to draw the tangent at the point. Show from 
this construction that the segment of a tangent to a 
hyperbola cut off by the asymptotes is bisected by the 
point of contact. 

Given the direction of the axis of a parabola, two points of 
the curve and the tangent at one of them, to construct 
the tangent at the other. 

Given an asymptote of a hyperbola, two tangents and the 
contact of one, to find the contact of the other. 

Given both asymptotes of a hyperbola and one tangent, to 
find the contact of the tangent. 

Given two tangents of a parabola and their contacts, to 
determine the direction of the axis. 

Given the direction of the axis of a parabola, two tangents 
and the contact of one to locate the contact of the other. 


PoLE AND POLAR 


71. Returning to Corollary 2 of Pascal’s theorem, let the 
vertices of the (simple) quadrilateral 1234 be cut from 
the conic by lines 13 and 24 on any point X (either figure). 
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Then we saw that the intersections (P, Q) of opposite sides, 
and the intersections (7, 7’) of tangents at opposite vertices 
are points of aline x. If the diagonal lines 13 and 24 cut 
this line in S and S’ then 1, 3 and S, X as well as 2, 4 and 
S’, X are harmonic pairs. Now hold fast one diagonal 13 
and let the other revolve about X. An infinite system of 
quadrangles is thus generated with 1, 3 as a pair of opposite 
vertices. Accordingly for all quadrangles of the system the 
point 7” is fixed and so is S (since (1 3! X S) = —1), hence 
the line x is fixed. « is thus the locus of points P, Q, S’ 
and 7. Likewise if 24 is fixed, points 7’ and S’ are sta- 
tionary and x is generated by the moving points P, Q, S 
and T’. When 13 (or 24) is tangent to the conic, 7” (or T) 
is the point of contact. 

x is called the polar line or polar of X with respect to the 
conic. We have the following equivalent definitions of the 
polar of a point X with respect to a conic according to 
the particular way we conceive it to be generated. 

(a) The locus of points (S, S’) harmonically separated 
from X by the extremities of a variable chord on X. 

(b) The locus of the points of intersection (7, T’) of the 
tangents at the extremities of a variable chord on X. 

(c) The locus of intersections (P, Q) of pairs of opposite 
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sides of an inscribed quadrilateral whose diagonal lines 
meet at X. 

(d) The chord of contact of tangents! from X (Fig. b). 

72. The construction of the polar line of a point as indi- 
cated in the preceding paragraph yields by a slight extension 
two other polar lines. For by considering in turn the three 
simple quadrilaterals determined by the four points 1 2 3 4 
it is evident that PX is the polar of Q and QX is the polar 
of P. Or we may say 

If the vertices of a complete 4-point lie on a conic each side 
of the diagonal triangle is the polar of the opposite vertex with 
respect to the conic. ‘ 

The construction gives a convenient method of drawing 
the tangents to a conic from an exterior point since the polar 
line is then the chord of contact of tangents from the point. 
Therefore we need only connect the given point with the 
points in which the polar cuts the conic. Or we may state 
the solution in the form of a 
theorem, a special case of which 
has already been noticed ($46), 
the conic then being a pair of 
lines. 

If 1,1';2, 2’; 3, 3’ ete. are pairs 
of points on a conic collinear with a 
fixed point P, then the pairs of 
cross lines 12’, 1/2, etc. meet in 
points of a line, the polar line of P. Ve 

73. Polar point of a line.-—We shall now consider the 
dual of §71. Given a line y, any two of its points determine 
two pairs of lines of a conic 1, 3 and 2, 4 which may be 


1 The contacts of tangents are real only when the point is outside the 
conic, which may be taken as a definition of ‘‘outside.’”’ When the 
point is inside the conic the contacts are conjugate imaginary but we 
shall see that they still lie on the polar line. 

9 
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regarded as opposite sides of the simple circumscribed 
quadrilateral 1 2 3 4 (see figures). 
Then the locus of 


(a) lines harmonically separated from y by the tangents 
from a variable point of y 

(b) the chord of contact (¢ or t’) of the pair of tangents 
from a variable point of y 

(c) junctions (p or q) of opposite vertices of a circum- 
scribed quadrilateral whose diagonal points are on y 

(d) is a point Y which is the intersection of tangents at 
the points where y cuts the conic. 

This point is called the polar point or pole of y with respect 
to the conic. Pole and polar are thus dualistic. 

If now the line y be taken identical with x ($71) it appears 
that Y = X. For the pole of x is the intersection X of the 
chords of contact of tangents from T and T” (from (6) above). 
In other words if u ts the polar line of X, then X is the polar 
point of u. Hence in view of the first theorem of §72 

If the vertices of a complete 4-poini lie on a conic, each 
vertex and opposite side of the diagonal triangle are polar 
point and line with respect to the conic, and dually. 
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Such a triangle is called self-polar. 

Further let us consider four points of a conic and the 
tangents at the points, denoting the points and lines alike 
by 1234. Then it is plain from the figure that the six 


vertices of the 4-line and the six sides of the 4-point are 
polar points and lines with respect to the conic. And 
(e. g.) di, the junction of the opposite vertices 12 and 34 of 
the 4-line, is the polar line of D,, the intersection of opposite 
sides 12 and 34 of the 4-point. It follows that 

The complete 4-point inscribed in a conic and the complete 
4-line touching at the points have a common (self-polar) 
diagonal triangle. 

74. From the definitions of §$71, 73 we have at once the 
fundamental theorem of poles and polars 

(1) If a point Y run along a line u, tts polar line v will 
turn about a point X, the pole of u. And dually, if a line v 
turn about a point X, its pole Y will run along a line u, the 
polar of X. See figure, next page. 

An alternative form of this theorem which is sometimes 
useful is 
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(I') If two points X and Y are such that X lies on the 
polar of Y, then Y lies on the polar of X. 

X and Y are then conjugate points and their polars u and v 
conjugate lines with respect to the conic. 


Yi Y, Y; Y; Y, 


As applications of these theorems we have 

(1) The vertices of a self-polar triangle are conjugate in 
pairs, and so are the sides. On that account the triangle 
is sometimes called self-conjugate. 

(2) Two conjugate points X and Y are harmonically 
separated by (a) the end points 
of the chord determined by them 
and (b) the tangents at the end 
points. 

Thus (XY |t¢) = Shad 
T is the contact of the tan- 
gent from X we have also 
CTI) = She Tt nowy 
is projected into £ we have 
the special case: 

The segment of a tangent 
to a hyperbola intercepted by the asymptotes is bisected 
by the point of contact. 

(3) The polar lines of the points of a range constitute a 
pencil projective with the range, and dually. 

The first part of the theorem is an immediate corollary 


=~ 
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of (I). And since the range and pencil are in (1, 1) cor- 
- respondence they are also projective (§50). 

(4) Brianchon’s theorem can be derived from Pascal’s by 
the aid of the polar theory. 

Denote the six points and the tangents at the points 
alike by 123456. Then consulting the figure, it is clear 
that the intersections P Q R of opposite sides of Pascai’s 


P Q R 
hexagon are poles of the junctions p qr of opposite vertices — 
of Brianchon’s. But PQ RF are on a line, hence p qr are on 
a point (by J). 

Incidentally it appears that Brianchon’s point and Pascal’s 
line are pole and polar with respect to the conic. 


EXERCISES 


1. A tangent line and its point of contact are polar line and point 
with respect to a conic. 

2. Given five points, construct the polar line of a point P with 
respect to the conic determined by the points. Solve the problem 
when the conic is determined by any five elements as, é. g., four points 
and the tangent at one of them. Dualize. 
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3. Construct a triangle self-polar with respect to a conic. How 
much of the construction is arbitrary, in other words how many con- 
stants belong to a conic and a self-polar triangle? 

4. If two pairs of opposite sides of a complete 4-point are pairs 
of conjugate lines with respect to a conic, the third pair are conjugate 
lines. 

5. All conics on four points have a common self-polar triangle. 
Dualize. 

6. The diagonal points of the two simple quadrangles formed by 
(a) four tangents to a conic and (b) the contacts of the tangents are 
harmonic pairs on a range. Dualize- 

7. Dualize the second theorem of §72. 

8. If a point run along a conic, its polar line with respect to a sec- 
ond conic will generate a line conic, and dually. 

9. If a point move on a line, its polar lines with respect to two 
conics will intersect in pairs in points of a conic. 

10. The four lines joining any*point of a conic to the intersections 
of two conjugate lines with the conic constitute a harmonic pencil. 

11. If the sides of one triangle are polars of the vertices of a second, 
then the sides of the second are polars of the vertices of the first. 
The triangles may be called polar triangles. What is the polar tri- 
angle of an inscribed triangle? Dualize. 

12. Polar triangles are perspective, the center and axis of perspec- 
tion being pole and polar. 

13. If a triangle A B C is inscribed in a conic, the points P, Q in 
which two sides (as AB and AC) cut any line through the pole A’ of 
_ the third side are conjugate points with respect to the conic. State 
and prove the converse and dualize both the theorem and the converse. 

14. If two triangles are self-polar with respect to a conic, their 
vertices lie on a, conic and their sides touch a conic. 

15. Let a conic be referred to a triangle consisting of two tangents 
(a; = 0, v3 = 0) and their chord of contact x. = 0. And let the lines 
of the pencil 2; — ta. = 0 cut the conic again in points with para- 
meters t. Then show that if lines on (0, 1, 0) meet the conic in points 
with parameters ¢ and t’,¢ +t’ = 0. 

16. The polar of a point with respect to a circle is perpendicular 
to the line joining the point to the center of the circle. The product 
of the distances of a point and its polar line from the center of the circle 
is constant (equal to the square of the radius). 

17. The angle between two lines is equal to the angle at the center 
of a circle subtended by the poles of the lines with respect to the circle. 
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75. Reciprocal polars.—We have seen that a conic pairs 
the points and lines in its plane in a mutual way,—such that 
every point has a polar line of which in turn it is the pole. 
The points and lines thus associated with a conic constitute 
a polar system in which polar point and line are correspond- 
ing elements. Thus to a range corresponds a pencil; to 
the points of a conic correspond the lines of a conic and 
generally to a point curve C corresponds a line curve C’. 

Regarding more closely the relation between C and C’, 
we observe that collinear points of C go into concurrent 
lines of C’ and vice versa, 7. e., the order of one curve is the 
class of the other. Moreover to a point and its tangent of 
C correspond a tangent and its contact of C’. Therefore 

If a point and line in the united position describe a curve! C 
of order n and class m, the polar line and point, which are 
also in united position, will generate a curve C’ of class n and 
order m. 

Since the relation between the two curves C and C’ 
is reciprocal, the points and lines of the one corresponding 
to the lines and points of the other in a polar system, either 
is called the polar reciprocal of the other with respect to the 
conic which is designated the auailiary conve. 

We have thus a phase of the duality already familiar. 
For any projective theorem concerning points in a polar 
system can be translated into a reciprocal theorem con- 
cerning lines simply by the interchange of the terms pole 
and polar. This method by which a theorem is inferred 
from its reciprocal is called reciprocating with respect to a 
conic.” 


1 As explained, §12. 

2 The method of reciprocating with respect to a conic was known and 
practiced by Poncelet some years before the formulation of the principle 
of duality by Gergonne (1826). Still earlier Brianchon had proved his 
theorem by the aid of the polar theory. This theory indeed was first 
developed by Desargues (1639). 
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There is however one important difference between the 
aspect of duality as first developed and that presented here. 
Not only did we first justify duality on analytic grounds, 
regarding dual properties as alternative representations of 
the very same abstract truth. But dual figures had no 
special placing with respect to each other in the plane. 
Here reciprocal figures as well as reciprocal theorems are 
derived the one from the other through the mediation of a 
conic. Thus in the conic and the polar system we have a 
geometrical apparatus for effecting reciprocal operations 
which serves at the same time as a connecting link between 
reciprocal figures. Given a figure we can actually construct 
the reciprocal figure, at least formally, when the two figures 
have a special position with respect to the conic and there- 
fore to each other. The conic may of course be kept in the 
background or entirely suppressed when merely passing 
verbally from one theorem to its reciprocal. 


Some Merricau ASPECTS OF THE PoLarR THEORY 


76. Centers and diameters of conics.—If a point P lie 
at infinity, its conjugate Q with respect to a conic is the mid- 
point of the chord PQ and lines on P form a parallel pencil. 
Accordingly the definition (a) §71 may be replaced by 

The locus of the midpoints of a system of parallel chords of 
a conic is a line u, the polar line of the point P at infinity in 
which the chords (produced) intersect. 

The line wu so defined is called a diameter of the conic. 
If two conjugate points P and Q lie at infinity, their polar 
lines uv and v are designated conjugate diameters, each bisect- 
ing all chords parallel to the other. In particular of course 
conjugate diameters bisect each other. 

The pole of the line at infinity with respect to the conic is 
the locus of diameters, a point bisecting all diameters and called 
therefore the center of the conic. 
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Since a parabola is tangent to the line at infinity its 
center is the point of tangency. Accordingly all diameters 


of a parabola, which must pass through the center, are parallel 


to the axis. 

A multitude of metrical theorems are obtained at once 
by taking into account infinite elements. Some of these 
will be found in the accompanying exercises. 


EXERCISES 


1. Define diameter and center corresponding to definitions (b), (c) 
and (d) of polar line and point §$§71, 73. 

2. State the metrical form of the second theorem §72 when the 
point P is at infinity. 

3. Two conjugate diameters and the line at infinity form a self- 
polar triangle. 

4. The diagonals of a parallelogram inscribed in a conic are diam- 
eters and those of a parallelogram circumscribed to a conic are con- 
jugate diameters. 

5. If a parallelogram is circumscribed to a conic, the contacts are 
the vertices of a parallelogram and if a parallelogram is inscribed in a 
vonic the tangents at the vertices form a parallelogram. In either 
case the four diagonals are a harmonic pencil. 

6. The line (segment) joining the middle point of a chord of a 
parabola to the pole of the chord is bisected by the curve. 

7. Given five lines of a conic construct the center. 
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8. Any two conjugate diameters of a hyperbola are harmonic 
conjugates with respect to the asymptotes. 
9. Conjugate diameters of a circle are perpendicular. 

10. A directrix of a conic is a polar line of the corresponding focus. 
(Show for example that the tangents at the ends of a focal chord meet 
on the directrix.) 

11; Conics with a common focus and (corresponding) directrix 
have double contact. What is the chord of contact? Two parabolas 
with the same focus and directrix coincide. 


77. Reciprocating with respect to a circle-—We have 
seen that the polar reciprocal of a conic C with respect to 
an auxiliary conic K is a conic C’. In a metrical treat- 
ment it is important to know the type of the conic C’. 
Now the polar of the center O of K is the line at infinity. 
The infinite points of C’ are,thus the poles of the tangents 
of C which pass through O. But these tangents and conse- 
quently their polar points are real and distinct, real and 
coincident or conjugate imaginary according as the point 
O lies outside, on or inside the conic C. In other words 


©) 


Fie. a. 


1°. C’, the polar reciprocal of any conic C with respect to 
an auxiliary conic K, is an ellipse, parabola or hyperbola 
according as the center of K 1s inside, on or outside the conic C. 
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We shall now examine more specifically the relations of 
the three conics. By definition the polar lines as to K of 
points of C will be lines of C’ while the polar points of lines 
of C will be points of C’ and vice versa, the relation between 
C and C’ being mutual. 

In the figure (a) we designate uniformly polar points and 
lines with respect to K by corresponding large and small 
letters. If now I and J are two of the common points of C 
and K then 7 and j, meeting at /, will denote the tangents 
to K at these points. Further let ¢ and ¢’ be tangents to C 
at I and J respectively and let them meet at 1). Then the 
pole of fis some point T on 7 and the pole of ¢’ is a point T’ 
on 7. Thus the point D lies on the polars of JT and T’, 
hence the polar d of D is the line TT’. Moreover C’ 
touches 7 and 7 (since they are polar lines of points J, J 
of C) at T and T’ (which are poles of lines t, ¢’ of C). 
Therefore 


Fic. b. 


2°. C’ ts a conic with respect to which F (the pole of f as to 
K) and d (the polar of D as to K) are polar point and line. 

Now suppose the whole figure (a) projected so that I 
and J go into the circular points. Then (Fig. b) C and K 
become circles Ci, Ki with centers D; and F; (since these 
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points are poles of (the new) £ as toC, and K;, And since 
a focus of a conic is an intersection of a pair of tangents 
from I and J (§35, Ex. 16) while a directrix is the polar line 
of the corresponding focus (§76, Ex. 10), C’ is projected 
into a conic C,' with F; as focus and d; as directrix. Thus we 
have proved 

3°. The polar reciprocal of a circle C with respect to an 
auxiliary circle K is a conic C’ whose focus is the center of 
K and whose directrix is the polar with respect to K of the 
center of C. And conversely, the polar reciprocal of any 
conic C’ with respect to a circle K with center at a focus of C’ 
is a circle C whose center is the pole as to K of the directrix 
of 07, 

The type of C’ is determined by the criterion 1°. Fur- 
ther when the auxiliary conic is a circle we have the basic 
theorems (§74, Exs. 16, 17). 

4°. The product of the distances of a point and its polar 
line from the center of a circle 1s constant and equal to the 
square of the radius. 

5°. The angle between two lines is equal to the angle at 
the center of the circle subtended by the poles of the lines. 

In order to facilitate the application of the method let us 
examine anew the machinery to be used. We shall write 
in parallel columns corresponding (reciprocal) items, O 
denoting the center of the auxiliary circle. 


point line (polar of the point) 
line point (pole of the line) 
point and line on it line and point on it 
two points and their two lines and their inter- 
junction section 
point locus line locus (envelope) 
circle C conic C’ with O as focus 


center of circle C directrix of conic C’ 
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point of C tangent of C’ 
tangent of C voint of C’ 
tangent t and contact PofC point 7 of C’ and tangent 
p with contact 7 
concentric circles conics with same focus and 
directrix. 


The student is referred again to the remarks on dualizing, 
§45. In solving problems it is recommended that he 
first draw a figure illustrating the theorem whose reciprocal 
is in question. Then he should construct the reciprocal 
figure step by step making sure that the reciprocal of 
every essential element of the first figure is represented. 
Finally he will describe the corresponding property of these 
reciprocal elements in a reczprocal theorem. 

In practice the auxiliary circle may be dispensed with 
and the process called reciprocating with respect to a point, 
the center of the auxiliary circle. Thus if O is the center 
and k the radius of the auxiliary circle and OP and OT the 
distances from the center of a point P and its polar line, the 
reciprocal of a conic with respect to the point O may be 
defined as the locus of a point P which moves subject to the 
condition OP-OT = k?. 

Example. Reciprocate with respect to a point O the 
theorem: If two circles are concentric, a chord of one which 
is tangent to the other is bisected at the point of contact. 

Let D be the center of the two circles C; and C2 and let ¢ 
be a line cutting C; at R, S and touching C2 at Q. The 
infinitely distant point of tis denoted by P. We have then 
the reciprocal items 


circles C; and C2 conics C,’ and C,’ with com- 
mon focus O and 
directrix d 
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d 
tangent ¢ of Ce ‘ point 7 of C,’ 
Q, contact of t on C2 q, tangent to C,’ at T 
R, S, common points of ¢ tangents r, s of C;’ from T 
and Cy 
P, intersection of t and £  p, junction of T and O 
(PQ| RS) = -1 (pq|rs) = —1 


The reciprocal theorem is accordingly: If two conics 
have a common focus and directrix, the tangent and focal chord 
of any point on one divide harmonically the tangents from the 
point to the other. 

In this example theorem 3° enabled us to derive a prop- 
erty of conics from a simple property of circles. The 
converse of the theorem may also be used effectively in the 
solution of problems on conics, for upon reciprocation the 
question to be resolved is frequently obvious. Thus 
suppose we are required to prove the theorem just 
deduced. Reciprocating with respect to the focus the figure 
on the right we obtain the figure on the left and the original 
theorem which is cbvious. 
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EXERCISES 


In Exs. 2-9, K refers to the auxiliary conic while C and C’ denote a 
pair of conics reciprocal with respect to K. 

1. What is the reciprocal of a conic with respect to itself? 

2. The common points of C’ and K are contacts (on K) of common 
tangents to C and K. 

3. The common lines of C’ and K are the tangents to K at the 
common points of C and K. 

4. Common points and common lines of C and C’ are poles and 
polars with respect to K. 

5. There are four points on a conic C whose polar lines as to 
another conic K touch C, viz., the intersections of C and its reciprocal 
C’. Dualize. 

6. Draw the simple 4-lines touching C and K respectively at their 
common points. Then C’ touches the sides of the 4-line circumscrib- 
ing K at the poles of the sides of the 4-line circumscribing C. 

7. Show that if C touches K, C’ touches K at the same point. 
Hence the reciprocal of any member of a system of double contact 
conics with respect to any other member of the system is a member 
of the system. 

8. What are the reciprocals of the following with respect to a conic: 
(a) asymptote, (b) parallel lines, (c) center of a conic, (d) parallel 
tangents of a conic, (e) concentric conics, (f) a pair of conjugate diam- 
eters of a conic, (g) foci of a conic? 

9. If C and K have the same lines for principal axes (perpendicular 
diameters), C’ will have the lines for principal axes also. Construct 
a figure for this case. 

10. What is the reciprocal of a hyperbola with respect to the conju- 
gate hyperbola? Of a circle with respect to its center? 

11. What is the reciprocal of the circular points with respect to a 
circle? the foci of a conic? a diameter.of a circle? 

12. Prove directly that when a circle is reciprocated with respect 
to a circle (Fig. b) the eccentricity of the resulting conic is the ratio of 
the lengths of the segment of centers (Du’;) to the radius of C,, 7. e., 
the shape of the reciprocal is independent of the size of the auxiliary 
circle. (Make use of the relation 4°.) 

13. Show that Ex. 12 proves 1° for C and K circles. 

14. Trace the motion of the generating point on the hyperbola 
(Fig. b) as the variable tangent moves around the original circle. 
Draw the other branch of the hyperbola. 
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15. Draw Fig. b when F; is (a) on, (b) inside the original circle. 

16. In Fig. b the line of centers is by symmetry the axis of the recip- 
rocal conic. Then by 4° and Ex. 12 find the elements (a, b, c, e, »)\ 
of C,’ when D,F, = 8, radius of C; is 5 and radius of K, is 10. 

78. We shall now explain how the foregoing principles 
can be employed in a slightly different manner to obtain 
certain quasi-projective theorems concerning conics from 
elementary properties of the circle.' We use the same 
apparatus as before, an auxiliary circle K, a circle C whose 
reciprocal with respect to K is a conic C’ having the center 
of K as focus. We use however the theorem which is 
fundamental for the method: 

The angle between two lines connected with C is equal to 
the angle at the focus of C’ subtended by the poles of the lines 
(5°, §77). ‘ 

We begin with a familiar theorem usually involving a 
circle and a pair of lines which meet at a definite angle. 
Proceeding as in §77 we draw an illustrative figure which we 
reciprocate in every essential detail, making use of the table 
of corresponding terms. But here the similarity ceases 
and we apply to the lines the fundamental theorem. The 
derived theorem is accordingly not the reciprocal of the first. 
For in genuine reciprocation, as in dualizing, we merely 
interchange corresponding terms (pole and polar, etc.). 
Here indeed we reciprocate the figure associated with a 
theorem but instead of stating the reciprocal theorem we 
infer a new theorem by utilizing a polar property of the 
circle. 

The method is noteworthy since it enables us to translate 
into rather general theorems properties involving angular 
magnitudes. 

Likewise we may transform certain theorems involving 


1 We say quasi-projective for while the theorems are stated in metric 
form they are valid alike for all types of conics. Most of them in fact can 
be given a projective statement. 
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distances by a similar process, using however 4° of §77 as 
the fundamental theorem (see below, Exs. 21-23). 

We shall now illustrate the method by one or two 
examples. ! 

Example. To deduce a theorem for conics from 

(1) A tangent to a circle is perpendicular to the radius 
drawn to the point of contact. 


Let D be the center of the circle C, t the tangent and P 
the point of contact. Taking F as the center of reciproca- 
tion, we have the following correspondence 


circle C conic C’ with F as focus 
tangent ¢ and contact P of C_ point T and tangent p of C’ 

center D directrix d 

line PD point pd (intersection of 


tangent with directrix). 


But PD is perpendicular to t. Hence applying the funda- 
mental theorem, the lines joining pd and T (the poles of 
PD and #) to F are perpendicular and our new theorem is 

1 While the figures for the examples in this and the preceding section 
are intended to be accurate in the sense that the figures right and left are 
reciprocals of each other, the two parts are not in proper relative position, 
4. e€., the center of reciprocation is displaced. 

10 
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(1’) Any point of a conic and the intersection of the tangent 
at the point with the directrix subtend at the focus a right 
angle. 

To apply the method to the solution of a problem, let 
us prove the theorem: If the sides BC, CA, AB, of a triangle 
touch a conic at the points A’, B’, C’ respectively, then at ether 
focus BC, B'A, C'A subtend equal angles. 


Let F be a focus of the conic S in question. We are 
to show that the angles BFC, B’FA, C’FA are equal. 
Reciprocating with respect to F we obtain the reciprocal 
correspondence 


conic S circle S’ 
vertices A, B, C of triangle sides a, 6, c of triangle 
circumscribed to S inscribed in S’ 
contacts A’, B’, C’ of sides of tangents a’, b’, c’ at vertices 
triangle ABC of triangle abc 
angle subtended at F by angle formed by polars 
BC De 
B'A b’, a 
C'A CG 


(by the fundamental theorem) 
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Now the angles on the right are manifestly equal, being 
measured by the same arc, Q.u.D. Likewise the rest of the 
theorem is proved. 


EXERCISES 


Derive theorems for a conic from the following theorems of the cir- 
cle by the methods of this section. 

1. Two tangents to a circle make equal angles with their chord of 
contact. 

2. Two tangents to a circle make equal angles with the diameter 
through their common point. 

3. Any line is perpendicular to the line joining its pole to the 
center. 

4. Parallel tangents to a circle touch it at the ends of a diameter. 
Hence prove that a directrix is polar of a focus. 

5. The locus of the point of intersection of two tangents to a circle 
which meet at a constant angle is a concentric circle. 

6. The envelope of the chord of contact of the tangents in Ex. 5 
is a concentric circle. 

7. The angle inscribed in an arc of a circle is constant. If the 
are is a semicircle the angle is a right angle. 

8. If the base and vertex angle of a triangle are fixed, the vertex 
moves on a circle through the extremities of the base. If the vertex 
angle is right the circle has the base as diameter. What is the direc- 
trix of the corresponding conic? 

9. If from a fixed point tangents be drawn to a family of concen- 
tric circles, the locus of the points of contact is a circle through the 
fixed point and the common center. State the problem when the 
fixed point is the center of reciprocation. 

10. The locus of the intersection of perpendicular tangents to an 
ellipse or hyperbola is a circle. 

11. If through a fixed point on a circle a variable pair of perpen- 
dicular chords be drawn, the locus of the line joining their extremities 
is the center. 

12. The envelope of a chord of a circle which subtends a constant 
angle at a fixed point on the curve is a concentric circle. 

Prove the following theorems by reciprocating with respect to a 
point: 

13. The reciprocal of a parabola with respect to a point on the 
directrix is a rectangular hyperbola. 
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14. If a rectangular hyperbola is reciprocated with respect to a 
point O, the tangents from O to the reciprocal conic are perpendicular. 
15. The orthocenter O of a triangle circumscribing a parabola lies 


on the directrix. 


(Reciprocate with respect to O. 


If O is on the 


directrix, the tangents from O to the parabola are perpendicular, 


Ex. 11.) 


16. The orthocenter O of a triangle circumscribing a rectangular 


hyperbola is on the curve. 
the illustrative example.) 


(Reciprocate with respect to O and apply 


17. Two conics C,, and C, with directrices di, dz have a common 
focus F. Then the polar of di with respect to C, and the polar of de 
with respect to C, are two points collinear with FP. 

18. With any vertex of a quadrangle as focus one conic can be 
drawn inscribed and four conics can be drawn circumscribed to the 
triangle formed by the other three vertices. 

19. The locus of a variable chord PQ which subtends a right angle 
at a point O on a conic is a point-(on the normal at 0). 

20. What is the locus of the chord PQ (Ex. 19) which subtends a 
constant angle at a point on the conic? 

By reciprocating with respect to a circle and then applying 4°, §77, 
prove the following theorems, those on the right from those on the 


left: 


21. The sum of the perpendicu- 
lars from the point of reciproca- 
tion (between the tangents) to 
two parallel tangents to a circle is 
constant,—equal to the diameter 
of the circle. 


22. The product of the seg- 
ments of any chord of a circle 
through the point of reciprocation 
is constant. 

23. The sum of the focal radii 
drawn to contacts of parallel tan- 
gents of an ellipse is constant,— 
equal to the length of the major 
axis. Prove. 


21’. The sum of the reciprocals 
of the segments of any focal chord 
of an ellipse is constant,—equal 
to four times the reciprocal of the 
focal chord perpendicular to the 
major axis. Hence this chord is 
the same for all ellipses which are 
reciprocals of equal circles with 
respect to any point. 

22’. The product of the per- 
pendiculars from the focus of an 
ellipse upon two parallel tangents 
is constant. 

23’. The sum of the reciprocals 
of perpendiculars from any point 
within a circle to two tangents 
whose chord of contact passes 
through the point is constant. 
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79. The method of projection.—The student has had no 
little experience in passing from projective to metric 
properties, a transition always accomplished through the 
mediation of the absolute. But he has had slight practice 
in the reverse procedure,—that of inferring a projective 
theorem from one of its metric versions. For this purpose 
however there is now available a more adequate vocabulary 
of projective-metric terms by the help of which many simple 
metric properties can be translated into more general 
projective theorems. 

The student should collect for reference the projective 
equivalents of such terms as parallel lines, perpendicular 
lines, angle, center of a segment, ellipse, parabola, hyper- 
bola, circle, rectangular hyperbola, asymptote, focus, 
directrix, center and diameter of conic, conjugate diam- 
eters, concentric circles, parallelogram, confocal conics, ete. 

It will also be recalled that projection is a point-point 
transformation which preserves double ratios and such 
relationships as incidence, collinearity, concurrency, tan- 
gency, the relationship of pole and polar; that under 
projection a circle (or any conic) goes into a conic but 
magnitudes change. 

The method now will be briefly exemplified. 

Example 1. The locus of intersection of two tangents to a 
circle which meet at a constant angle is a concentric circle. 

Let C be the circle, ¢ and s tangents meeting at P to form 
a constant angle and denote by 7, j the circular rays from 
P. If we project so that the circular points J, J go into 
finite points I’, J’, we have as corresponding parts of the 
two figures 


circle C conic C’ on two fixed 
points I’, J’ 
tangents t, s tangents t’, s’ meeting at P’ 
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lines 2, j lines "2" s7olfromb: tor ieee 

Now angle P is constant, hence (¢’s’ | 7’j’) = constant 

e. (ts | 77) = constant 

The locus of Pisaconcen- hence the locus of P’ is a 
tric circle with contacts at conic touching C’ at I’, J’. 
WH 

Therefore: The locus of the center of the pencil of constant 
double ratio, formed by two variable tangents to a conic and 
lines to the extremities of a fixed chord, 1s a conic touching the 
first at the extremities of the fixed chord. 

Example 2. An angle inscribed in a semicircle is a right 
angle. 

Let P be any point and QR any diameter of a circle 
with center O and denote by q, r the sides of the angle RPQ 
and by 7, 7 the circular rays from P. Now the pole of QR is 
at infinity, 7. e., QR and £ are conjugate polar lines. Pro- 
jecting the figure, we have the following correspondents 


circle conic 
point P on circle point P’ on conic 
£ (cutting circle at I, J) line cutting conic at I’, J’ 
center O pole O’ of I’ J’ 


QR (conjugate to L£) Q'R’, conjugate to I’J’ 
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circular rays 1, 7 lines 2’, j’, joining P’ to 
1 J! 
sides q, r lines gq’, r’ joining P’ to 
Q’ R’ 
But (qr | 7) = —1 hence (q’r’ [7’j’) = —1. 


And the projective theorem is 
Lines joining any point of a conic to the extremities of 
conjugate chords form a harmonic pencil. 


EXERCISES 


Derive projective theorems corresponding to the following. Show 
that the same results can be obtained by reciprocating with respect 
to a conic and then dualizing. 

1. If two circles are concentric, a chord of one tangent to the other 
is bisected by the point of contact. 

2. If two pairs of opposite sides of a hexagon inscribed in a circle 
are parallel, the other pair of opposite sides are parallel. 

3. A tangent to one of three concentric circles cuts the other two 
in four points whose double ratio is constant. 

4. A tangent to a circle is perpendicular to the radius drawn to 
the point of contact. 
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5. The locus of the intersection of perpendicular tangents to a 
parabola is the directrix. 

6. Any line is perpendicular to the line joining its pole to the cen- 
ter of the circle. 

7. The envelope of the chord of contact of tangents to a circle 
which cut at a constant angle is a concentric circle. 

8. The locus of the center of a circle on a fixed point and touch- 
ing a fixed line is a parabola having the point and line for focus and 
directrix. 

9. The locus of the center of a circle touching two given circles is 
a hyperbola having the centers of the two given circles as foci. 

10. The locus of the intersection of perpendicular tangents to a 
central conic is a circle, concentric with the conic. 

11. The envelope of a chord of a conic which subtends a constant 
angle at the focus is a conic with the same focus and directrix. 

12. The diagonals of a parallelogram bisect each other. 

13. The locus of a point which divides a system of parallel chords 
of a circle in a constant ratio is an ellipse having double contact with 
the circle. 

14. The diagonals of a parallelogram inscribed in a circle are 
bisected at the center. The diagonals of the parallelogram formed 
by tangents at the vertices of the first meet at the center and bisect 
the angles between the other diagonals. 

15. The envelope of a chord of a circle which subtends a constant 
angle at a fixed point on the curve is a concentric circle. 

16. The perpendicular bisectors of the sides of a triangle meet at 
the center of the circumscribed circle. 

17. The lines from the vertices of a triangle perpendicular to the 
opposite sides meet in a point. 

18. The pair of “exterior” as well as the pair of ‘‘interior”’ tangents 
to two circles meet on the line of centers. 

19. If a triangle is inscribed in a circle, the perpendiculars from any 
point on the circle meet the sides of the triangle in three collinear 
points. 

20. The two pairs of lines joining the ends of parallel diameters of 
two circles meet on the line of centers. 

Prove the following theorems by projecting the figures into simple 
metrical forms,—projecting a line into the line at infinity, two points 
into the circular points, a conic into a circle, ete. 

21. If two conics have double contact at P, Q, then any third conic 
on P and Q cuts each of the others in an additional pair of points. 
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The junctions of these two pairs meet on PQ. (Project P and Q into 
the circular points.) 

22. A variable conic is drawn to touch two fixed lines and to pass 
through two fixed points P, Q. The locus of the intersection of tan- 
gents to the conic at P and Q is a pair of lines harmonic with the fixed 
lines. 

23. Two conics, Ci, C2, have double contact and O is the pole of the 
chord of contact. From two points P, Q on C, tangents are drawn to 
C; forming a quadrilateral. If D is the pole of PQ with respect to C2 
show that two of the diagonals of the quadrilateral meet at D and one 
of them goes through O. 

24. Let D,, D2 be the diagonal points and d:, dz meeting at O, the 
diagonal lines of a simple quadrangle and let P, Q be a pair of points 
collinear with D1, Dz, and harmonic both with D;, Deand d:,d,. Then 
two conics may be drawn, one on the vertices and one on the sides of 
the quadrangle-quadrilateral, having double contact at P, Q and 
with O as the common pole of the chord of contact. 

25. Two conics have double contact at P, Q and two tangents 4, 
t’ to one conic cut the other in the vertices of a 4-point of which 4, t’ 
are one pair of opposite sides. A second pair of opposite sides 
together with the chord of contact of ¢ and ¢’ are concurrent in a (diag- 
onal) point lying on PQ. The other two diagonal points are col- 
linear with the pole of PQ with respect to the conics. A conic can be 
drawn having double contact with the others at P, Q and touching 
one pair of opposite sides of the quadrangle at the points cut out by 
the chord of contact of ¢ and v’. 


CHAPTER VII 


COLLINEATIONS AND INVOLUTIONS IN 
ONE DIMENSION 


80. Geometric definition of collineation.—We have 
hitherto considered projective ranges as situated on distinct 
lines. We may however think of them as superposed 
on the same line. Two such ranges may be obtained 
as follows. From a center O project the points 7% of a 


range x into the points y; of a second range y. Then from a 
center O’ project the points y; back into points x,’ of the 
first range. It follows of course that x A y A 2’. These 
two projections successively applied effect a rearrangement 
of the points of the range « which may be describedas 
a (1, 1) projective correspondence and which is called a 
collineation. 

Dually by two successive perspectivities with distinct 
axes we may set up a (1, 1) correspondence between the lines 
of a pencil which is also called a collineation. Or formally 
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A collineation in one dimension is a projective corre- 
spondence between the elements of a one-dimensional form. 

A collineation is thus a correspondence between elements 
of the same kind (point-point or line-line) in the same form, 
whereas in a general projectivity the correspondence 
may be between points of different ranges, lines of different 
pencils or points of a range and lines of a pencil. 

81. The fixed points of a collineation.—The properties 
of a collineation are most conveniently studied by means of 
the analytic expression which defines it. We shall deduce 
some of these properties, stating the results however for 
point transformations only and leaving the dual as usual to 
be supplied by the student. 

We have seen (§50) that if x and 2’ are codrdinates of 
corresponding points in a collineation along the line, then 
the collineation is represented by the bilinear equation 

f= eT ad — be £0. (1) 
Further, a collineation is completely determined when three 
pairs of corresponding points are given. 

Equation (1) is to be regarded as the operation or trans- 
formation which sends the point x,—the point itself and 
not its codérdinate,—into the point x’. The superiority 
of the analytic over the geometric definition is now apparent 
for in the one case a collineation is given by a single ana- 
lytic operation while in the other two perspectivities were 
required.! The student should not lose sight of the geo- 
metric definition however for it will prove serviceable. 
Indeed it will be profitable to establish succeeding theorems 
by geometric methods. 


1In the analytic representation it is not necessary to take account of 
the geometrical machinery which carries the point x into the point x’. It 
suffices to know that in virtue of (1) x’ is determined when z is known. 
The geometric definition holds the advantage when corresponding points 
are actually to be constructed. 
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The first question of importance is: Are there any points 
of the range which are fixed under the transformation (1), 
7. é., are there any self-corresponding points in a collineation? 
Since x and 2’ are codrdinates of corresponding points, 
we shall have fixed points when # = 2’. Making this 
substitution we obtain 


cv? + (d — a)x — b = 0, (2) 


a quadratic in x Hence in a collineation of the line there 
are always two fixed or self-corresponding points. 

Cor. If a collineation have more than two fixed points, 
all its points are fixed, for a quadratic with three roots 
vanishes identically (§5). We should have then b =c = 
0, d = aso that the collineation becomes x’ = 2, which is 
called the zdentical collineation or the identity, denoted by 1. 

To be given a fixed point is equivalent to being given a 
pair of corresponding points. Hence we may say 

A collineation is determined by (a) the fixed points and a 
pair of corresponding points or (b) by one fixed point and 
two pairs of corresponding points. 

The fixed points of a collineation alone suffice to deter- 
mine only two of the three constants. There are thus 
co! collineations of the line with identical fixed points. 

If the fixed points are fi, feo and k is a constant the col- 
lineation may be written 

torr SiG ital 

ge — fo aes (3) 
For (8) is the equation of a collineation since it comes under 
the general class (1). Furthermore when z = fi, x’ = f; 
and when x = fo, x’ = fo. 

Now writing (38) in the form 


(x! — fi)(@ — fo) ' 
k= Gia ie (x’x|fi fo), (4) 
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it appears that the double ratio of the fixed points and any 
pair of corresponding points of a collineation is constant. 

This theorem may be regarded as implying a third 
definition of a collineation. 

82. Types and standard forms of collineations.—Col- 
lineations may be classified according to the nature of the 
roots of the quadratic giving the fixed points ((2) §81). 
We have thus the following varieties with names as 
indicated.! 


fixed points collineation 
1°. real and distinct hyperbolic 
2°. real and coincident parabolic 
3°. conjugate imaginary elliptic. 


The equation of a collineation can be materially simpli- 
fied by a proper selection of the fixed points. Thus if 
0 and o are taken as fixed points we must have (from (2) 
§81) 6 = c = 0, when the collineation may be written 

x’ = ke. (1) 
Equation (1) which is the simplest form to which the 
general collineation can be reduced is called on that account 
the canonical form. 

Likewise if both the fixed points are o,c = QOandd =a 
and the collineation takes the form 

go= a+ k, (2) 
which is the canonical form of a parabolic collineation. The 
collineation is however special. 

It remains to consider a case which has been excluded 
hitherto, viz., when ad — be = 0. Suppose for the moment 


1 These names have no essential connection with the various conics, 
they are only suggested by the relation of the conics to the line at infinity. 
The classification here given is not altogether projective, for in a strict 
projective classification we should not distinguish real and imaginary. 
It is however a projective specialization for a collineation to be parabolic 


or singular, 
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that none of the coefficients is zero, then a/b = c/d and 
a/c = b/d. If now the collineation be written in the form 


pi. Wao at 
Pe yee al Co) 


we distinguish two cases 

I.2X# —b/a(= —d/c) and Il. x = —b/a(= —d/e) 
Under I, (3) becomes x’ = b/d and is the same for every 2. 
While under II, x’ = 0/0. The results are the same, as the 
student may verify, when some of the coefficients are zero. 
The collineation is said to be singular or degenerate. Or we 
may summarize 

4°, When ad—be=0 the collineation 1s degenerate. 


Then every point of the range except one (—b/a = —d/c) 
corresponds to the same potht (b/d = a/c), while the excep- 
tional point corresponds to an arbitrary point. 


EXERCISES 


1. Find the fixed points of the collineations 
iit. arta Hj UNE site pie ae Le 
2 — 1 at? 7 Spe 


What is the type of each collineation? 

2. Write collineations whose fixed points are both 0, both 1. 

3. Determine the collineations which have the fixed points +1; 
w, w?; 2, —5, and in each of which x = 0 corresponds to 2’ = o. 

4. Find the collineation which sends respectively 0, 1, © into 1, 
0, 0; 1, ©, O intol, w, w?; 1, 2, 3 into 0, 0, —1. Find the fixed 
points of each. 

5. Determine the collineation with fixed point 0 and which sends 
1, » into —1, 2; fixed point © and which sends 1, —1 into 7, —7; 
fixed point 0 and which sends 1, —1 into —1,1. What is the other 
fixed point of each collineation? 

6. Write the condition that the general collineation be parabolic, 
elliptic, hyperbolic. 

7. Construct the fixed points of a collineation which is defined 
geometrically. When will they coincide? Show that the double 
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ratio of the fixed points and a pair of corresponding points, is equal 
to that of the centers and the axes of the perspectivities and hence 
constant. Dualize. 

8. The intersections of corresponding lines of two projective pencils 
with any line are corresponding points in a collineation. Where are 
the fixed points? When is the collineation singular? Locate the 
two exceptional points. 

9. Hence given a conic, construct a collineation of each type. 

10. What modification is necessary in Ex. 8 if the two pencils are 
perspective? 

11. Dualize Exs. 8, 9, 10. 

12. A thermometer is graduated in both the Centigrade and 
Fahrenheit scales. Obtain the relation between the readings on the 
two scales. For what temperatures are the readings the same? Is 
this an alias or an alibi? 


83. Involution.—We defined a collineation geometrically 
as the resultant of two perspectivities. These perspectivi- 
ties must always be performed in the same order, using, 
e. g., first O and then O’ asa center. A few trials will con- 
vince the student that the collineation which sends x into x’ 
will not in general bring xv’ back into x. That is, while x 
may be said to correspond to 2’ in the collineation, x’ does 
not in general correspond to x.! This is also analytically 
evident. To fix the ideas let us consider the collineation 


z—l 
i 

Gf = 1 
2x— 6 (1) 
which we interpret as the operation which carries x into 
a’. Then whens = 5,2= 1, but whenz =1,7’ = 0. In 
other words the point 5 corresponds to 1 but 1 does not 
correspond to 5. Now it might happen that the collinea- 
tion which transforms xz into x’ would at the same time 
transform x’ back into x. Such a collineation is called an 
1A similar remark applies to any general (1, 1) correspondence. A 
(1, 1) correspondence merely means that each element say 2: of one system 


corresponds to some element y; of another and conversely but not that 
the y which corresponds to an x has for a correspondent the original z. 
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involution. More specifically since it deals with pairs of 
points it is said to be of order two or quadratic.! And since 
either point of a pair determines the other the involution in 
question is denoted by I1,1.. We have then a first 

1°. Definition A quadratic involution I;,1 1s a collinea- 
tion of period two. 

To find the condition that the general collineation shall 
be an involution. It is evident from what has been said 
that the equation must be the same when the réles of x 
and 2’ are interchanged, 7. e., we must have simultaneously 

/ 
a! a re and r= rd +o (2) 
or 
cea’ + dr’ —-ax — b = 0 
cxx’ — ax! fdx — b = 0. (3) 
Whence by subtraction (d + a)(a’ — x) = 0. Therefore 
either x’ = x, in which case we have the identical collinea- 
ton, or 
d+a=0, (4) 
which is the condition sought. 

Or we may proceed as follows. Solving for z the trans- 

formation 7’, we obtain the transformation denoted by T!: 
Ts el = 


ax +b —dz' + b 
~ ca +d pe (5) 


a T-!. , 
cz’ — a 
If now T is the operation which carries x into 2’, then T-1 
is the operation which recovers x from zx’. TT! is called 
therefore the inverse of T. 
An involution is thus a transformation which is identical 

with its inverse. This requires 

Clr Uwe sOr ft 

ced = cx a 


1 Involution in this chapter always refers to a quadratic involution. 
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whence, equating coefficients of like powers ($5) 
a= —d,ora+d=0, 
the same condition as before. Unless indeed 6 = ¢ = 0 
when a = disa solution but then 7’ reduces to the identity, 
a trivial case. 
Thus the equation of the involution is 


pies at + bo (6) 


Cy — a 


It appears then that 

2°. An involution is defined analytically by a symmetrical 

equation of the form 
Ave’ + Bia +2’) +C =0 (7) 
where x and x’ are corresponding points. 

84. Further classification of collineations.—-It will be 
convenient to use homogeneous coérdinates when the 
equation of the collineation ((1) §81) is replaced by the 
two equations 

pti’ = ax, + bre (1) 
px’ = cx, + dre 


where p is a factor of proportionality. To find the fixed 
points we set x; = x, and x2’ = 22, obtaining the two linear 
equations homogeneous in two variables 


(a — p)at; + bre = O (2) 
cx, + (d — p)te = 0. 


The condition that these be consistent, found by eliminating 
the 2's, is 
a—p b 


Cc Ai plinre 


or 
p? — (a + d)p + (ad — be) = 0, (3) 
11 
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which we shall write 
p?—Iiyp +I, =0. (4) 


Corresponding to each value pi,2:0f p in this equation is 
a fixed point of the linear transformation (1). The coeffi- 
cients in (4) are called invariants of the transformation, 
for a reason which will appear later. By means of them 
collineations are readily characterized. The values of the 
invariants and the meaning of certain conditions imposed 
on them are 


I,=a-+d, I, = ad — be 
Invariant relation effect on p’s collineation is 
ea () pi t pe = O an involution 
I, =0 = pi=0 degenerate 
I? — 4I, =0 pi — p2 = O parabolic 
7 Silo = @ iS poy SCO degenerate I,,1, 
85. We shall now explain why the functions of the preced- 
ee: ng Fee ae 
ing paragraph are called invariants. Let T: x’ = enn 
represent a collineation, 7. e., an alibi, which changes the 
position of the point from xtowz’. Andlet S: y = a 


denote a transformation of coérdinates, 7. e., an alias, which 
changes the coérdinate x of one system into the coérdinate 
y of a second system. Further by ,/7',, ,Sz, etc. indicate 
the effect of a transformation, namely that 7 transforms 
x into x’, S transforms z into y, etc. The result of applying 
first S and then T is called the resultant or product of S and T 
and is denoted by 7'S.} 

The product ST'S~! is called the transform of T by S. 
The effect of this product on y for example is yS»7',S,71 


1 Tt should be noted that the process of forming a product as here defined 
is not in general commutative. 
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vz. e., the net result is to transform y into'y’, Calculating 
the product we have 


ee Ver thar 
x iva Se CL) 
p Aan 
oe ee +d — 


(—da + yb)y + Ba — 
(—de=t yd)y_-> Be — 
et ee OU 0. 


“ (from (1)) = TS"! (2) 


ey = eee GIEE a! (from (2)) = STS! (3) 
where 
a’ = —6(aa + Bc) + y(ab + Ad), b’ = Blaa + Be) 

— a(ab + Bd) 
d’ = B(ya + 6c) — a (yb + dd), c’ = —6(ya + Sc) 

+ y(vb + 6d). 
Whence 


(a’ + d’) = —(aé — By)(a + d) or I,’ —kI, 
ad’ — b'c! = (ad — By)2(ad — be) or Ip’ = k?I, (4) 
(alts) aes (Gira) Pt Ty? a Dy? 
(a’d’ — b’c’) ~ (ad — dc) Piel tur High 

Hence the functions a + d and ad — bc of the coefficients 
in T are to a factor! equal to the corresponding functions 
formed for the transform of T by S. In other words they 
are invariant when 7’ is transformed by S. The third func- 
tion in (4) which is identical in the original and trans- 
formed collineation is called for that reason an absolute 
invariant. 

Let us now examine a little more closely the complete 
effect of the transform S7'S~! when applied to the points y 
of the range. First the codrdinate y of a point is changed 
to the codrdinate x, then the point x is moved to the new 

1 Note that the factor in each case is a power of the determinant of 
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position 2’, finally the coérdinate 2’ is changed back into 
y’ of the original system. Thus whereas 7’ merely causes a 
certain shifting of the points of the range, the transform 
determines the same shifting while at the same time chang- 
ing the codrdinate system. 

An invariant relation therefore 1s one which is independent 
of the coérdinate system in which the collineation is repre- 
sented. Thus if a collineation is involutory or parabolic 
so also is its transform. An elliptic collineation may 
however be transformed into a hyperbolic. Invariant 
relations in short are projective relations. 

In the foregoing we have supposed that 7 defined a 
collineation of points and § a collineation of coédrdinates. 
But obviously the algebra is identical, in particular equa- 
tions (4) are valid, if both represent transformations of the 
same kind. We should then have other interpretations for 
the transform S7'S~! but we should still define an invariant 
of 7’ as a function of the coefficients which differed at most 
by a constant factor from the corresponding function of the 
coefficients in the transform. And any projective property 
of 7 would persist in the transform as before. 

86. We return now to a consideration of the involution, 
writing its equation in the form 


Art’ + Ba+2’)+C =0. (1) 


Since (1) is a two-parameter family of transformations, it 
can be made to satisfy two conditions. Hence an involu- 
tion is determined by (a) two pairs of corresponding points, 
(b) the double points,? (c) one double point and one 
corresponding pair. 
To find the involution determined by two pairs of 
1 Cf. §48, last theorem. 


2 We shall call the fixed points of an involution double points. Some 
writers use the unsatisfactory term foci. 
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corresponding points. If 2, v:’ and x, x2’ are pairs in the 
involution (1) we must have 


Aax1' + Bia + 41’) a C= 0 
Axor,’ +b Bae + 2a") sb C= 0. 


Eliminating the coefficients from these three equations we 
have the involution in the convenient form 
A le ae ee | 
Pity ee ey | = 0. (2) 
Lot! Ve + Lo! Ik 
The condition that a third pair 23, 23’ be a pair in the 
involution, 7. e., the condition that the three pairs 2, 21’; 
22, Lo"; x3, 23’ belong to an involution is found at once from 
(2) to be 
1101" Uy -- Die 1 
ete’ Le + ae 1) = 0; (3) 
Data U3 -+- aps! 1 
Suppose however that the two pairs are not given explic- 
itly but as roots of quadratic equations. For example 
let us find the involution set up by the pairs of roots of the 
two equations 
az? + ber +c =0 (4) 
Agx? + bow + Co = 0. 
Denoting the roots of these equations respectively by 2, 
21'; Xo, 2’ we have from algebra 
210;' = 1/1, ; w+ 2' = —b;/a1 
XoXe! = C2/A2, to + r! = —be/de. 
Substituting these in (2) and rearranging we obtain as the 
required involution 
1 «2+ 2' xa'| 
ay —b, Cy = ((): (5) 
(0) —bo Co 
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87. Third definition of involution.—The condition that 
the three pairs of roots of the quadratics 


Q; = aw’+b,7+¢ = 0, ol WPS (1) 
be in an involution is ($86, equation (5)) 
ay by C1 
(0m) bo Co) = 0. (2) 
a3 bs C3 


But this is just the condition that equations (1) considered 
as linear in x? and x should be dependent or belong to a 
linear system. In other words we must have a relation 


kiQi + kee + k:Q; = 0 (3) 


where the k’s are parameters. 

We are thus led to a new definition of an involution. 
If Q: and Qs» represent two pairs of points, then for every 
value of k 


Q,+kQ: =Q (4) 


will represent a pair of points in the involution determined 
by Q, and Qs. For the quadratics Qi, Qe, Y satisfy a relation 
like (3). . Or 

Aninvolution is a one-parameter family (pencil) of quadratics. 

88. A fourth definition of involution is afforded by the 
following 

Theorem.—All pairs of points x, x’ harmonic to two given 
points a, b are in an involution of which a and 6 are the double 
points, and conversely. 

For if (xx’ | ab) = —1 we have 


(c — a)(x’ — b) + (a — b)(x2’ — a) = 0 


or (1) 
Qux’ — (a + d)(a + wv’) + 2adb = O. 


COLLINEATIONS AND INVOLUTIONS 167 


From the second equation it is evident that x and 2’ belong 
to an involution. While from the first it is plain that a 
and 6 are the double points since x’ = a when x = a and 
xz’ = b when z = bz 

Moreover since (1) contains two arbitrary constants 
it represents the general involution, 7. e., the converse of 
the theorem is true. 

Since two pairs uniquely determine an involution we may 
say in virtue of the foregoing theorem: There is a unique 
pair of points harmonic to two given pairs, viz., the double 
points of the vnvolution determined by the two pairs. 

89. If the involution is written in either of the forms (1), 
(2), (5) §86 the double points are found by setting x = 2’, 
whereas in (1) §88 the double points are in evidence. 

Let us now consider the converse problem,—given the 
double points to find the involution. If the double points are 
a and 6 the involution may be expressed as in the preceding 
section. But if the double points are given implicitly by 
the quadratic 

ax? + 2b¢ + c¢ =0 (1) 


how shall we write the involution? 
Now 
are’ + ba +a’) +e¢= (2) 


is an involution whose double points are the roots of (1). 
And since the double points uniquely determine the involu- 
tion it follows that (2) is none other than the involution 
in question. 

Thus associated with every quadratic equation (1) 
is a quadratic involution (2). To derive the involution from 
the equation giving its double points we have merely to apply 
the foliowing rule: Replace x? by xa’ and 2x by x + a’. 

This process is called polarizing the equation, and (2) is 
the polarized form of (1). 
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EXERCISES 


1. Verify directly that the condition that a collineation (7 §85) 
be of period 2, 7. ¢., that T? = 1,isa +d =0. 

2. Show that a parabolic involution is degenerate. Hence a 
proper involution has distinct double points. 

3. Find the involution determined by the pairs 1,3 0,—2; 2? — 
xr+1=0, 22 +3¢+2=0. What are the double points of the 
involutions? 

4. Find the involutions whose double points are 0, 0; +1, +7. 
Show that these three pairs of points are mutually harmonic, 7. e., 
that each pair are the double points of the involution determined by 
the other two. 

5. Find the condition that the quadratics aixz? + 2bi.c +c. = 0, 
av? + 2box + c. = 0 represent harmonic pairs of points. What is 
the condition that the roots of a quadratic be self-harmonic? 

6. Show that the condition that the identity ax? + 2b” +c = 
ki(a@ — x1)? + ko(a — x2)? may hold, 7. e., that a quadratic may be 
written as a sum of squares of linear expressions, is that 21, 72. belong 
to an involution whose double points are given by the quadratic. 

7. Find the pair of points harmonic to the pairs 2,0 38,—1; 1,3 
0,4; 1,5 2,4; 3822 —-x —2 =0, 82? + 147 + 3 = 0; 54? 4+ 27 + 10 
= 0, 32? — 10x — 8 = 0. 

8. Write the involutions whose double points are given by the 
equations z? + 2 +1 = 0, 2x? — 3x = 0, 2x —1 =0. 

9. Pairs of points on a line which are conjugate with respect to a 
conic belong to an involution whose double points are the intersections 
of line and conic. Dualize. 

10. Obtain the collineation determined by three pairs of points 
as a 4-row determinant. 

11. Show that the double points of the involution wu + kv, where 
U = M01? + QhixiX2 + C1L2”, Vv = 2X1” 4+ Zhoxie2 + C22”, are given by 
the determinant |w| = wiv. — Uv, = 0, where wu; denotes the partial 
derivative of wu with respect to «1, ete. 

12. If three quadratics have a common factor they belong to a 
parabolic involution. 

13. Find the relation of the two centers of projection (§80) when 
the ccllineation is an involution. Verify by repeated constructions 
that if the collineation is of period two for one point of the line it is 
so for any point. 
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90. Consider the system of conics on four points a 6 cd. 
Any point x of an arbitrary line | determines a unique 
member of the pencil, namely the conic abcdz. But this 
conic cuts the line in a second point 2’, ¢. ¢., the conic is on 
abedxx’. On the other hand if we ask for the member of the 


pencil which contains x’ we obtain the very same conic 
since it has in common the five points abcdz’. 

The correspondence between x and 2’ is both one-to-one 
and reciprocal for not only does x uniquely determine 2’ 
but x’ uniquely determines x by the same process. In 
other words the points are a conjugate pair in an involution. 
The result may be stated in a second 

Theorem of Desargues.—Conics of a pencil cut an arbi- 
trary line in pairs of points in an involution. 

It is geometrically evident that x and 2’ will coincide, 
giving rise to a double point of the involution, when a 
conic of the pencil is tangent to the line. Since an involu- 
tion has two double points we have a proof of the theorem 
(Ex. 2, §15): Among the conics of a pencil two touch an 
arbitrary line. 
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Analytic proof of Desargues’ theorem. If C and C' 
are any two conics 


C ax? + by? + cz? + 2fyz + 2gzex + 2hxy 
C! = a’x? + b'y? + cz? + 2f’ye + 2g’ex + 2h’ay 


Il Il 


then 


C+khC’ =0 (1) 


represents the pencil of conics through their common points. 
Since the equations of the conics are general, the relation 
of the pencil to a coérdinate axis is typical. Setting z = 0 
we have 


(ax? + 2hay + by?) + k(a’a? + 2h’xy + by?) = 

ps Q + kQ’ = 0 (2) 
to determine the pairs of points in which the pencil cuts 
the z-axis. Thus the pairs of intersections of the pencil 
with z = 0, 2. e., with any line, are given by a pencil of 
quadratics (2). Hence the pairs belong to an involution. 
Gabe. 

91. Special case of Desargues’ theorem.—If the four 
base points of a pencil of conics are considered a quadrangle, 
the opposite sides of the quadrangle will be degenerate 
members of the pencil. And the intersection of these sides 
with any line will belong to the involution set up on the line 
by the pencil of conics. Hence 

The opposite sides of a complete quadrangle cut an arbitrary 
line in three pairs of points in an involution. 

If the line is on a diagonal point, obviously that point is a 
double point of the involution. If the line is on two 
diagonal points, 7. e., if it is a diagonal line, we have the 
familiar harmonic relation of the quadrangle. 

We are now able, given two pairs of points of an involution, 
to construct the involution. 

Let x, x’ and y, y’ be pairs of conjugate points of an 
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involution and let z be any fifth point. To construct the 
partner z’ of z in the involution. 


We have but to draw a quadrangle with one pair of 
opposite sides 1, 2 through z, 2’, a third side 3 through 


z and another pair of opposite sides 4, 5 through y, y’. 
Then the sixth side 6 will cut out the required point 2’. 


MetricaL PHASES OF COLLINEATIONS AND INVOLUTIONS 


92. Metrically canonical forms of collineations.—If x 
and wz’ are ordinary Cartesian coérdinates on a line, the 
fixed points of a collineation when reduced to the canonical 


form 
a’ = ke (1) 


are the origin and the point at infinity on the line. The 
collineation now has the effect of multiplying the distance 
of any point x from the origin by the constant k. Or the 
result is to magnify the figure of the range in the ratio k : 1. 
The collineation is called accordingly a s¢militudinous 
transformation or a stretch. 

On the other hand we obtain the canonical form of a 


parabolic collineation 
e=axt+k (2) 
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when the fixed points coincide at infinity. This collinea- 
tion, the result of which is to displace every point x of the 
line by a constant distance k& (in the same direction) is 
called a translation. 

93. Wenotealso some special metrical forms of an involu- 
tion obtained by assigning particular values to the coeffi- 
cients in the general equation 


Agr’ + Bia + 2) + C =0, (1) 


where of course the variables are to be interpreted as 
Cartesian codrdinates. 


tA nus 
Qe (2) 


represents an involution whose double points are the origin 
and the point at infinity. Conjugate points now lie equally 
distant from the origin on either side. Hence 

All points of a line which le in parrs at equal distances on 
opposite sides of a fixed point of the line belong to an involution 
whose double points are the fixed point and the point at 
infinity. 

2°. Another special form of equation (1) is 

za! = kh? (3) 

which represents an involution whose double points are +k. 
The origin therefore lies midway between the double points 
and is called in this connection the center of the involution. 


If 
za’ = —k? (4) 
the involution is elliptic, the double points being +7k. 
The origin however is still called the center. We may 
summarize then in the theorem 
All pairs of collinear points, the product of whose distances 
from a fixed point 1s constant, are conjugate pairs of an 
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involution of which the fixed point is center. The involution 
as hyperbolic or elliptic according as the constant is positive 
or negative, 1. e., according as conjugate points are on the 
same or opposite sides of the center. 

Elliptic involutions of lines are perhaps best exemplified 
by the involution consisting of pairs of perpendicular 
lines on a point. That such lines constitute an elliptic 
involution follows from the theorem (Ex. 7, §58) that all 
perpendicular lines are harmonic with the circular points. 

Or directly, let the equation of lines through the origin 
be written in rectangular Cartesian coérdinates in the form 


y = tx (5) 
where ¢, the slope, may be regarded as a parameter. Now 
the slopes ¢, t’ of perpendicular lines are connected by the 


relation 
il = 0} (6) 


a special case of (1). Hence the lines ¢, t’ are conjugate 
pairs in the involution whose double lines are given by 
V4 bP =0; ort = tt That is 

Pairs of perpendicular lines about a point belong to an 
involution whose double lines are the circular rays meeting 
at the point. 


EXERCISES 


1. Dualize Desargues’ theorem, the special case and the construc- 
tion. 

2. If a quadrilateral have the circular points as one pair of opposite 
vertices, the inscribed conics are confocal (Hx. 16, $35). Hence the 
pairs of tangents from an arbitrary point to a system of confocal 
conics belong to an involution of lines whose double lines are the 
tangents to the two conics of the system which are on the point. 
Show that the double lines of the involution are perpendicular, 7. e., 
that confocal conics intersect orthogonally. 

3. Show that the system of confocal conics in Ex. 2 contains no 
parabolas. By considering the involution determined on the line at 
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infinity by a pencil of point conics find how many conics of the pencil 
are parabolas. 

4. If a pencil of conics sets up an involution on the line at infinity 
which has J and J for double points, what can you say of the conics 
of the pencil? 

5. By considering the involution of conjugate diameters of a cen- 
tral conic, show that there is one pair of conjugate diameters which 
are perpendicular. 

6. What is the effect on the involution cut out of a line by a pencil 
of conics if (a) the line is on a base point of the pencil, (6) two base 
points? 

7. Pairs of points, the ratio of whose distances from a given point 
is constant, are corresponding pairs in a collineation which has the 
given point for a fixed point. What is the other fixed point? 

8. Pairs of points, the difference of whose distances from a given 
point is constant, are corresponding pairs in a collineation. 

9. A pencil of circles (all circles on two finite points) cut any trans- 
versal in pairs of points in an involution whose center is cut out by 
the common chord of the circles. 

10. If a constant angle rotate about the vertex its sides will be cor- 
responding lines in a collineation of lines. What type is the collinea- 
tion? When will it be an involution, and what then are the double 
lines? 


CHAPTER VIII 
BINARY FORMS 


94. The analytic geometry of the range, the pencil and 
certain other one-dimensional manifolds depends on the 
theory of equations in one variable. But this subject as 
presented in elementary algebra,—chiefly from the metric 
point of view,—is inadequate for present purposes since 
we are here interested in projective results. Accordingly 
we shall now sketch certain topics in the theory which are 
indispensable to any projective interpretation.! 

A rational integral homogeneous algebraic function in 
any number of variables is called an algebraic form or 


quantic. 

Forms containing 2, 3, 4, . . . p variables are termed 
binary, ternary, quaternary, . . . p-ary. And forms of 
degree 1, 2, 3, 4, .. .m are called linear, quadratic, 
CU0TG, QUATIIG. .. n-ic, 


In the representation of algebraic forms there is usually 
a distinct advantage in employing binomial or multinomial 
coefficients though they may be omitted when convenient. 
Thus we may write the binary n-ic 


n n 
f = ax" + (”)a,e"-t0. aie (2 )ase1"-2a2" ol nate ete Ont” 


1 For a comprehensive account of this important branch of mathematics 
the student should consult the standard treatises: Salmon, Modern Higher 
Algebra, Elliott, Algebra of Quantics, Grace and Young, Algebra of Invari- 
ants in English or Clebsch, Bindren Formen, Gordan, Invariantentheorie 
and Meyer, Formen und Invariantentheorie in German. Shorter accounts 
will be found in Glenn, Theory of Invariants and Dickson, Algebraic Invari- 
ants. The books by Salmon, Clebsch and Gordan are unfortunately out 
of print and rare. 
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where(”) is the coefficient of the (r + 1)th term in the 


expansion of (#1 + 2)”. 

The student will note the distinction between an alge- 
braic form and an equation in the same number of variables. 
A form is the function itself whereas the corresponding 
equation is the form set equal to zero. 

The equation f = 0 may be said to represent n points 
of a range or n lines of a pencil, namely the points or lines 
whose homogeneous coérdinates satisfy the equation. 
We may therefore without danger of confusion refer to 
these elements concisely as the n points f or the n lines f. 

But f = 0 may represent elements in other one-dimen- 
sional manifolds, v7z., those; manifolds whose elements can 
be placed in (1, 1) correspondence with the numbers (ratios 
21/2) in the (one-dimensional) number system.'! The 
aggregate of these one-dimensional realms whose elements 
can be regarded as conerete representations of binary forms, 
—and in the abstract may be considered identical with the 
number (coérdinate) system which they have in common,— 
constitute the binary domain. ‘The complete theory of any 
one of these realms,—as, e. g., the algebra of binary forms 
or the geometry of the line,—comprises in the abstract the 
theory of the whole binary domain. 

Two systems like those under consideration which are 
merely different representations of the same abstract 
theory are described as tsomorphic.? In this language the 
binary domain consists of all those one-dimensional mani- 
folds which are isomorphic with the range. 

95. Polar forms.—An important class of forms associated 

1We saw. (§64) that the conic has this property. More generally 
any rational curve,—whether generated by points, lines, planes or spaces 
of higher dimensions,—of any degree, in the plane or space of n dimensions 


is such a manifold. 
2 Cf. dual geometries under the principle of duality. 


BINARY FORMS LAT. 


with any binary form can be derived as follows. Consider 
the differential symbol 


a ee 
Y1 On, + Ye 02, (y =) (1) 


which is called a polar operator. If now we operate with 
this symbol on f, a binary form of order n, considering the 
y’s independent of the z’s thus 


(e) 

(mn Se tuto fang tue as, (2) 
we obviously obtain a binary form f, of order n — 1, which 
is called the (first) polar of (yi, y2) with respect to f.!. The 
process is called polarizing the form f with respect to y. 

Geometrically this polar form represents n — 1 points 
which constitute a polar set of the point y with respect to the 
n points f. 

Polarizing f, with respect to y’ we derive another polar 
form fy ,, which is called the mixed polar of y and y’ with 
respect to f. Since successive partial differentiation of 
polynomials is commutative, we have 
Suu =Su = (v1 5 + ye’ =) (u Pa + Ye = )f 

a? arf 
Pl en 
Hence alternative methods of calculating the mixed polar 
are (a) polarize f as to y and then polarize the resulting form 
as to y’, or the reverse, (b) multiply the differential symbols? 
and apply the resulting operator to f as in the last expression 
on the right above. The second method is usually simpler 
in practice. 

Speaking geometrically, we may continue the process of 


| 


ees / OF / / 3 
= yr ag.9 + (yaya! + yoy (3) 


1 Also called the first polar of f with respect to y1, ye. ’ 
2 This multiplication is performed as if the operators were ordinary 


ts) 
algebraic expressions but in the product the powers of aa etc., are to be 


interpreted as indicating successive differentiation. 
12 
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polarizing f as to the set of points y, y’, y” . . . y" so 
longasr <n. The mixed polar of r points is a set of n — r 
points since each polarizing operation reduces the degree 
of f by one. A case of particular importance is when r = n. 
Then the polar of the n points y will not involve x being a 
function of the y’s and the coefficients of f only and f is 
said to be completely polarized. 

96. Special polar forms.—Instead of taking mixed polars 
of two or more points we may form repeated polars of the 
same point. Thus if y = y’ in (3) of the preceding section 
we have 


a dN o°f a*f 
(u: 35, +¥ aa) f= 0 ae + 202 Sean, TY 
which is called the second pelar of y with respect to . 
1°. Generally 


0 OMNG 
(use + Yr a) f (2) 


is called the rth polar of y with respect to f and f is said to 
be polarized r times with respect to y.1 Obviously the 
rth polar represents a set of n — r points, the nth polar 
being a constant. 

A classical example of repeated polars is found in the 
expansion of aform by Taylor’s theorem. For if f(a, x2) = 
f is a binary form of order n we have by Taylor’s formula 


flex + yy t+ yo) = Nene) + (ng tm 2) 


1 cs) 0 \? il cs) ay” 
a shine cP vas, Mh +...+ ee = vag, 
1 0 OP We 
chai cep tS ( Wan, + vas, Mh (3) 
each term of which is a polar of f with respect to y. 


. . . Ee: ! 
1Jt is usual to introduce a numerical factor & — to neutralize that 


arising from differentiation, but as we are chiefly concerned with the 
geometry this is of little consequence. 
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Now interchanging x and y we obtain the expansion in the 
equivalent form 


fe) 
SY +21, Y2 + 4&2) = S(Y1, Yo) + (25, ai 15, ) f 


1 5) @\n-9 
Mae te epi (1g ats, 
1 ‘i a\” 
+... hey (tg oh 5) (4) 


Since (3) and (4) are identical we have, equating like 
terms 


1 0 ONG 
f(@i, 22) = nl 7 ie + ay bo Y2) 


a a i 
(n ae, + Ye =) f(%1, X2) = 


m—1 
eels xy y es, yi Yu Y2) 


Bahao a \" . 
(us 0x1 T Ye pal licat 2) = 


Cea S at ae ay IU 2) 


That is, the rth polar of (y1, ye) with respect to f(x, x2) ts 
equal to the (n — r)th polar of (x1, £2) with respect to f(y1, y2), 
a theorem of great utility in calculation. Thus to find the 
(n — 2)th polar of (yi, yz) with respect to f(x, t2) we calculate 
the second polar and interchange the x’s and y’s. 

Geometrically, if x 7s a point of the rth polar of y, then y 
is a point of the (n — r)th polar of x. 

2°. Again f may be polarized r times with respect to y, 
r’ times with respect to y’, etc. where the r’s may have any 
integral values from 1 up to nm provided only that 
rtret... <n. We thus obtain a mixed polar with 
some of the points repeated. 


186 PROJECTIVE GEOMETRY 


3°. Partial derivatives of f with respect to the variables 
are themselves special cases of polar forms. Thus 


of is the rth polar of (1, 0), 


Ox," 
oy is the rth polar of (0, 1) 
OX" 
and 
iors te : ate : . 
...*— 1s a mixed polar, found by polarizing r times with 
OX "0X25 
respect to (1, 0) and s times with respect to (0, 1) 


97. Euler’s theorem for homogeneous functions.—For 
the binary form f the theorem is 


6) a O 
3m, + ti gg,) f= Wh 


If f is supposed written without binomial coefficients, which 
in no way affects the proof, the general term may be taken as 


(hs OE TAR, 
Then 
otk 
(7 k Apt” "40" 
Ox, ( ) c >] 
Oty 
= kage" ae}, 
0X2 
whence 


) ) 
Oy a oe te =) tk = Nana," *xo* = nt. 
0x1 025 k 1 2 k 


The result is to multiply each term of f and therefore 
j itself by n. Q. E. D. 
Applying the theorem successively we have 


0 r 
ra +m a) = nln — 1) Gree hy 


This does not mean that the rth polar of a set of n points f 
with respect to a point of the set is the original set. For 
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the rth polar here as elsewhere is a set of n — r points. 
What it does mean is that the rth polar of a set of n points 
with respect to a point (a, 6) of the set will contain (a, b) 
as one of its n — r points.!. Or 

The locus of a point which is a part of its own rth polar 
with respect to a set of n points f is f. 

It follows immediately that the nth polar of any one of the 
points f with respect to f vanishes, and f is the locus of such 
points. 

There is no difficulty in extending Euler’s theorem to 
algebraic forms in any number of variables.? 


EXERCISES 


1. Polarize completely with respect to y the cubic f = aor? + 
3012122, + 800102? + Asx’, 

2. Find the first and second polars of the eubie in Ex. 1 with 
respect to (yi, y2). Show that the first can be obtained from the 
polarized form of the cubic by setting two y’s equal and then replacing 
them by 2; also that the second can be found by replacing one y by x 
in the polarized form and setting the other y’s equal. 

8. The polar of a point (yi, ys) with respect to a pair of points q 
is the harmonic conjugate of y with respect to g. And the polars of 
variable points y of the range with respect to g form with the points 
themselves conjugate pairs in an involution whose double points are 


q. Cf. §43. 
4. Find the polars of (1, 0), (1, 1), (0, 1) with respect to 213 + 
62,222 — 12 x2? + 5x23 and show that they belong to an involution. 


Find its double points. 
5. The polars of the points of the range with respect to the three 
points of f of Ex. 1 constitute an involution. Find the involution and 


1 The difficulty arises from the fact that x1, x2 as coefficients in the polar 
operator play a different réle from the #1, x2 in f. In the one place they 
represent a definite one of the points f, in the other they refer to any of the 
nm points. An example will make this clear. The polar of (1, 1) with 
respect to the three points 2:3 — x23 of which it is obviously one is 3(a1? — 
x22). The polar is thus the point itself and another point. 

2Tndeed it is valid for any homogeneous function, a function f(a, y, 
z, . . .) being defined as homogeneous, of degree nif f(lz, ty, tz. . .) = 


f(a, y, 2. .)) 
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its double points. Suggestion: Consider the involution as deter- 
; of 
mined by ar oan 

6. Show that the polar of one root of a binary cubic with respect 
to the cubic consists of the root itself and the polar of the root with 
respect to the other two roots. 

7. Find the (n — 1)th and the (n — 2)th polars of (y1, y2) with 
respect to the binary sextic aor® + . 

8. Prove Euler’s theorem for fone forms. What is the geo- 
metric meaning? 

9. Verify directly that the rth polar of (0, 1) with respect to 
ot” + naa" Ia. + . . 2 + NGn-121%2""! contains (0, 1) as a part 
of it and that the nth polar vanishes. 

10. Show that all the second polars of wi! — 22! belong to an involu- 
tion of which the points themselves are two conjugate pairs. 


7 f ee OFS LOS TO 
11. Find the condition that the three polars Dae dr den Ore of 


the binary quartic f = aovit + . . . belongtoan involution. Show 
that the quartic in Ex. 10 satisfies this condition. 


98. Polar of one binary form with respect to another. 
We have supposed in the foregoing that the codrdinates of 
the points whose polars were sought were known. Let us 
see what modification is required when the points are 
given implicitly as roots of an equation. 

To find the polar of a single point (yi, yz) where 
ay: + by2 =0 we first solve the equation, obtaining 
Uh ees Oe 
ae cg 

Hence the ee operator 
0 te) ce) 
ne + Yo Ae becomes a Om 
Comparing this with the equation we see that the net result 


0 
has been to replace y; by =— and yz by — — That is, to 
OX. Ox, , 
find the polar of a point with respect to any set of points 


f when the codrdinates of the point are given implicitly 
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by a linear form, we substitute for the variables differential 
symbols as indicated and operate on f. 
Consider now a group of m points represented by a form 
% (Yi, y2). Let it be required to find the mixed polar of 
this set of points with respect to a second set of n points 
f(a1, %2),m Sn. The mixed polar is formed by taking the 
polar of each point y successively with respect to f, 7. e., by 
taking the polar of y with respect to f, then the polar of y’ 
with respect to this polar, ete. until all the points y have 
been used. Such a polar is described concisely as the polar 
of » with respect to f. We shall show that the artifice 
employed in the case of a linear form applies in general. 
For by the fundamental theorem of algebra, the form ¢ can be 
resolved into m linear factors. Suppose 
b = (ary + biy2)(aeyi + bey2) . ~ - (AmY1 + OmYy2). (1) 
Evidently the polar of ¢ is found by substituting for y1, ye 
in (1) differential symbols as above and operating on f. 
But the result of the substitution is the same whether ¢ is 
actually expressed as a product of factors or not. Hence we 
have the general rule: To find the polar of ¢(y1, y2) with 
respect to f(%i, 22), replace yi by ~ and y2 by -=- 
in @ and operate on f. For convenience however, we shall 


Z 0 0 
usually write ae &, and ar Eo. 


Thus the polar of a cubic 
b = boys? + 8bi1yr?2y2 + B8bey1y2” + bsy2’ 
with respect to a second cubic 
if = dot? + 8ai012X2 + 382X1%2? + A323 
is 
(—b2é13 + 3b2é72& — 3bib1b? + doke*)f = 
6(—bsao + 3b2a4 — 361d2 + boa). (2) 
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Suppose now that f and ¢ are made non-homogeneous by 
dropping the subscript 1 and setting x2 and yz equal to 1. 
Denote the roots of the corresponding equations by 2, 2s, 
x3 and 1, Ye, y3 and let s;and o; (¢ = 1, 2, 3) represent the 
ordinary symmetric functions of these roots thus! 


S$ = % + t+ 23 o1 = Yit Yo + Ys 
Sg = XoX3 + 3X1 + U1X2 02 = Yoy3 = Y3y1 as YiY2 
83 = U1X2X3 o3 = Yiy2ys. 


Then the right side of (2), neglecting a numerical factor 
may be written in either of the forms 


doo3 + Ayoo + Aea1 + G3 


bos3 + biS2.+ bes + bs (3) 
CaS» 7182 
ei Sula 


The first of these forms suggests a simple rule for finding 
the polar of a binary form with fas to another form f of 


* from op. 


the same order: Replace x‘ in f by — 


( 


From the symmetry of (2) and the last expression in (3) 
it is obvious that the polar relation of forms of the same 
order is reciprocal, 7. e., the polar of ¢ with respect to f is 
identical with the polar of f with respect to ¢. 

When f and ¢ are the same form the method explained 
gives the polar of a form with respect to itself. 

99. Apolar forms.—When the polar of one form with 
respect to another vanishes identically, 7. e., when every 

1Tt is not necessary to discard the homogeneous form. Thus if the 
values of the ratio x1/x2 in f = O are 21/22, 21'/22’, 217/22” and we write 
S81 = 2122/20" + 2y'Z020” + 21” Ze zo, S82 = 21'Z" 20 + 2s" 2122' + 2121/22” $3 = 
ziz1'z1” (together with similar expressions for the o’s) equations (3) and 
the rule following are still valid. Likewise equation (2) §99 with appro- 
priate interpretations for the s’s and the o’s holds either for homogeneous 
or non-homogeneous forms. It is usually immaterial which form is em- 


ployed unless the symmetric functions are to be written at full length 
when of course the non-homogeneous forms are much simpler. 
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coefficient is zero, the two forms are said to be apolar. 
Now the polar of ¢” with respect to f”, m <n, is a form of 
order n — m containing therefore n — m + 1 coefficients. 
Consequently it is in general precisely n — m + 1 condi- 
tions on the two to be apolar. In particular if the forms 
are of the same order it is one condition for them to be 
apolar. These conditions may be imposed on either of the 
two forms or upon both jointly. The equations of condi- 
tion are linear in the coefficients of each form, a fact of 
importance in the applications. 

Geometrically we speak of the points represented by 
apolar forms f and ¢ as apolar sets of points. When m<n 
it is plain that the m points ¢ and an arbitrary set of n — m 
points constitute a set apolar to the n points f. 

The condition that two forms of the same order be 
apolar can be written down at once by generalizing (2) or 
(3) of the preceding section. If the forms are 


Gee age 1 WO a. Si Gale” 
Qo = box" a NOW 2 + a ey + (Opens 
the apolarity condition is 
Cig a. G0, 2 . - (2)"dads- = 0 (1) 


or 
Tn—181 a iTn isi 

aaa pe y () 
where s and o refer to the symmetric functions of the roots 
of f = Oand ¢ = 0. 

If f and ¢ are the same form so that a; = b; and n is odd 
it is readily seen that the terms of (1) pair off and annul 
each other. Hence 

1°. A form of odd order is always apolar to itself. 


1 Greek a privative, without + polar. 


oe (— et 9 DL o(—)"sa= 0, (2) 
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But it is a condition for a form of even order to be 
self-apolar, since (1) will then contain an odd number of 
terms which double up, like terms having the same sign, 
except of course the middle term. The condition that an 
even form f of order 2p be self-apolar is found therefore by 
setting a; = b; in (1) and writing down the first p terms just 
as they occur and adding haif the middle term. 


2°. If os apolar to several. forms Jo, fr, <2 «Jey 1648 
apolar to any linear system of the f’s 
fo + kifiy + a5 Se + k,f,. 


For by substituting the usual differential symbols 
(§98) in ¢ and operating on the linear system every term 
vanishes by hypothesis. #8 

3°. There is a unique form of order n apolar to n linearly 
independent forms of order n, and conversely. 

For it is n linear conditions on a form ¢” to be apolar to 
the n forms fi, fo, . . . fof ordern. And these conditions 
are linearly independent if the f’s are,! hence they just suffice 
to determine the n essential constants in @. 

To prove the converse of the theorem observe that there 
cannot be more than n + 1 linearly independent forms of 
a given order since any form of order n can be written as a 
linear combination of the n + 1 linearly independent forms 

1Tt will be sufficient to prove this for the case of the three cubics 

fi = aiai? + biai2xe + cixix2? 4 dixe3, i ES By Py Be 
The condition that 
@ = ari? + 386x124. + 8yxi102? + 6x23 
be apolar to each of the /’s is 
Ga = aid — by + c:68 —dia = 0. 
If these equations are not linearly independent, three numbers k; can be 
found such that 
(kq) = (ka)6 — (kb)y + (ke)6 — (kd)a = 0, 
where the parentheses denote row products, thus (ka) = kia: + kea2 
4- k3a3. 
But this implies that 


(kf) = (ka)xi3 + (kb) ax12x2 + (ke)xix22 4+ (kd)a2? = 0, 
1. e., that the f’s are not linearly independent. 
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zy "49", r = 0,1, . . . nm. Hence all forms of order n 
belong to the n-parameter family 
kofo + kif + kefe + aes linda 


built on the m+ 1 linearly independent base forms f. 
To ask that this system be apolar to ¢ is to impose a linear 
condition on the k’s which enables us to eliminate one 
of them as ko. Hence all forms apolar to ¢ belong to an 
(n — 1)-parameter family 


ki fy’ a late te eo: RG t- Kata 


built on the 7 linearly independent base forms f’, each of 
which 1s apolar to ¢. 

This not only proves the theorem but actually supplies 
a system of n linearly independent apolar forms, namely the 
forms f’. 

Thus to find three linearly independent cubics apolar to 
the cubic 

r1> + 321%? 


we write down the general system of cubics 
kox13 + kyxy2x. + kewyxo? + kgre3. 


The condition that the given cubic be apolar to this system 
isk, + kz = 0 and the system reduces to 
kor? + ky (a12ae = Xo) + koa 122? 

whose base forms constitute a set of the kind required.! 

The last theorem of §97 may be stated in the language 
of the present section as follows. 

4°. The nth power of any linear factor of f 1s apolar to 
f and the linear factors of f comprise all such linear forms. 
Or geometrically, the locus of points which taken n times are 
apolar to a set of n points f consists of the points f themselves. 


1{t is important to note that this method is available whether ¢ has 
repeated factors or not. Grace and Young, §185, e. g. require different 
methods according as the factors of ¢ are distinct or not. 
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If f contain no repeated factors the nth powers of its linear 
factors are a set of n linearly independent forms apolar to f. 

5°. If ¢” ts apotar to f",m <n, ¢ ts apolar to any polar 
(mixed or repeated) of f of order m, and conversely. 

Let y*™ be an arbitrary set of n — m points and denote 
the polar of y as to f by p™. We are to show that ¢ and p 
are apolar. 

By hypothesis (a) the polar of ¢ (as tof) = 0, 7. e., (b) the 
mixed polar of ¢ and y (as tof) = 0. But 

polar of ¢ and y as to f = polar of ¢ as to p:p. 


Since the left side vanishes identically (by (b)) the right side 
also vanishes identically which proves the theorem. 

The converse is left as an exercise. 

100. Applications to the binary cubic and quartic.—There 
as a unique quadratic apolar to a given cubic. For if the 
cubic is supposed known there are two linear conditions 
on the coefficients of the quadratic which determine them 


uniquely. 
To find the apolar quadratic of a cubic, let the cubic be 
f = aor? + 8aix1?24e + Ba2x1%2? + a32q3 (1) 
where the a’s are fixed. And take for the quadratic 


= ary” + Bare + yx? (2) 
where the coefficients are to be determined. Substituting 
differential symbols in ¢ and operating on f we have as the 
polar of ¢ with respect to f 
(ako? — Bot + yé)f = 6{(aoy — a8 + aoa)ay 

+ (ary — 28 + 3c) Xo}. (3) 
The conditions for apolarity are the vanishing of both coeffi- 
cients in (3) or 
doy — 4B + ara =0 (4) 
ny — a6 + ae = 0) 
Eliminating y, f, a from these equations and ¢ = 0 and 
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changing the sign we obtain the required quadratic in the 
form 


ay a2 a3 |. (5) 
Doe aN ie Le 

The apolar quadratic which is of fundamental importance 
in the projective theory of the binary cubic is called the 
Hessian' or the canonizant of the cubic. 

While a given cubic has a unique Hessian, a specified 
quadratic is Hessian to a single infinity of cubics. For if 
a fixed quadratic ¢ be apolar to a general cubic f the coeffi- 
cients of f are subjected to only two conditions (4) which 
determine but two of the three essential constants. 

It is three conditions for a quadratic to be apolar to a 
quartic. Now only two of these can be charged to the 
quadratic so there can be no apolar quadratic unless the 
quartic itself satisfy a condition. To find this condition 
suppose the quartic is 

b = dots* + 4ayx13Xo + 66017222? + 4a3a1X23 + aare'. (6) 
Operating on this with ¢ we have 
(vis? — BEE, + abs”)f = 12{(@oy — ai8 + area) xy? 

+ (ary — G28 + A3)X1%2 + (dey — a38 + yar) X27}. (7) 

This will vanish identically if 
Qoy — 418 + ara = 0 
Gy: Oop + aa = 0 (8) 
aoey — a3;8 + asa = 0. 

Eliminating y, 6, a we have as the necessary condition 

that the quartic (6) have an apolar quadratic 
[ao ai ae 

Gy (a3 a3 \= 0, 

Az &3 4 


a symmetrical determinant easily remembered. 
1 After the German geometer Hesse. 
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Ex.—Prove the condition sufficient. 

This determinant, the vanishing of which expresses the 
condition that the quartic have an apolar quadratic, is 
called the catalecticant of the quartic and a quartic for 
which it vanishes is said to be catalectic. 

The results obtained in this section for the binary cubic 
and quartic are characteristic respectively of forms of odd 
and even order. Thus we have by immediate extension 

A form f~" has a unique apolar ¢", the canonizant. 
While a form £" cannot have an apolar $" unless a certain 
determinant, the catalecticant, vanishes. 


EXERCISES 


1. Write the apolarity cofditions (1) and (2) §99 when one 
only of the forms has binomial coefficients, when neither has. Write 
the apolarity conditions for forms of the nth order from the first two 
expressions of (3) §98. 

2. Find the polar of ax? + 2bie% + c, with respect to aox? + 2bewr 
+c. Show that two apolar quadratics represent harmonic pairs of 
points. 

8. Prove the converse of 2°, §99. 

4. Show that if m < n there are n — m + 1 linearly independent 
forms of order n apolar to a given form of order m. 

6. Find a set of six linearly independent forms apolar to the sextic 
w18(a1 + L2) 229. 

6. Find the cubic apolar to the three cubics, 3¢7, 3t, ¢? + 1. 

7. Find the condition that a quadratic be self-apolar, a quartic, 
a sextic. 

8. Show that the Hessian of a cubic is apolar to all first polars. 
Connect this with Ex. 5, §97. 

9. Find the pencil of cubics of which x:x is the Hessian. 

10. Find the canonizant of the general quintic, of the quintic kot? + 
ki(t — 1)§'+ ke. Write the catalecticant of the sextic. 

11. Show that the condition that the second polars of a quartic 
belong to an involution is that the catalecticant vanish. (Cf. Ex. 11, 
§97.) 

12. There is a pencil of quartics apolar to three linearly independent 
quartics. Find the pencil for the following sets of quartics: (a) 21322, 
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21023, 214 + axix2? ap oe. (b) ax 3a. + Vee Clowes A212 9°, Li72L22, (c) 
axy4 + 4bx13xe, 4bry3x. + 6er2ax_? + 4dx x8, 4dayx3 + exe. 

13. Show that a pencil of quartics contains two self-apolar and 
three catalectic quartics. 

14. Prove that if abcd are apolar to abcd y, either « = y or 
a bcd form a self-apolar set. 

15. If fi, fo, fs are three linearly independent quintics each of which 
is apolar to the three ¢1, ¢2, ¢; show that there is a unique quintic 
common to the systems \ifi + Aofe + Asfs, and kidi + kods + kad. 

16. If the three cubics f; = ajxi3 + byay2a, + eax»? + djx3, 1 = 
T, 2, 3, are connected by an identical relation of the form (kf) = 
kif: + kef2 + ksf; = 0, then every three row determinant of the 
matrix 

ay, by C1 dy | 
a2 by C2 ds 
a3 b3 ‘C3 d3 


vanishes and conversely. Generalize. 

17. The completely polarized form as to m1, 22, v2, x4 of the non- 
homogeneous quartic f = agv4 + 4a;u3 + . . . is (1) aus4 + ais3 + 
G82 + a381 + a4, where the s’s are symmetric functions of the 2’s. 
Verify the following practical device for obtaining polar forms: To 
find with respect to f (a) the polar of a; put v2 = 23 = 24 = 2, (b) 
the polar of x; and x, put 73; = x4 = 2, (c) the polar of 2, v2, x3, put 
wv, =x. And to find the second, third and fourth polars of «1 respect- 
ively, set 41 = %2 in (b), 1 = % =%3in (c) and a = 2 = 43 = 2X4 in 
(1).. Generalize. 

18. If s; refer to symmetric functions of 71, 2, . . . %n and o; to 
symmetric functions of 21, 2, . . . %n—1, then s; = 01 + &n, So = 
oo + o1%n, 83 = 63 ton . - . Sn =On—1Xn. Hence the mixed polar 
of 2, %, . . . Yn—1 with respect to a form f” of order n is found by 
replacing the s’s by the o’s in the completely polarized form of f and 
setting 2, =-2. 

i9. Using the method of Ex. 17 or Ex. 18, find (a) the second polar 
of x1, (b) the mixed polar of 21, 22, ws, v4, (c) the fourth polar of a; as 
to the quintic ax®> + 5bx* + 10cx* + 10dx? + dex +f. 

20. If s refer to symmetric functions of a, %, . . . xn and o to 
symmetric functions of «1, %2, . . . tn—2, write a table of equiva- 
lents of the s’s in terms of the o’s and a, %n-1. Thence find 
the mixed polar of x1, v2, x3, x4 with respect to the sextic ax® + 6bx> + 
15cx! + 20dx3 + 15ex? + 6fx + g; the fourth polar of x4. 
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21. Denoting the polar of ¢ as tof by ¢ on f, show that ¢ on f" = 
nf"(¢ on f) when ¢ is linear. If f is quadratic, f on f™ = An2fr. 


101. Hessians.—We have already generalized for odd 
forms the apolar quadratic of the cubic,! calling the function 
from that point of view the canonizant. We shall now 
indicate a second generalization for forms of any order and 
in any number of variables. 

It can be readily verified directly that the apolar quad- 
ratic is, neglecting a numerical factor, the determinant ~ 


fu fie 
fos foo 


where the subscripts denote partial differentiation. Gen- 

erally this determinant written for any binary form f is 

called the Hessian determinant or the Hessian of f.? 
Likewise for a ternary form the Hessian is 


Witte eevee i 
for fos fes 
fan foe fs 


and so on for forms in more than three variables. The 
Hessian of a binary n-ic is thus of order 2(n — 2) repre- 
senting a set of 2(n — 2) points, while that of a ternary 
n-ic is of order 3(n — 2) and represents a curve, ete. 

To interpret the Hessian geometrically, consider the 
(n — 2)th polar of y with respect to a binary form f, recall- 
ing (§96) 


(« v5 Me y) = = (ue f(a) 


Il 


1 Last theorem, §100. 

2 The coincidence in the case of the binary cubic of two associated forms 
distinct in general is not an isolated occurrence. Thus for the quadratic 
ax\* + 2baix2 + cx? the same function ac — b? represents at once the 
discriminant, the condition for self-apolarity and the Hessian. 
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The discriminant of this regarded as a quadratic in y is 


5d eke Mia ash y fu fis 

0x1? 022 020% for foe 
the Hessian of f. We have thus a property characteristic 
of Hessians which we shall state generally: 

The Hessian of an algebraic form is the locus of points 
whose polar quadratics have double points. 

102. Jacobians.—Another determinant of great impor- 
tance is that studied by Jacobi under the name of functional 
determinant but since named in his honor Jacobi’s deter- 
minant or the Jacobian. If u and v are binary forms (not 
necessarily of the same order) their Jacobian is defined to be 


au av 
02, Ox, U1 4 O(u, v) 

= Be a = Hil » 
du av bs Ve|  A(L1, Lo) La) 
OXs 0X2 


Some properties of the Jacobian. 


1°. If two binary forms have a common factor, their Jacobian 
has the same factor. 

If u and v are two forms of orders n and m respectively 
we have from Euler’s theorem (§97) 


11U, + og = NU (1) 
V1 + XLeve = Mv. 


Solving these equations for x; and 22, 


LyJ = nveu — Mug (2) 
—2.J = nvyu — muy. (3) 


It follows at once that any values that make both uw = 0 and 
v = 0 will also make J = 0. 
2°. If two binary forms of the same order have a common 


factor, their Jacobian will contain the same factor, repeated. 
13 
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If n = m, then differentiating partially (2) with respect 
to x2 and (3) with respect to 21 we obtain 


Lido = N(Voet — Uo2v) 
—XJ1 = n(vW1U Sar Uv). 


(4) 


It appears therefore that any value of #:/x2 which causes wu 
and v to vanish simultaneously will also cause J; and J» to 
vanish. But the condition that J; = 0 and Je = O havea 
common root is just the condition that J = 0 have a double 
root! or that J have a square factor. 

Cor. The discriminant of the Jacobian of two binary 
forms of the same order contains the eliminant of the forms as a 
factor, since the former vanishes whenever the latter does. 

Consider next the pencil gf binary n-ics 


u + kv (5) 


which we shall call an involution? and which represents 
geometrically oo’ sets of n points. Among these sets of 
points there are in general 2(n — 1) which have a double 
point? since the discriminant of (5) involves k to the degree 
2(n — 1). Now any repeated root of (5) = 0 will be a 
simple root of the equations 


Ui+ kv, = 0, Ue + kve = 0 (6) 


obtained by partial differentiation. But if these equations 
are to hold simultaneously we must have, eliminating k 


J(u, 0) = Uwe — Uv, = 0 
an equation of order 2(n — 1). Therefore 


1See any treatise on the theory of equations. The necessary and 
sufficient condition that an equation f(21, x2) = 0 have a double root 
x1/x2, called the discriminant of the equation, is the necessary and sufficient 
condition that the derived equations df/d%1 = 0 and df/ax2. = 0 have a 
common root, called the eliminant or resultant of the derived equations. 
Cf. footnote p. 27. 

2 Since it is an immediate generalization of the pencil of quadratics, 
§87. 

3 That is, a point formed by the coincidence of two points of a set. 
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3°. The Jacobian of two binary forms of the same order 
represents the double points of the involution determined by 
the forms. 

The definition and properties of the Jacobian as pre- 
sented in this section for binary forms can be extended 
at once to algebraic forms of any order. Thus the Jacobian 
of three ternary forms uw, v, w is 


Ou Ov ow 

0x4 Ox, OX, 
Ou dv ~=6 Ow eis Ue A(u, v, w) 

) Ox eee ei = ala 2X3) 
Xe 2 D | U3 U3 Ws 1, 2, &3 
Ou Ov ow 

0x3 0X3 0X3 


= J(u, », wv), 


and theorem 3° becomes 

If u=0,v=0, w = 0 are three algebraic curves of the 
same order, then the Jacobian curve J(u, v, w) = 07s the locus 
of double points of the net u + kv + lw = 0.3 


EXERCISES 
1. The Hessian of an algebraic form f(x, 22, v3, . . .) is the 
Jacobian of the polars 0f/0x1, Of/Ox, Of/dx3; . . . Hence the 
Hessian of a binary form represents the double points of the involution 
of ie 
an + dz; 


2. The discriminant of the Hessian of a binary form f contains the 
discriminant of f as a factor. 

3. The discriminant of a binary cubic and its Hessian are the same 
function. (Compare the degree of each and apply 2.) Hence find 
the discriminant of the cubic av* + 3b”? + 3cx +d; of the cubic 
aw + ba? + cx +d. 


1Tf (y1, y2, ys) is a point on a curve f(%1, 22, a3) = O; then Of/ayr = (0). 
af/dy2 = 0, af/ays = 0 are necessary and sufficient conditions that y 
be a double point. Thus differentiating the equation of the net as to 
21, 42, <3 and eliminating k and / we obtain J = 0 as the locus of double 


points. 
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4. The resultant of two quadratics is the discriminant of their 
Jacobian. Thus find the resultant of avi? + 2bivize + c1%2? and 
22? + 2b221X2 a C2¥ 2”. 

5. Find the Hessian of (a) the binary quartic xv‘ + 6cx?y? + y4, 
(b) of the binary quintic x + 5bx4y + 5exry4 + y°, (c) the ternary 
quadratic ax? + by? + cz* + 2fyz + 2gzx + 2hay, (d) the ternary 
cubic x3 + y? — 8axyz, (e) the ternary cubic x* + y? + 23, (f) the 
ternary cubic x? + y? + z* + 6axyz. 

6. Calculate the following Jacobians: (a) J(x? + y3, zy), (b) J (a + 
ys, 2° — y®), (c) J(x4 + 6cay? + y4 and its Hessian), (c) J(aiw? + 
diy? + e122, dex? + boy? + coz, asx? + bay? + c32?). 

Prove the following geometric generalizations of 1° and 2°, §102. 

7. If uw = 0, v = 0, w = O are three curves with a common point, 
then J(u, v, w) = 0 contains the same point. 

8. If three curves of the same order meet in a common point, the 
point is a double point on the Jacobian. (Write the equation cor- 
responding to (2) §102, differentiate partially with respect to each 
of the three variables and from the three resulting equations show 
that any values that cause u, v, w to vanish will satisfy J = 0 and 
OS / 02; = 05 0) 04s 0) 0S 0z5—.0:) 

9. Show that the Jacobian of three circles is a circle (orthogonal to 
the three) and the line at infinity. State a corresponding projective 
theorem. 


CHAPTER IX 
ALGEBRAIC INVARIANTS 


103. Definition of invariants.—We have already had 
occasion in the chapters on codrdinates and collineations to 
discuss linear transformations of the variables. We shall 
now consider the effect of such transformations on binary 
forms, writing the equations homogeneously thus 
Yi = aX, + BXe (1) 
c2) = yX 1+ 6Xe 
where the variables are projective codrdinates in the binary 
domain,—the small letters representing the old and the 
large letters the transformed variables,—and the coefficients 
a B 
vy 0 
called the determinant or modulus of the transformation. 

Suppose now that a binary form 


fk 


is 


are arbitrary constants. The determinant D = 


Tb oe) = Ooty” + ait.” “t2 . C. . Ont” 
is transformed by (1) into a second form 
FR) eee AX Ga CL wacko Xe 


Obviously there will be little resemblance between the two 
forms. For example the individual coefficients of F will 
differ from the corresponding coefficients in f and the roots 
of F = 0 will be different from the roots of f = 0. The 
question arises whether there might not be combinations 
of the letters in f which are unaltered by the transformation. 
The answer is affirmative as we shall presently prove. In 
the meantime we shall require some definitions. 
197 
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Any function I of the coefficients of f which is unchanged 
Z. e., invariant under the transformation T,—except indeed by a 
constant factor depending on the transformation itself,—s 
called an invariant of f. The factor in every case will be a 
power of the modulus. Symbolically 


I(Ao, Ai, FS An) a DI (ao, Gaie d oo Cale 


If w = 0, I is called an absolute invariant of f since in that 

case it is absolutely unaltered by the transformation. The 

degree of the invariant is the degree in the coefficients, and 

the weight is the power to which the modulus enters. 
Again if two or more binary forms fy = avi” + 


fo = bot EP VOPR, Shor ea) sere trams 
formed by T into Fy = ApXf + .7.., Fe = BoXy + 
ORs. Fig. 2 ICG ter gai eiks then any function J 

& the eoicie a satisfying the equation 
LAG ah Ete! Ate, (Basie ch eee oe vad LO ee ee 
De? Eons <1 Gell Odera. SO eee COREE | 


is a joint or simultaneous invariant of the several forms. 

Similarly any function C of the coefficients and variables of 
f which vs invariant, except for a power of the modulus, under 
a linear transformation T is designated a covariant of f. Thus 
C(Ao, As, 6 eRe Ain; X14, X 2) = D'C(ao, Qi, . . « An, V1, Xo). 

As in the case of invariants we may have absolute covari- 
ants and simulianeous covariants. 

The degree of a covariant in the coefficients is called its 
degree and the degree in the variables its order. A covariant 
of degree 7 and order 7 is frequently denoted by C,,;. 

Invariants are thus covariants of order zero. On the 
other hand when the distinction is not to be emphasized 
invariant is used as a general term to include all invariant 
functions.!. In particular the invariants considered here 
are called algebraic invariants as distinguished for instance 


1 Concomitant is also used. 
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from the modular invariants in arithmetic and differential 
invariants in the theory of differential equations. 

104. The geometrical importance of invariants rests on 
the fact that the linear transformaton 7’ of the previous 
section may represent alike a transformation of codrdinates 
or a projection. The vanishing of an invariant therefore 
implies a restriction of a form f which is (a) independent of 
the coédrdinate system in which f is represented and (6) one 
which persists after projection. In other words the vanish- 
ing of an invariant implies a projective specialization of f. 
Likewise a covariant of f represents a set of points projectively 
related to the points f. And so for simultaneous invariants 
and covariants. 

The existence of invariants and covariants is now evident, 
indeed we are already familiar with certain types of such 
functions. Thus the discriminant of a binary form is an 
invariant. For the vanishing of the discriminant means 
that two or more of the points in question coincide, a 
property manifestly independent of the codrdinate system. 

Again the eliminant of a system of forms is a semultaneous 
invariant of the forms. For if the eliminant vanishes the 
forms have a common point, a relation in no way connected 
with the coérdinate system. 

As immediate consequences of the definitions we may 
mention 

(a) Any form is an absolute covariant of itself. 

(b) Any invariant or covariant of a covariant 1s a con- 
comitant of the original form. 

The Jacobian of two quadratics is a simultaneous covariant 
of the forms. For the Jacobian represents a pair of points 
harmonic to both the original pairs (8°, §102) and the 
harmonic property is projective. 

105. The last example, §104, is a special case of the 
following more general theorem: 
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The Jacobian of any two binary forms is a simultaneous 
covariant of the forms. 

We shall prove this directly by showing that if the two 
forms f and ¢ are transformed into F and ® by 


Xi = aX, + BXe 


] 
Lo = yX1 + 6Xe ( ) 
then 
J(F, &) = DJ(f, $). 
Now 
or ns oF 0x1 or OX» a of 
OX, i Ox, OX, 0x5 aX a. ae i v5 (by a 
nv oe 
a isiiltroet ie) 
Similarly a 
OF _ 3 of 
axe are eae (3) 
and 
OE ee oe hs oP a 
OX | ears Mae sates nila (4) 
Hence multiplying the Jacobian determinant by D! 
Sige ah: af. Ch meal, of 
OX; O22 |< - Comet Fa ee OB a 
og dg|l7 Bl | ad ad gad, 5 Ad) 
Ox, 0X2 ri OX, Y 0X2 B Ox ae : 0X2 
OF els 
OX, dXe 
Q. E.D 
es 
OX, OX, 


1 According to the rule for determinants of the same order: The element 
of the ith row and jth column of the product is formed by multiplying 
the elements of the ith row (or column) of either by the corresponding 
elements of the jth row (or column) of the other and adding the results. 
We have thus four options due to the interchangeability of rows and 
columns but whichever is chosen must of course be followed consistently 
throughout a particular multiplication. 


ALGEBRAIC INVARIANTS 201 


Again the Hessian of a binary form is a covariant. 

The direct proof of this theorem is similar to that em- 
ployed in the case of the Jacobian. Let the original form 
f and its Hessian 2 be transformed by (1) into F and H. 
Then multiplying the Hessian of f by D (column by column 
and rearranging the differential operators in each element) 


O°f o°f 
hD= oe 021022 SaaS 
o7f a2 7 6 
02X10X2 ap 
a 5 of 
aa,\° at "on) illan +3 0X2 , 
cid Car os le ere, 
0X2 oe 0X2 Bet 0X2 
oF Ovor 
02,0X1, 02,0X 


d0aF a oF (from (2) and (8)). 


Now multiplying the last determinant (column by column) 
by D 


(05, ae: a) Se (8 on hie on) mx 


hD? = = 
Oar) Y da> OXe + — me 
Post mae ned Ee 
OX;2 J0X,0Xe 
=e One. Ds 
°F °F 


OXi0X, 0X2? 
106. A method of deriving invariants.—Recurring to 
the results of §105 we saw that if f is transformed into F by 


T= vaeX ye BX» (1) 
L2 = yXi+ bX 2 
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then 
98) wench nhl ob 
an © - seas 7 ie 0X2 (2) 
Se te agniegh ee 
OX, OX, OX. 


Solving these equations we ee write 


of 
Es a 7 +e(- OX, 


D(- s)= ese l= ai 


Comparing equations (3) with (1) we observe that except 
for the factor D the operating symbols 0/dx%2,—0/dx, go 
into 0/0X»2,--0/X1 by precisely the same transformation 
that carries 71, 2 into Xi, Xz. We have in fact, f being of 
order n, not only 


(3) 


FX, X 2) ar ih Or, X2) (4) 
but 
Age ale ee (ie =} (5) 
If now ¢ is a covariant of order m so that 
o(A 0) A, goat Ss X1,X2) => D* (ao, Ohi op a Obits Xe) (6) 


then in virtue of (5) we obtain the equality of differential 
symbols 


r) 7) 

@ (Ao, As swe aX a 
te) 0 
= r+m 4 Ne 
Dring (4s, ee Pry ) (7) 

Then if we operate with (7) on (4), thus 

0 
(Ao, Aj Sip «@ Ax. <sy)F= 


0 6) 
r-+-m a 
D (a, Gis Go © ae weal (8) 
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we conclude that the function on the right is a covariant 
since the two sides are identical except for a power of D. 
Or we may summarize: 

If in any covariant of f we replace a1, x2 by the differential 
symbols 0/0x2,—0/dx, and operate on f we obtain another 
covariant. 

But this is just the polar process ($98) and the theorem 
may be otherwise stated 

If ¢ is a covariant of f, the polar of with respect to f is 
also a covariant, unless indeed it vanish when f and & are 
apolar. 

By exactly the same reasoning the foregoing result can 
be extended to any two binary forms thus 

If ¢” and f” are binary forms of orders m and n, m <n, 
the polar of ¢ with respect to f is a covariant of the forms. 

This is the theorem of Boole,! one of the earliest as it is 
one of the most important methods of generating covariants. 

As a corollary, the condition? that two forms of the same 
order be apolar, or that a form be self-apolar 7s an invariant. 

Again referring to equations (1) and (8) it appears that, 
apart from the constant D, the polar forms df/dx2, —df/dx, 
are transformed in the same manner as the variables. It 
follows that if ¢(v1 x2) is a covariant of f (including f itself) 
then the function of first polars $(0f/0x2,—If/dx1) is another 
covariant, a theorem due to Sylvester. 

This covariant which is of order m(n — 1) will always 
contain f as a factor. The new covariant is thus of 
order mm — m — n and when ¢ = f of order n? — 2n. 

107. Complete systems of concomitants.—The first 
problem that confronted the founders of the invariant 
theory was the discovery of particular functions and types 


1A pioneer worker in the invariant theory, his first paper having 
appeared, Cambridge Mathematical Journal, Nov., 1841. 

£ Equations (1) and (2), $99. 

3 See for example Elliott, Algebra of Quantics, $50, Ex. 8. 
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of functions which possess the invariant property. We 
are now in a position to see how a system of invariant forms 
can be constructed. Beginning with a single binary form f, 
we saw that the discriminant is an invariant. So also 
is the condition for self-apolarity if the form be even. 
Likewise the Hessian H is a covariant and the Jacobian J 
of f and H is another. Next the polar of J with respect to 
f will be a covariant. Continuing, discriminants, self- 
apolarity conditions and Hessians of the various covariants 
will be new invariants and covariants. Still more invariant 
forms can be found by taking the Jacobian of any two 
covariants and the polar of any covariant with respect to 
any other. It must not be expected however that all the 
forms so derived will be distinct,—and some will vanish 
identically. On the other hand there might be forms which 
these processes fail to reveal. 

The question is whether there is any limit to the number 
of distinct concomitants, 7. e., whether there is a complete 
system of such forms? While in a sense the number is 
infinite, it can be proved without difficulty! that the number 
of independent invariants and covariants (including f itself) 
cannot exceed n, the order of f,—is in fact precisely equal 
to n. And the number of independent absolute invariants 
alone is equal to n — 3, 7. e., the order of f diminished by 
the number of essential constants in the linear transforma- 
tion. This system of n independent forms is called an 
algebraically complete system since all other forms can be 
expressed algebraically in terms of them. 

But the classical theory is concerned with rational, inte- 
gral invariants and covariants only and the corresponding 
question is whether there is a fundamental system, finite 
in number, of independent concomitants in terms of which 
all others are rationally and integrally expressible. And it 


1 Elliott, §42. 
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is such a system which is traditionally referred to as a 
complete system. The existence of a finite complete system 
in this sense was first established by Gordan with the aid 
of earlier theorems of Clebsch and is known as the Clebsch- 
Gordan theorem. The proof is too long and difficult to give 
here but may be found in Clebsch,! Grace and Young,? or 
Dickson.* Gordan also proved that any finite system of 
binary forms have a finite complete system of invariants 
and covariants, a theorem which was extended by Hilbert 
to algebraic forms in any number of variables. 

While Hilbert’s proof establishes only the existence 
of a complete system Gordan’s furnishes at the same time 
a means of constructing it. But without resorting to Gor- 
dan’s method we shali be able to obtain complete systems 
for several of the forms of lower order and these will be 
exhibited in later sections. Before proceeding to that 
topic however we shall in the immediate sequel make some 
important applications of the invariant theory to the 
binary cubic and quartic. 

In the meantime the student is cautioned against the 
supposition that no interest attaches to invariants and 
covariants which do not belong to the fundamental system. 
For many projective properties give rise to invariants not 
included among the forms of the complete system although 
expressible in terms of them. Again when we are concerned 
with the interpretation of invariants as in geometry the fact 
that an invariant is expressible in terms of others frequently 
gives no clue whatever to its meaning. 


EXERCISES 
1. The Hessian of a binary form is a simultaneous covariant of the 
first polars 0f/0x1, Of/Ox. 


1 Theorie der bindren algebraischen Formen, sechster Abschnitt. 
2 Algebra of Invariants, Chap. 6. 
3 Algebraic Invariants, §§46-51. 
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2. The Jacobian J(f, H) of a form and its Hessian is a covariant 
of f of degree 3 and order 3n — 6. 

3. Hence find the C3,3 of the cubic ax? + 3bx2x2 + 380x122? -+ din’. 

4. Find the covariant of Ex. 3 by the theorem of Sylvester (§106). 

5. Calculate the Hessian of the quartic a+ + 4bx%y + 6cx?y? + 
4dxy? + yt. Then show that the polar of the quartic with respect 
to its Hessian is a numerical multiple of the catalecticant (§100). 
Therefore the catalecticant is an invariant. 

6. Every form of even order has an invariant of the second degree,— 
the condition for self-apolarity. Recall this invariant for the quad- 
ratic, quartic and sextic. 

7. The condition that two quadratics be apolar (harmonic) is a 
simultaneous invariant of the forms. Write the invariant. 


108. Canonical forms.—In the binary domain just as 
in the ternary and quaternary! a general form can always be 
simplified by a suitable choice of the reference scheme. 
Thus any quadratic q = ax,? + bxx_ + cx2? (whose dis- 
criminant does not vanish) can be reduced to the form 
x,t. In fact the reduction can be accomplished in a single 
infinity of ways. For it is only necessary to select as refer- 
ence points the two points q while the choice of the unit 
point is unrestricted. 

Otherwise, the equation of transformation of coérdinates 
Ss = = + As ($§47, 48) contains three parameters two 
only of which are specified if we merely ask that q¢ take the 
form 21%. 

Again the general cubic 


f = axy? + bay2a2 + car? + dx? 


can be reduced to the canonical? form X? + X23. For 
since the codrdinates of three points may be assigned at 
random under the transformation above, the codrdinates 


1 Familiar examples are the standard equations of the conics and 
quadrics. 
2 See definition §82. 
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of the points f may be taken as X1:X_ = —1:—w:--w? 
which effects the reduction. 

This is not however a convenient method of actually 
performing the reduction since it requires first the solution 
of the cubic. On the contrary we shall show how the reduc- 
tion can be effected in a way which leads to a 

Solution of the cubic equation. If the codrdinate system 
be changed so that the canonizant quadratic assumes the 
form X,X> the cubic becomes AX} + DX? (Ex. 9, §100). 
This only fixes the reference points 0, «. Then writing 
X, = XY/WA, X2 = X2'/W/D, which fixes the unit point, 
the reduction is completed. 

It thus appears that the variables in the transformed 
(canonical) equation of the cubic are, except for a constant 
multiple, simply the linear factors of the canonizant.! 
And since the transformed cubic is readily solved we can 
by reversing the transformation obtain the roots of the 
original. Or we may proceed as in the following 


Example. To solve the cubic 
amen lt on lag 2a (2 
first calculate the canonizant which is 
Ore poe te oe — sD) pet 1 ) 
Hence the new variables are 
Nee Or “eX, = @ 1 
and we may write 
f = A(z — 1)8+ Di + 1)%. 
Equating coefficients of like terms in this identity 


SVPAee 5.) er ey 


1 Hence the origin of the name canonizant. 
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whence A = 1, D=8. The roots of the cubic are given 


therefore by 
2a —-1+ («+ 1)vV3 =0, 
where all three values of the radical are to be used. 

109. Remarks on canonical forms.—In considering 
whether a binary quantic can be made to assume a par- 
ticular form under a linear, 7. e., a projective transformation, 
the first question is does the proposed form contain a suffi- 
cient number of constants? For if two forms are to be 
projectively equivalent they must contain explicitly or 
implicitly the same number of essential constants. Thus 
the general quadratic contains three homogeneous constants 
but the form XX, contains implicitly four since each factor 
represents a linear function Bke ax; + Bae. And the reduc- 
tion to this form is possible in an infinity of ways only be- 
cause the new form contains one constant more than the 
old. Again the general cubic and the canonical form 
selected contain each four homogeneous constants. 

To put it differently, the general collineation contains 
three essential constants and these can be employed 
to specify a maximum of three of the essential constants 
in the original form. In other words the number of essen- 
tial constants that explicitly remain must be at least equal 
to the number of absolute invariants of the original form.! 
It does not follow that we can assign arbitrary values to any 
three constants in the original form since in so doing we 
might impose a projective condition on the form. Thus in 
the case of the cubic in the preceding section we were able 
to choose the coefficients so that u:b:c:d = 1:0:0:1. An 
alternative choice would be a:b:c:d = 0:1:1:0 for that is 
merely choosing two roots of the cubic for reference points 
and the third to be —1. We cannot however transform 


1 These are the reasons in fact which fix the number of absolute invari- 
ants in the binary domain at n — 3. 
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the general cubic so that c = d = 0, for that would mean 
that the transformed cubic had equal roots,—a projective 
property not belonging to the original and _ projective 
properties must not be molested. . 

We see therefore that it is necessary but not sufficient 
that the new form contain the proper number of constants. 
We must make sure that the projective properties of the 
two forms are identical and this is not a matter always easy 
to determine in advance. Generally speaking it is possible 
to divide out one coefficient, choose two of the coefficients 
(except the first two or the last two) to be zero and a 
fourth to be 1. But each case should be examined for itself. 

The importance of canonical forms in the invariant 
theory depends on the fact that any invariant relation which 
holds for the canonical form holds equally for the general 
form. Hence to discover or verify these relations it is 
sufficient to work with the simplest form available, an 
obvious saving of labor. Moreover the geometric interpre- 
tation of concomitants is greatly facilitated, sometimes 
rendered obvious, by the use of canonical forms. 

110. Canonical forms of the quartic.—Let the quartic 
f = azy* + 4bxi32. + 6cx 1223 + Ada x2? + ext be changed 
by a linear transformation into fF = AX LABXIXG + 
6CX?X?2 + 4DX,X; + EX}. We have seen that the 
quartic has two invariants,—the apolarity condition and 
the catalecticant which may be designated by 2 and I; 
and whose values are Iz = ae — 4bd + 3c? and Is = ace +- 
2bdc — c® — b’e — ad’. 

The catalectic quartic. We first show that if f have an 
apolar quadratic, 7. e., if the catalecticant vanish, it can be 
reduced to the canonical form Xi + X3. For if a quadratic 
be apolar to a quartic the relation will persist after a linear 
transformation.! Hence if we apply to the quartic a trans- 


1 This is another proof that the catalecticant is an invariant. 
14 


210 PROJECTIVE GEOMETRY 


formation that reduces the apolar quadratic to X,Xe, the 
quartic will assume the form ANack HXo*since if XqXo 
is apolar to F, B = C = D = 0. Then writing X; = 
XV /WA, Xo = Xo'/WE the problem is solved. 

The canonical form can be resolved into the apolar quad- 
ratic factors X? + iX? and X7— 1X}. We have thus a 
geometrical interpretation of the catalecticant: 

The necessary and sufficient condition that a quartic 
represent harmonic pairs of points is the vanishing of the 
catalecticant. 

The general quartic. It follows from the foregoing or it 
may be inferred directly by a counting of constants that the 
general quartic cannot be reduced to the sum of two fourth 
powers by a linear transformation. On the other hand it 
can be reduced to the sum of three fourth powers in a single 
infinity of ways for X* + Y*+ Z* contains implicitly six 
homogeneous constants or one more than necessary. 

A natural canonical form is X{ + 6AX?2X5 + X3 which 
contains the requisite number of constants,—two each for 
the linear functions X; and X»_ and one explicit constant X. 
We shall now show how the reduction to this form can 
be effected, proving ipso facto that the reduction is 
possible. 

A preliminary problem to be solved is: To find a quad- 
ratic whose polar with respect to the quartic f is to a constant 
factor the quadratic itself. 

If g = av,? + Burite + yx? be such a quadratic we ask 
that 


02 0? 0? 
(7 0x1? - P aa Oare + = acl = le kq (1) 


or 


y(axty? + 2Qbxite + cH?) — Bb? + Qcaxyr. + daze?) 
+ alex? + 2daxyxe + ex?) = k(aay? + Bax. + yx?). 
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Equating coefficients we obtain the system of equations 
ay — (6 + ca = ka 
by — cB + da = $kG (2) 
cy — d8 + ea = ky 
whose consistency requires 


a b c—k 
b- CA gk d= 0; (3) 
ska é 


a cubic ink. Hence there are three quadratics of the kind 
sought,—one corresponding to each value of k in equation 
(). 

Now replacing 21, 22 by the linear factors of q the quartic 
is brought to the canonical form. If g = (air + aexe) 
(B1%1 + Boxe) = X,X- then we are to establish the identity 
i = ax, + ere A (ax, + aeXL-) 4 —- 6k'¢? — 

E(Bix; + Bote)*. (A) 
Operating on both sides of (4) with q we find 

FB xo +a 5) f = 24(dory — B*)k’q or 12kq (5) 
(v 0x” B 0X%10X2 Ss Ox" al 24 B cM q 
where 


k = 2(4ay — B2)k’. 
The calculation on the right is facilitated by observing 
that the operating symbol can be written in the alternative 
forms 


a an 
LE 0x," B at “Axe? 


0 0 0 
a5 a) (6:5, a Bos) 
and that (§100, Ex. 21) 


(6) 0 
2 jy, ) (aut + aetn)* = 0, 


and 


I 
S 


(6: arabe sa) (Biti + Bove)* 
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so that we get nothing by operating with q on the first and 
third terms while g on g? = 2q°2A. 

Thus the identity (5) will hold provided we choose k 
to satisfy (3), since (5) is the same as (1) and leads to the 
same cubic in k. In other words f has been reduced to 
the form AX* + 6k'X?X? + EX$ when A and E can be 
removed as before. Summarizing 

1°. There are three pairs of points, represented by the 
quadratics q, which are their own polars with respect to a set 
of four points f. 

2°. A general quartic f can be reduced to the canonical 
form in three ways, viz., by taking for new variables the linear 
factors of the three quadratics q. 

To expand equation (3)* which is called the resolvent 
cubic of the quartic, note that if k = 0 the determinant 
reduces to J3, 7. e., the term free of k is the invariant J3. 
Changing signs and clearing of fractions the equation is’ 
found to be 


k? — I.k — 21, ==1()) (6) 


111. Solution of the quartic.—Obviously the reduction 
of a quartic to the canonical form leads to its solution for 
the reduced equation has the form of a quadratic. The 
method is perhaps sufficiently indicated by the preceding 
paragraph but an example will make it plain. Let us solve 
the equation 


f = 2x* + 1623 + 1227? + 282 + 23 = 0. 


Calculating the invariants, 1, = —54, I; = —270 whence 
the resolvent cubic is 


k3 + 54k + 540 = 0 


one root of which is —6. Substituting this value for k in 
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the first two equations (2), $110, we have to determine 
a, B, ¥ 
8a -- 48 + 2vV = 0 
7a+ B+ 4, =0. 
Hence 
a:B:y = —18: —18:36 
bes, 
q=e+ae—2 = (44 2)(2 — 1) 
and the new variables are 
Ay = ¢£ + 2, MM S49 Ale 
It follows that the quartic can be written in the identical 
forms j 
f=A(et 2)44+ Bix? + a4 — 2)? + C(x — 1)4. 


Hquating coefficients 


AB CU = 2 
164A + 4B+4+ C = 23 
8A + 2B — 4C = 16 
whence A = I, B = 2, C = —1 and the canonical form is 


EF hake) Pato wast 2) eth) rms 1) 4 
Solving this as a quadratic the four roots of the quartic are 
given by 


ted ec N 4 w/o (@ —1). 


EXERCISES 


1. Show that a quadratic can be reduced to the canonical form 
xz? + y?. How many ways can this be done? 

2. Prove that a quadratic with a double root can be reduced to 
the form 2,2 or x22; that a cubic with a double root has the canonical 
form 212%, OY X1%»?. 

3. Show that two quadratics can be reduced to the canonical 
forms x2 + y?, x? + ky®. (Take as reference points the double points 
of the involution determined by the quadratics.) 
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4. Solve the cubic equations 


(a) 9x3 + 212? + 272 +7 = 0, 
(b) 1623 + 12%? + 302 + 7 =0, 
(c) 3x23 — 48x? + 62 — 94 = 0. 


5. A second canonical form of the general cubic is 712% — 2 %2?. 
What is the canonizant of this cubic? Outline a method for reducing 
a cubic to this form. 

6. The polar of each Hessian point with respect to a set of three 
points is the other Hessian point repeated. (Use the canonical form.) 

7. A quartic with a double point can be reduced to the canonical 
form 2x,2(%12 + 222); one with two double points to 21242. 

8. If a binary quartic have a double point the Hessian has the 
same double point. (Prove for the canonical form of Ex. 7.) 

9. If a quartic f have two double points the Hessian has the same 
pair of double points and f = kH where k is a constant. 

10. If a quartic have a triple point, the Hessian has the same point 
for a four-fold point. (Prove for®r;4 + 42132».) 

11. Show that a general quartic can be reduced to the form (#3 + 
X28) (2, + kee). 

12. Solve the quartic 274 — 8x3 + 2477 + 84 + 1 = 0. 

13. Reduce to the canonical form x4 + 8x3 — 122? + 1042 — 20 
= 0. 

14. Solve the quartic 374 — 4x3 + 24x? — 16x + 48 = 0. 

15. The Hessian of a catalectic quartic has two square factors. 
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112. We shall devote the remainder of this chapter to an 
enumeration and geometrical interpretation of complete 
systems! of invariants of forms up to the fourth order, most 
of these having already been encountered in some connec- 
tion. The form itself, being an absolute covariant, is 
always included in the complete system. For proofs that 
the systems are complete, the student is referred to the 
treatises ($94, footnote). 

Linear forms. One linear form possesses no interest, 
the complete system consisting of the form itself, while the 
only covariants of any kind are powers of the form. 

1See §107. 
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Two linear forms ait + bi%2 and aor; + box, have in 
addition to the forms themselves an invariant, the resultant 
a1b2 — debi, whose vanishing signifies that the two forms 
represent the same point. And the complete system for 
any number of linear forms consists of the base forms and 
the resultants of each pair. 

113. Concomitants of a system of quadratics.—A single 
quadratic fy = a,x? + 2612122 + ¢1%_? has one invariant, 
the discriminant, which it is customary to write aic, — b,2 
and whose vanishing is the necessary and sufficient condi- 
tion that the quadratic be a square or represent two coinci- 
dent points. The discriminant and the quadratic itself 
constitute the complete system of fy. 

Two quadratics f; and f, = aor? + 2berixe + Coq? 
possess a simultaneous invariant Di, = ayce — 2bybe + arc; 
whose vanishing expresses the condition that f; and fe 
represent apolar or harmonic pairs of points. When 
fi =fe this invariant reduces to twice the discriminant, 
thus Dy, = 2(aic1 — 61”). 

There is also a simultaneous covariant, the Jacobian of 
the two J(fi, fe), which represents a pair of points har- 
monic with fi, fe That is J gives the double points of the 
involution determined by the quadratics and it may be 
written ($86, Equation (5)) 

ay bi C4 
Jin = | a2 be Ce 
Xo7 = 2201 21" 
= la bla? + la clays + lb cla.?. 

This completes the fundamental system of two quadra- 
tics which thus consists of the six forms fi, fe, the two 
invariants! D.;, Dez, the apolarity invariant D,. and the 


covariant J. 


1In the complete systems of two or more quadratics we shall, because 
of the convenience of notation, use Dii, 7. e., twice the discriminants instead 
of the discriminants of the several forms. 
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The resultant Ry: of f, and fz is a second joint invariant 
but it is not included in the complete system since it can 
be expressed in terms of the other forms. It will be instruc- 
tive as an exemplification of the great Clebsch-Gordan 
principle to see how this can be done. Recalling ($102, Ex. 
4) that the resultant of two quadratics is the discriminant 
of their Jacobian we have 


ky = A(aybe a a2b1) (b1C2 om b2¢1) as (1C2 = Q2C1)? 


which involves the coefficients of each form to the second 
degree. Now the only invariants of degree two in the coeffi- 
cients of f; and fz which can be built out of the forms of the 
complete system are Dy,De2 and Diz. Hence Ri, which is 
expressible rationally and integrally in terms of these two 
invariants must be a linear combination of them, thus 


Riz = ADyDo2 + BD ie. 
Equating coefficients we find A = 1, »w = —1,12.e., 


Ry» = A(aicy 3 b1”) (dee = by?) 
Ti (d1C2 — 2bibe + G21)? = DyDe — Dis. 


The identity just written is still more easily found by 
using the canonical forms of the quadratics (§111, Ex. 3). 
For if fi: = 2? + y? and fe = az? + cy?, the invariants are 
Dy = 2, De = 2ac, De =atec, Rie = —(a — cc)? and 
the relation is obvious. 

It is clear from the second form of Ri. that the resultant 
is also the discriminant of the quadratic Q = Dy2,? + 
2D o%1%2 + Door”. The vanishing of the resultant may 
therefore be interpreted variously as the condition that (a) fi 
and f, have a point in common, (b) J represent coincident 
points, 1. €., the involution f, + kfz = 0 be parabolic (degen- 
erate), or (c) Q represent coincident points. 

The complete system for a set of three quadratics f,, f2, 
and fs; = a3a12 + 2b3a12%2 + c3%? includes the fundamental 
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forms of the quadratics taken in pairs, consisting of the three 
base forms, their three double discriminants, three apolarity 
invariants and three Jacobians. There is however a new 
invariant 
ay by Cy 
T123 = lab cl = Jas be ce 
a3 b3 


whose vanishing expresses the condition that the three pairs 
of points f belong to an involution (§87). 

Three quadratics find their best geometric interpretation 
in the theory of the conic as a rational curve (post, Chap. X). 

Four quadratics present nothing new since any quadratic 
whatever can be written as a linear function of fi, fo, fs, 
(§99). The complete system is made up of the complete 
systems of the base forms considered three at a time. 

114. The complete system of the cubic consists of four 
forms,—all familiar. They are the cubic itself, a C4,3, 
the Hessian H, a C2,2, the Jacobian J(f, H) of the two, 
a C3,3 called the cubic covariant, and the discriminant 
A, a Cao. The discriminant is best found as the dis- 
criminant, with sign changed, of the Hessian with which 
it is identical (§102, Ex. 3). The fundamental forms are 


f: at1® + 3b2174_ + Sex x2? + dx? 
H: (ac — b*)x1? + (ad — bc)xix%_ + (bd — c?)x-? 
J: (a’d — 3abe + 2b*)x13 + 3(abd + b?e — 2ac?)x17x- 
+ 3(2b29d — acd — bc?)x a2? + (8bcd — ad? — 2c*)zx,3 
A: (ad — bc)? — 4(ac — 6?) (bd — c?) = 
a’d? + 4ac® + 4b%d — 3b?c? — 6abcd. 


Since a cubie cannot have more than three independent 
invariants ($107) there must be an identical relation 
connecting the fundamental forms,—a relation easily found 
with tie help of the canonical form. For if f = ax* + dy?, 


218 PROJECTIVE GEOMETRY 


we have A = a’d?, H = adzy, J = ad(ax* — dy*), whence 
immediately 
Af? — J? = 4H%, Cp) 


A relation like (1) among the fundamental forms is 
called a syzygy. The existence of syzygies is not surprising 
in view of the requirement for rational and integral inde- 
pendence of the forms of the complete system. In fact 
syzygies occur in the complete systems of all forms except 
that of the quadratic. 

N.B.—When investigating syzygies or other invariant 
relations by means of canonical forms it is well to give each 
term a literal coefficient. For in any invariant identity 
each term must be of the saazme degree in the coefficients (as 
well as the variables). And it is easier to make sure that 
this is the case when the coefficients are letters. Suppose, 
e. g., that in seeking the syzygy just established we had 
taken f = 23 + y’, then A=1, H =ay, J = 23 — y?, 
While for these forms f? — J? = 47%, this is not a valid 
invariant identity since J? and H? are of degree 6 and order 
6 but f? isa Co2,5. It is therefore necessary to throw in the 
proper (first) power of A a C4,o to bring f? to the right 
degree. 

Caution must also be observed in regard to numerical 
coefficients and algebraic signs. In making up the complete 
system the fundamental forms are chosen with a definite 
convention as to sign and numerical coefficient and these 
conventions must not be violated. Thus some writers take 
for the discriminant of the quadratic (§113) Diu, for the 
discriminant of the cubic —2A, etc. 

115. A geometrical interpretation of the system of the 
cubic appears at once from the canonical form. If f = 
ze—1,/ =2*+ land 4 =z, hence f = O.represents the 
points 1, w, w?, J = 0 the points —1, —a, —w? and H = 0 
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the points 0, 0. Now the polar (harmonic conjugate) of 
each point of f with respect to the other two is a point of 
J, e. g., the polar of 1 with respect to w, w? is —1. We 
obtain thus the three pairs +1, tw, +w? each of which is 
harmonic with the pair 0, 0. Orif the points f be denoted 
by a1, a, a3, and the points J by 61, Bs, Bs we may say 

The polar of a; as to a;, an, 1 AJ #k, is a point B; which 
forms with a; a conjugate pair in the quadratic involution 
whose double points are the points H. 

In fact the relation between the points f and J is recip- 
rocal and the theorem can be stated with a; and 8; inter- 
changed. 

The syzygetic pencil of binary cubics. 

Again consider the cubic involution determined by a 
cubic f and its cubicovariant J 

M+ ud = 0, (1) 
which we shall call a syzygetec pencil, and which represents 
geometrically a single infinity of triads of points. The 
properties of the involution can be studied most con- 
veniently by taking (1) in the canonical form. If now f be 
reduced to the form f’ = X*+ Y3, the cubicovariant 
becomes J’ = X* — Y%, hence the involution can be 
written 
Mf 7 pd”? = DCKE + V2) + w(X? — Y3) = 

NX + y/V3, (2) 
In this form X and Y are simply the factors of the Hessian 
of f’. Therefore, H being a covariant, 

The syzygetic pencil (1) can be written in the canonical 
form \'X* + p'Y? if we take for new variables the linear 
factors of the Hessian of f. 

The double points of the involution (2) are given by the 
Jacobian of f’ and J’ (§102, 3°) which is found to be 
—2X2y2 = —2H’?. Hence instead of four sets with double 
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points as in the general case we have but two (repeated) 
sets. To find the sets which have double points we need 
only write the discriminant of (2) which is \’u’?. If this 
vanish we obtain the sets X* and Y* which are thus cubes of 
the Hessian factors. Therefore if two points of a set 
coincide all three coincide forming a triple point. In view 
of the invariant nature of the results we may say 

Among the cubics of the syzygetic pencil (1) there are two 
and only two with repeated factors and these are perfect 
cubes of the factors of the Hessian. Or in other words, 
the involution has two and only two multiple points, namely 
the triple points given by H = 0. 

Recalling the syzygy Af? — J? = 4H%, it is clear that 
since the right side is a pegfect third power the left side 
and its factors as well must be also. Thus the two cubes in 
the pencil are precisely J + V Af and J — ~/Af. 

_ It is interesting to observe that if wis any cubic of the 
syzygetic pencil, then wu’ its cubicovariant also belongs 
to the pencil. For (equation (2)) if w= NX? + p’Y3, 
wu’ = Nu’ (NX? — w’Y*). Moreover the cubicovariant of 
u’ is to a factor the original cubic uw. Thus the relation 
between wand wu’ is mutual or involutory. In other words 

The sets of the cubic involution separate into conjugate 
pairs u and u’ of a quadratic involution.! 

In the quadratic involution there are two sets which 
are self-conjugate. These are found by asking that the 
coefficients of wu and u’ be proportional, 7. e., ’/d2y! = 
—p'/d’'p”? or 2d’2y/2 = 0. Hence the self-conjugate (double) 
sets are the Hessian points taken three times. 

We are thinking here of the cubic geometrically as 

1The point is the element in the cubic involution which consists of 
#1 triads of points such that one point of a triad determines the other 
two points of the same triad. In the quadratic involution on the other 


hand the elements are triads and the involution is made up of the single 
infinity of pairs of triads w and w’ which uniquely determine each other. 
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representing three points of a range or three lines of a pencil. 
But the theorems considered abstractly apply to the whole 
binary domain and will enable us therefore to supply other 
interpretations when the cubic represents points on a 
conic or other rational curve.! 


EXERCISES 


Exercises 1-17 refer to one or more quadratic forms where the 
notation is the same as in §113. 

1. Show that the discriminant of f,; + fo considered as a single 
quadratic is a quadratic in \ every coefficient of which is an invariant. 
The discriminant of the quadratic in \ is Ry. 

2. The pencil f;: + f2 = 0 can be written in the form Xj + 
kX; = 0 if the new variables are taken as factors of the quadratic 
apolar to fi and fe. (Cf. Ex. 6, §89.) 

3. Show that the condition that fi, fo and Ji, belong to an involu- 
tion is the vanishing of the eliminant of f; and f.. (Identify Ri, 
with the invariant /12; of the system fi, fo, J 12.) 

4. By considering the degree in the coefficients of the two forms 
and the order in the variables, find an expression for the square of the 
Jacobian of two quadratics in terms of the complete system. (The 
canonical forms x? + y? and ax? + by? may beused.) Ans. —2J 1.2 = 
Doof? — 2D of ife + Difo?. 

5. Obtain the relation of Ex. 4 by multiplying the determinants: 
(See footnote §105.) 


Xo —MX2 037 Ly" 2212 oe 
25 127 3) C8) by Cy Cy —2b; ay 
ae bo C2 C2 —2b» Ce 


6. Establish the identity fiJozs + folds: +f3Ji2 = 0. 

7. If three quadratics are harmonic in pairs they can be written 
in the canonical form wy, x? + y?, 7 — y. 

8. If three quadraties fi, fo, fs are mutually apolar there is an iden- 
tical relation connecting their squares kifi? + keof2? + ksfs? = 0, 
where the k’s are constants. (Prove for the canonical form of Ex. 7 
and linearly transform the system. Or since each quadratic gives 
the double points of the involution determined by the other two, we 
must have f; = \iJ jx. Then substitute in 6.) 


1See §§133, 169. 
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9. Prove the identity for four quadratics 


| Uo? —2 Xo 12 De Puy tape 0 fi fe 
2J 12d 34 = | a1 by Cy C3 — 2b; a3 = fs D4; Do ° 
Qs Osme> C4 —2b, a fs Dia Dos 


10. Prove the identity 
a bh cy fi 
dz bo C2 fe 
a3 bs cs fs 
as ba Ca fa 


11. By multiplying determinants establish the identity connecting 


three quadratics and their invariants: 


= filosa — fol sar + fst ai2 — falies. 


ay by C1 0 Cy —2bi ay a4 Diu D2 Dy; fi 

Or a2 bz cz O C2 —2b, a2 0 = Do Daz Dos fr 
Dias bs c3 O c; —2b; a; 0 D3: Ds2 Ds fs| 

C3? —H102 217 0 X12 2x1Le Lo? O i tie ie 0 


12. From Ex. 11 derive th€ invariant identity connecting the 


squares of three mutually apolar quadratics. 
13. Verify the identity for six quadratics: 


a, by c1| Cra — 204 as | Dy Dis Dre 
2Tiaslas6 =| a2 be Co ¢ —2b05 a@s| =| De, Dr, Doe). 
as 63 C3 Ce —2be ade Ds Ds Doe 
14. Hence and by §52 
A B, Ci Diu Die D3 
2 Ag B, (Gs — 211932 — Do Dao Dos 
Az; Bs Cs Ds: Ds. D3 


where A; are the cofactors of a; in Iie. 
15. From their determinant expressions prove 


oe ei Bap 
2S jl iie =| Dee DD pale 
Dri Dy; Dis 


16. Verify the following invariant relations which express concomi- 
tants of a system of quadratics in terms of the fundamental forms, 
where Dj»,; is the apolarity invariant of Jy. and fs, I1,2,34 18 the invo- 


lution invariant for fi, fo, J34, etc.: 
(a) Dy2,3 = L123 
(b) J 12,3 = feD1s re fiDos 


(c) Jiz,s4 = folizss — filoss. (Replace fz; in (b) by Jz, and 
apply (a), thus Jis,34 = foDijss — fiDo,34 = folisa — 


filosa.) 
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By interchanging 1 with 3 and 2 with 4 in (c), derive 10. 
(d) 2T 12,354 = DysDo4 — DigDo3. 
(e) Di2,34 = T1253). 
(f) 21 12,3455 = Doslis4 — Dis 235. Replace fs by Js4 and fs 
by fs in (d) and apply (a). 
(g) 21 12,34) 56 = To56lisg — Dis6l 234. Replace fs by J 56 in (f) 
and apply (a). 
17. The double ratio p of the two pairs of points f,, fo is given by 


D2? + DiyDo.2 
PAY ad peg Ne ee a 
Ps ey erp pyar tr)": 


‘ 


The remaining exercises refer to the cubic, the notation correspond- 
ing to that of §114. 

18. If a cubic f have a double root, H has the same double root and 
J has the root for a triple root. Therefore the double root is given 
by J/H = 0 and the simple root by f/H = 0. 

19. Hence solve the cubic with a double root: 


182? — 150/22? — 8¢& + 8V/2 =0. 

20. If the cubic have a triple root, H = 0, 7. e., ac — b? = 0,.ad — 
be = 0, bd — c? = 0, ora/b = b/c = c/d, and conversely. 

21. By consideration of degree and order show that (a) the dis- 
criminant of J is a numerical multiple of A*; (b) Hessian of J is a con- 
stant times AH. Verify these results by the canonical form. 

22. Show that the cubicovariant may be obtained by operating on 
the discriminant as follows 


0 0 0 0 
(23, ee 12741 ad + Lot? ee — x3 5a)4 = i, 


23. If f and J represent respectively the points a, a;, a, and B:, 
B;, By the polar of a; as to f is a; (§97) and a second point, viz., B;. 

24. The pairs of points a, a;; B;, 8; and H belong to a quadratic 
involution whose double points are ax, By. 

25. The double (triple) points of the cubic involution f + J = 0 
are given by the Jacobian of any two cubies of the pencil. 

26. If f = av + dy, then J = ad(a — y'), H. = adzy, A = ad’. 
Denoting by fx, the syzgetic pencil considered as a new form, thus 
fru = MN + wd = ad 4 ady)x? + d( — adu)y’, obtain the complete 
system of f,, in terms of the concomitants of f. Ans. Hyy = 0H, 
Arp = 607A, Inu = OOS + uAf), where 0 =)? — Ap’. Hence all the 
forms of the syzygetic pencil, neglecting a numerical factor, have the 
same discriminant and the same Hessian. Such invariant forms are 
called combinants of the two base forms f and J. 
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27. The condition that f and J be apolar is A = 0. 
28. J can be written in the determinant form 
13 3X12X LiLo x23 


c —2b a 0 


0 d —2c b 
116. The complete system of the binary quartic f consists 
of the two invariants I, and [3 already noticed and, in 
addition to the quartic itself, two covariants,—namely 
the Hessian H, a C2,4 and a sextic covariant J, a C3,6 which is 
the Jacobian of f and H. For convenience of reference 
these five forms are written in full: 
f :axy4 + 4ba3a_. + 6cx12x? + 4dx1223 + ere4 
I, : ae — 4bd + 3c? 
I; : ace + 2bcd — ad*— b’e — c® 
H :(ac — b?)a,4 + 2(ad — be)a x, + (ae + 2bd — 3c?) 
21229? + 2(be — cd)axy223 + (ce — d?)ae4. 
J : (a’d — 3abe + 2b*)x,° + (ae + 2abd — Yac? + 6b?2c)x15x2 
+ 5(abe — 38acd + 2b7d)x14x2? — 10(ad? — be)ay3a.3 — 
5(ade — 3bce + 2bd?)x1?x24 — (ae? + 2bde — 9c?e + 6cd?)x1225 
— (be? + 2d? — 3cde)x2®. 
The discriminant A is not included among the funda- 
mental invariants since it is a rational, integral function of 
I, and I3. For if f have a square factor it can be reduced 
to the form az; + 4bx,3x. + 6cxr,2x.2. The values of the 
invariants now are Iy = 3c?, [; = —c* from which we have 
at once the invariant relation J, — 272;2 = 0. This 
invariant which vanishes when f has a double root must 
contain the discriminant as a factor. But since it is the 
same degree as the discriminant it must be the discriminant 
alone. Hence we may write 


= [,3 — 27];3?. 
117. Interpretation of the invariants.—The invariant 
properties of the quartic, algebraic as well as geometric, are 
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most conveniently studied by means of the canonical form 
the complete system for which is: 


BT oe* a Gcr-gs ys 
I, :1+ 3¢? 
Eee 
HT: cx* ++ (1 — 8c?) xy? +cy4 
Jk = 9e*)ay(2* —y*) 
to which may be added 
A:(1 — 9c?)?. 

Since F = 0 is unaltered when x and y are interchanged 
or either is changed in sign, the roots «/y = a4, a2, a3, a4 
may be taken respectively as 

a, —a, 1/a, —1/a. 


Hence, denoting by 7j the difference a; — a;, the functions 
P, Q, R (§42) are 


(12 8) = P =4,(3 2 =0 = (“—)' (4a) = Fk = 


a2 + 1\2 

=I a ). 

We have already noted both an algebraic and a geometric 

meaning of the vanishing of [;: Algebraically it means that 

the quartic has an apolar quadratic and as a consequence 

can be written as the sum of two fourth powers; geometri- 

cally it means that the quartic represents four harmonic 
points. 

Let us find the condition that the four points be equi- 

anharmonic, (§43 Ex. 14), 7. e., that one double ratio say 


p = —R/P = —w where —w = 4(1 — ivV3). We ask 
that 
peace has 
evens casarid st 


15 
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We are thus led to the quartic 
at + 2(1 + 2w)a? ++ 1 = 0, (1) 
for which 
I, = $311 + w+ w?) = 0. 
Conversely if Jz, = 0 one double ratio of the four points 
ais —w. Therefore 

The necessary and sufficient condition that a binary quartic 
represent a set of four equi-anharmonic points is Iz = 0. 

From two ordinary invariants can always be derived an 
absolute invariant. Thus in the present instance when we 
apply to F a linear transformation of determinant D, I» is 
changed into D4I, and J; into D®I;. Hence dividing J. 
by I;? we obtain an invariant free of the modulus, 7. e., 

The quartic has one absolute invariant, viz., [2 /Ts?. 

Any double ratio of the four points @ is also an absolute, 
however an irrational, invariant of Ff. To express the 
absolute invariant of the quartic in terms of double ratios 
we first solve F = OQ for one value of a’, thus 


a? = —38¢ + V/9c? — 1. (2) 
Then denoting by r the double ratio —R/P we have 
Renae (O? ful) lt Sta ane an a 


Mie, Phas wae A( etn Someaias ®) 
or rationalizing the denominator and simplifying 
te Be sel Says 
Terrie te Cor gem (4) 


Substituting this value of ¢ in the canonical values of the 
invariants we find 

I, = 1+ 3c? = $g(r? —xr + 1) 

Ll Cee he Ga 2) ara) 


ae (pial): 
Tt 8 (64 DG—Der — Dy (5) 
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Now this equation is unaltered when r is replaced by each 
of the six double ratios (§42), consequently 

The roots of the sextic equation (5) are the six double ratios 
of the four points f. 

The relation (5) affords a pretty proof of the geometric 
implications of the three principal invariants. For if 


I; = 0, r = —1, 2, or 44 and conversely, which proves the 
harmonic property (§43, Ex. 13). Likewise if Iz, = 0, 
r?>—r+1=0, 2. ¢., r = —w, —w? and conversely which 


proves the equi-anharmonic property. 

Again if two of the points coincide, r = 0, 1 or « (§43). 
In either case [3 — 271;? = A = 0. On the other hand 
if-t 4° —' 271, = 0, we find r7(¢7 — 1)2 =.0,,1¢.,,7'=-0; L-or 
coo and two of the points coincide. This establishes the 
geometric significance of the discriminant. 

118. The sextic covariant.—A glance at the canonical 
form reveals an interesting property of J. For neglecting 
a constant, J is the product of the quadratics xy, x? — y?, 
x? + y? which we shall denote respectively by qi, q2, qs. It 
follows ($115, Ex. 7) that 

1°. The sextic covariant of a quartic breaks up into three 
mutually apolar quadratics. Or geometrically, J = 0 repre- 
sents three pairs of mutually harmonic points. 

We shall now examine the relation of the sextic covariant 
to the quartic. From the definition of J as the Jacobian of 
the quartic and its Hessian we have (§102, 3°). 

2°. J = 0 gives the double points of the quartic involution 
ftdd =0. 

We shall return to this later. Again referring to the 
canonical form it appears that the linear factors of q: 
are precisely the x and y in the canonical equation of f. 
But it will be remembered that the quartic can be reduced 
to the canonical form in three ways and it fcllows from 
the symmetry characterizing the invariant theory that the 
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other quadratic factors of J provide the variables for the 
other two canonical forms. Or it can be verified directly 
that the polar of each of the quadratics q with respect to f 
is a constant multiple of the quadratic itself which proves 
the statement (§110, 1°, 2°). Hence 

3°. The three pairs of variables in the three canonical 
forms of the quartic are given by the quadratic factors q of 
the sextic covariant. 

Consider next the quadratic involutions connected with 
the quartic. The four points a; ($117) can be paired in 
three ways as in the functions P, Q, R and each pairing 
determines a quadratic involution. We shall now prove 
that the double points of these involutions are given by the 
quadratics g. For the three groupings in pairs are 


Qa, =e? 1/a, rw 1/ca (1) 
a, I/a rao Wie aaa (2) 
a, aa ice ea Xs 1/a (3) 


Thence, substituting in equation (2) §86 and setting x = 
x’, the double points are found to be zy = 0, x? — y? = 0, 
x? + y? = 0. Combining this result with 1° we may say 

4°. The four points f set wp three quadratic involutions 
along the liné each of which has for double points one pair 
qi of J and in which q; and q, represent conjugate pairs. 

119. The syzygy connecting the fundamental forms of the 
quartic! can be derived by an application of the theorems 
in the preceding section. For from the values of the 
invariants I,, Iz; ($117) we have the relation 


4¢3 — Toc a. TI; =i (I (1) 


1 There must be a syzygy since only four of these forms can be inde- 
pendent (§107). 

? This equation is another form of the resolvent cubic of the quartic 
(§110). In fact writing c =-k/2 the equation becomes k? — Isk — 
2I3 = 0 which is the earlier form. 
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and combining f and H, the equation 

HE = of = (1 = Q9e?)x2y? (2) 
where c must satisfy (1). Now the right side of (2) is, but 
for a constant factor, the square of q;. But since there are 
three values of ¢ there are two other relations like (2) giving 
the squares of the other two quadratic factors of J. There- 
fore denoting the values of c by ci, ¢2, ¢3, we must have 

A(H — exf)(H — caf)(H — ef) = k(qiqags)? =k J* (8) 
where k is a constant. Observe that the left side of (3) 
set equal to zero is the same equation in H/f that (1) is in 
c since their roots are identical. Hence (3) may be written 
in the form 

AH? — I.Hf? + If? = kJ? 
wherein, substituting values of the several forms, k is found 
to be —1 and the required syzygy is 

—J? = 4H? — 1,Hf? + I3f8. (4) 

We should have arrived at the same result of course had 
we sought to express J? directly by means of the complete 
system. For J? is a (6,12 and the only combinations of the 
fundamental forms of degree 6 and order 12 are H’, [,Hf? 
and I;f*. Hence there must be a relation like 

J? = ki H? + kel,Hf? + kslsf? 
where the k’s are fixed by identifying coefficients. 

120. Syzygetic pencil of binary quartics.—Since the 
quartic and its Hessian are of the same order there is asso- 
ciated with the two forms the syzygetic pencil of quartics 
4+ wH. Or geometrically, a quartic and its Hessian 
define the quartic involution 

M + ui = 0, (1) 
comprising a singly infinite system of tetrads of points. 

Now the canonical form of the Hessian is the same as 
that of the quartic, hence the canonical equation of either,— 
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with ¢ as parameter,—may be regarded as defining the 
involution. Or utilizing the results of §118 we may say 

The involution (1) can be written in three ways in the 
canonical form 


Fyp = (ct + 4) + 6yx’y? = 0 


tf we take for new variables the linear factors of the quadratics. 

Let us examine the involution for special sets. First 
I, calculated for F involves the parameter \/u to the second 
degree, hence 

1°. The “involution contains two equi-anharmonic sets 
corresponding to Iz = 0. 

Likewise J; contains \/u to the third degree, therefore 

2°. There are three values of \/u given by I; = 0 for which 
the syzygetic pencil represents four harmonic points. 

There are however in general six sets in the involution 
with a specified double ratio, since equation (5) §117 formed 
for F is for given r of degree six in \/u. 

The discriminant \?(A? — 9y?)? of Ff, which is of the sixth 
degree in \/y is however the square of a cubic. Accordingly 
the six tetrads having a double point of the involution 
coalesce into three. Corresponding to each root of A,, = 0 
we find in fact the square of one of the quadratics g. Hence 
if two points of a set coincide the other two do also and there 
is a pair of double points. Summarizing 

3°. The involution contains three and only three sets given 
by Ay, = 0 which have a double point, namely the sets qi? 
which have two double points each. 

Except for a constant factor the covariant J is the same 
for every quartic of the syzygetic pencil.! Consequently 

Every tetrad of the involution can be broken up into three 
groups of two pairs each, the two pairs in each group belong- 
ing to one of the quadratic involutions associated with f. 

1 That is J is a combinant of the pencil, §115, Ex. 26. 
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121. Steinerians.—We have had two geometric interpre- 
tations of the Hessian of a binary form: 

(a) The locus of a point x whose (n — 2)th (quadratic) 
polar set is a repeated point y 

(b) The locus of double points z in the first polar system 


of y 
Wise ay yao (1) 
where y:1/y2 is a parameter. Or combining the two 

If the first polar of y have a double point x, then the 
(n — 2)th polar of x has a double point y, the condition in 
either case being H(x) = 0. 

The locus of points y associated with the Hessian points 
x in this reciprocity we shall call the Stecnerian! S of f. 
Formally 

The Steinerian is at once (a) the locus of double points of 
quadratic polars and (b) the locus of points whose first polars 
have double points. 

As the Hessian H(a) is the discriminant as to y of the 
(n — 2)th polar of x, so the Steinerian S(y) is the discrimi- 
nant as to x of the first polar (1) of y. It follows that the 
Steinerian of a binary form (but of a binary form only) 
has the same order? as the Hessian which is obvious geome- 
trically, the correspondence between the two sets of points 
being (1, 1). 

It is evident from the definition that the Steinerian points 
are projectively attached to f, hence S is a covariant of f 
and must be expressible in terms of the complete system. 
To find the Steinerian of the quartic in canonical form we 
write the cubic involution of first polars 


0 (6) 
(ia ty’ _\F = x/e3 4+ 3cy'x*y + 3cxr/zy? + y’y?. 
Ox Oy 
1 After the great German geometer Steiner. 
2 The order of the Steinerian of a ternary form is 3(n — 2)*. 
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The discriminant of this cubic is the Steinerian, hence 
S = 4c3 (2/4 + y'4) + (1 — 6c? — 3c) ay’. 

Since the Steinerian is a C4,4 it must be a linear combina- 
tion of Io. and Isf, i. e., S = kileH + kelsf. Wquat- 
ing coefficients in these two identical expressions for S 
we find ky = 1, kz = —1, or 

S = 1.H — Isf. 
Hence the Steinerian points of the quartic are a special set 
in the syzygetic pencil. 

122. Higher binary forms.—We have designated the 
forms here considered as elementary because of their 
relative simplicity. There is a sharp distinction between 
the quartic and lower forms gn the one hand and the quintic 
and higher forms on the other so that the methods which 
suffice in the one case are not adequate in the other. There 
is no difficulty in constructing a table of concomitants of 
a system of forms (§107), the difficulty lies in obtaining a 
complete system which shall contain the minimum number 
of forms. The work of deriving complete systems increases 
enormously with the order both because of the number of 
forms involved and the vomplexity of individual forms. 
Thus the complete system for the quintic, first obtained by 
Gordan with the symbolic method, consists of 23 forms, 
including four invariants one of which is of the 18th degree. 
The system of the sextic contains 26 forms five of which 
are invariants. The vanishing of one of these invariants 
is the condition that the sextic represent three pairs of 
points in a quadratic involution which sounds like an inno- 
cent requirement but the invariant is of of the 15th degree 
and written at length occupied thirteen pages in the second 
edition of Salmon’s Higher Algebra. Von Gall has published 
complete systems for the septimic and the octavic each of 
which contains over a hundred forms. 
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Several simultaneous systems have also been obtained, 
¢. g., that for a cubic and quadratic, two cubics, quadratic 
and quartic, and cubic and quartic. 

All the systems mentioned in this section are discussed 
in the books of Salmon and Clebsch, except the results of 
von Gall which are printed in the Mathematische Annalen. 
A very full bibliography (Bericht tiber den gegenwédrtigen 
Stand der Invariantentheorie) has been compiled by W. Franz 
Meyer and published in the Jahresbericht der Deutschen 
Mathematiker Vereinigung, Vol. I, 1892. 


EXERCISES 


1. The Hessian and sextic covariant of the quartic can be written 
in the determinant forms: 


0 Lo? —HX1 21? 
a eG le 
eS es b O > al 
Tie do .€ 
43 321225 821297 L23 0 
il 0 %1° 321709 3X 1X2? Xo3 
J= 3 —d 3c —3b a 0 
—e 2d 0 —2b a 
0 —e 3d —3c b 


2. Show that the Hessian of a quartic can be obtained by operat- 
ing on J; as follows: 


0 ) 
(oy — £1°r2 Aa ae Hay $ U108 ab =f usta Ih == Ff 


What is the result of applying this operation to [2? 

3. The discriminant of the resolvent cubic k? — I,k — 21; = 0 of 
the quartic is the same as that of the quartic. 

4. Solve this cubic for the canonical form. 

5. The invariants J, and I; of Fy, =dAf + wH are numerical 
multiples respectively of the Hessian and cubicovariant of the cubic 
rs — Tow? — 2I3u3 = 0 obtained from the resolvent cubic by writing 
ON 

6. If a quartic have a double factor, H has the same double factor 
and J has it for a five-fold factor. 
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7. The necessary and sufficient condition that a quartic have a 
triple factor is [2 = 0, Js = 0. 
8. The necessary and sufficient condition that a quartic be a per- 
fect fourth power is H = 0. 
9. If a quartic have two square factors it is a multiple of its 
Hessian (Ex. 9, §111), 2. e., 
ac— 6b? ad—be _ ae-+2bd —3c? be—cd  ce—d’? 
amy hob ee 6c Boas Wie 
and conversely. 

10. Find the invariant relation between f and H in Ex. 9. (The 
quartic may be taken as 6cx?y?.) Ans. 313f — 2I.H = 0. 

11. The necessary and sufficient condition that a quartic have two 
square factors is J = 0. The conditions are the same as in Ex. 9. 

12. The Hessian of the Hessian of a quartic belongs to the syzygetic 
pencil. Find an invariant expression for it. Ans. 31;f — I2H. 

13. If a quartic have a triple factor H has the same factor quad- 
ruply and J sextuply. If H is & perfect fourth power, f has a triple 
factor. Apply 7, 8 and 12. 

14, Show that the invariants J, and I; of the composite quartic 
f = (ux + vy) (av? + 3bx?y + 3cxy? + dy?) are the two covariants of 
the cubic component when wu and v are replaced by y and —2; that 
the discriminant of f is the discriminant of the cubic multiplied by 
the square of the cubic. Thence from the expression for the discrimi- 
nant of the quartic in terms of the fundamental invariants find the 
syzygy among the forms of the cubic. 

15. Both the quartic and its Hessian are apolar to the sextic covari- 
ant for the polar of either with respect to J would be a quadratic 
covariant (theorem of Boole) but the complete system of f contains 
no covariant of order less than 4. The two polars must therefore 
vanish identically. The student may verify with the canonical forms. 

16. Show that the equation connecting the double ratios of four 
points with the absolute invariant of the quartic ((5) §117) can be 
written in the form 


2713 _@=pap lp 
4(I23 = 27137) - GAGE — 1)? ‘ 
Write this equation as a cubic in r(1 — r), showing that the original 
sextic can be solved by solving a cubic. 
17. Express each of the double ratios of the four points represented 
by a quartic f in terms of the invariants (I2, [3, A) verifying thus that 
they are irrational invariants. 
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18. Express in terms of the fundamental forms of the quartic the 
following invariants and covariants: 


(a) Condition for f and H to be apolar 
(b) Condition for A to be self-apolar 
(c) Condition for J to be self-apolar 
(d) Jacobian of f and J 

(e) Jacobian of H and J 

(f) Hessian of J. 


Answers, neglecting numerical factors: (a) I3, (b) Is?, (c) A, (d) 
If? — 12H, (e) f(8laf — 222A), (f) 122f? — 3673Hf + 127.H?. 

19. Every member of the syzygetic pencil of the quartic is apolar 
to all second polars of J. 

20. The Steinerian of a binary cubic is identical with the Hessian. 
(This theorem holds for the ternary cubic as well.) 

21. Follow the method of §110 to find those cubies which are, to 
within a constant multipie, their own polars with respect to a binary 
sextic. Write for the sextic (in determinant form) the k-equation 
corresponding to the resolvent cubic of the quartic. Write a similar 
equation for the octavic, for the binary 2n-ic. The constant term 
in each equation is the catalecticant of the form in question. 

22. If the binary quartic is written in the canonical form ax* + 
byt + cz4, where x + y + 2 = 0, find the values of the invariants J, 
I; and A. Ans. Iz = be +ca + ab, Is = abc, A = (be)’* + (ca) + 
(ab). 

23. Show that the value of A in Ex. 22 is [3 — 27J;?. 

24. If two quartics are each apolar to a third, the Jacobian of the 
two is apolar to the sextic covariant of the third. 


CHAPTER X 
ANALYTIC TREATMENT OF THE CONIC 


Part I. Tue Conic as A RATIONAL CURVE 


123. Parametric equations of the conic.—Consider the 
projective codrdinates «1, %2, x3; of a point as defined by 
three linearly independent binary quadratics thus 


vy = ayl? + 2bit + Cy 


Xo = aot® + 2dot + (oD) (1) 
13 = Ast? + Qbat + C3 


| 


where the coefficients are regarded as fixed constants and 
where tis a parameter. Then every value of t determines a 
unique set of value of x1, ®2, x; and therefore a definite 
point zx in the plane.!. And as ¢ assumes all values (ranges 
along a line) the point x will trace out a curve in the plane. 
Equations (1) are called parametric equations of the curve 
in points and the value of ¢ corresponding to a point is the 
parameter of the point. 

A curve like (1) which is the locus of points whose ternary 
coérdinates can be expressed as rational integral functions 
of a single parameter is defined to be a rational (point) 
curve. . 

To find the order of the curve we need only ascertain 
the number of points in which it meets an arbitrary line. 
Now the parameters of the points in which a line u 


(wx) = Wit, + Uete + uza3 = O (2) 


1It is convenient to designate the point (x1, x2, x3) as the point 2. 
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cuts the curve are found by substituting in (2) the values of 
the x’s from (1), the result of which is 


(au)t? + 2(bu)t + (cu) = 0 (3) 


a quadratic in ¢. Accordingly the line has two points in 
common with the curve which is therefore a conic. 

We should be led to the same results if instead of eliminat- 
ing \ between the equations of the two projective pencils 


($63) 


(ax) + A(Bx) = (ar + ABi)e1 + (a2 + AB2) ae 

= (as a NB3) 3 = 0 
(yx) + (6x) = (v1 + AOi)a1 + (v2 + Nb2) x2 

= (Ys ae Ads) 3 = 0 


we should combine both with the line (uz) = 0. Eliminat-- 
ing x from these three equations we obtain the determinant 


U1 Ue U3 
ay + AB, a2 + ABe a3 ABs 
Yit AO. Yo + Abe Ys + Ads 
= wiqi(A) + wege(A) + usgs(A) = 0 (4) 


where the q’s are quadratics in the parameter X. 

For given X, (4) is linear in u and hence the equation of a 
point,—the point of intersection of corresponding lines of 
the two pencils. In other words it is a point of the conic. 
While for given wu it is quadratic in ) and gives the two para- 
meters on the conic cut out by the line wu. Since ($64) 
through the mediation of A, a (1, 1) correspondence is 
established between the points of the conic and a line, 
equation (4) is said to map the line onto the conic and is 
called in consequence a map equation of the conve. 

Since the codrdinates of a point are merely the coefficients 
in its equation we have from (4) 


t= My 2 = ry Xs = Qs (5) 


\ 
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which are parametric equations of the conic in terms of the 
parameter 2X. 

From the map equation (3) of the conic in points can be 
derived at once the ternary line equation. For a tangent line 
cuts out two coincident parameters and the required condi- 
tion is that the discriminant of (3) considered as a quadratic 
in ¢ should vanish. That is the line equation of conic (1) 
or (3) is 

(au)(cu) — (bu)? = 0. (6) 


124. Canonical form of parametric point equations.—We 
proceed to show how the general parametric equations 
of the conic (1) of the pre- 
= vious section can be simpli- 
fied. There the sides of the 
triangle of reference cut the 
conic in points whose para- 
meters are given by the general 
quadratics at? + 2b;t + ¢; = 0. 
But any three lines (not on a 
—__ point) may be taken as refer- 
ence triangle. In particular 
we may choose the tangents at the points with parameters 
t =0, t= and the chord joining these points. This 
requires that we equate one x to a quadratic with both 
roots zero, a second to a quadratic with both roots 
infinite and the third to a quadratic with roots 0, o. 
The parametric equations of the conic then assume the 
canonical form 


X= (P. LY = 2t, v3 = AF (1) 
and the map equation the canonical form 


urt® + Zuet + us = 0. (2) 
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Thence the ternary line equation is found at once to be 
Us? — usu, = 0. (3) 


We can also write down by inspection. the ternary point 
equation, observing that this equation must be (a) of the 
second order, (b) homogeneous in the w’s and (c) free of ¢. 
Such a relation is obviously 


Gp = 44321 = (0). (4) 


125. Parametric equations of the conic in lines.— 
Dually if the projective codrdinates of a line wu are defined by 
three linearly independent binary quadratics in a para- 
meter ¢ 


us = at? + 2bit a Ci, t= Ihe 2, 3, (1) 


the locus of wu is a rational curve of the second class (conic) 
of which (1) are the parametric equations. 

The parameters of the two lines common to the conic 
and an arbitrary point 


(ux) SE U1 a U2X2 + U3X%3 = 0, (2) 
found by combining (1) and (2) are given by 
(ax)t? + 2(bx)t + (cr) = 0 (3) 


considered as a quadratic in t. Equally for given ¢ (3) is 
the equation of a line of the conic, namely the line with 
parameter ¢. Equation (3) is called the map equation of the 
conic in lines since it maps the lines of a pencil into the lines 
of the conic in a one-to-one way. 

The ternary point equation, which is the condition that 
the two lines on the point have coincident parameters, is the 
discriminant as to ¢ of (8) or 


(ax)(cx) — (bx)? = 0. (4) 


By choosing for reference 3-point the contacts of lines 
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with parameters 0 and and their intersection the conic 
can be written in the canonical form 


iy = Pe a Ls (5) 
The corresponding map equation is 
ait? + 2xot + x3 = O, (6) 
and the ternary point equation 
Lo" —SteV i. (7) 
Finally we have by inspection the ternary line equation 
Uo? — 4usui = 0. (8) 


126. Line joining two points.—If the conic is taken in 
the canonical form 
4 =U, te= 12, rz = I, (1) 
the ternary codrdinates of the points with parameters 
t; and ty are (¢1?, 2t1, 1) and (te?, 2t2, 1) and the line joining 
the two is 
Lie Ge 
ii? -2t7 1 = 0: (2) 
tp? 2te 1 
The determinant evidently vanishes when ¢, = tz, hence 


t, — tzisafactor. Removing this factor and expanding we 
have as the line tte 


22) = (ty -/- te) Xo +. 2tytoxs =a) (3) 
When f; = t. = ¢ (3) reduces to 
Yi — tre + Pa, = 0 (4) 


which is therefore the equation of the tangent at the point t. 
The codrdinates of the tangent line and, for variable 
t, the parametric equations of the conic in lines are manifestly! 
Uh = i Uy = Khe Usu=sabes (5) 


1 The student will not fail to note that we employ the same parameter 
to name both the points and lines of the conic, that in fact the point t 
refers to the contact of the line t. When there is occasion to make a dis- 
tinction T may be used for the line parameter. 
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_ We have thus incidentally solved the important problem 
of passing from the parametric point equations to para- 
metric line equations, or by duality the reverse. And by 
utilizing earlier results we can derive both ternary equations 
as well, as indicated in the diagram. 


param. pt. eqs. _ param. line eqs. 
ternary pt. eq. Wee ternary line eq. 


127. The ternary point equation can however be written 
down directly from the parametric point equations as a 
consequence of mx. 11, §115 thus 

Dy Dyz D3 2X) 
Do; Dox Dos X2 
Di D32 D33 23 
Ly Yq Xs 0 


= 0. (1) 


A second way to solve the problem is to eliminate 
t according to Sylvester’s dialytic method.! For this 
purpose we introduce a factor of proportionality p and 
write the conic 
(io — a,t? + bit of Ci, = il. 2 oe 
Then multiplying each equation by ¢ we obtain the three 
new equations 
tpx; a at? + bt? + Cx. 
Eliminating now the six quantities tp, p, t, t?, t, 1 from 
the six equations we get the ternary equation in the deter- 
minant form 
HU 0 ay by Cy 0 
V2 0 ae be C2 0 
x3 0 az bs cz 0 
Osa, Oar by ‘cj 
O 220 dz be Ce 
0 2x3 0 az bs Cs| 
1 See for example Burnside and Panton, Theory of Equations, Vol. II, 


§154. 
16 


= 0. (2), 
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This method may be used to find the ternary equation 
of a rational curve of order n but it gives rise to a determi- 
nant of order 38n. 

Richmond’s method! is equally general and leads to a 
determinant of order n. Suppose the parametric equations 
of the rational curve are 


ty = fill), 2 = felt), rs = fad), (3) 


where f; are binary forms of order n. Then if x1, Xo, x3 are 
coérdinates of the point ¢ while s is the parameter of an 
arbitrary point of the curve, the determinant 


V1 Ve v3 
AQ fot) fa) | = 0 (4) 
fils) fe(s) fa(s) 


for every s, since by (3) %1:%2:%3: = filt):fo(t):fs(). Re- 
moving the obvious factor ¢ — s from (4) and expanding we 
obtain a function F(s), of degree n — 1 in s, which must 
vanish identically. ‘Thence equating to zero the coeffi- 
cients of 1, s, . . . s” ‘in F, we get n equations of degree 
wil sin 3d) Minally eliminating, Ton4, tale ene seonl 
these n equations, the ternary equation of the curve appears 
as a determinant of order n. 
For example, equation (3) §126 may be written 


F(t.) = (Qa3ti — we)te — tety + 221. 
If F = 0, we must have 

2taty — to = OF =Xot) + 221.= 0. 
Eliminating ¢f,, the ternary equation of the conic is 


2%3 —2Xe 


= 0, or 44341 — 2%” = 
— 09 241 d 


1 Bulletin, Amer. Math. Soc., Nov., 1916, p. 90. 
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EXERCISES 


1. If the conic is written parametrically 2, = t%, 2, = (t — 1)?, 
Zz = 1, show that the reference triangle circumseribes the conic, 
Derive the parametric lines equations and both ternary equations. 

2. Write the parametric equations in points and lines and the 
ternary equations when the triangle of reference is inscribed, with 
vertices at t = 0,1, w. 

3. Expand the two determinants of §127 and thus identify these 
two forms of the equation of a conic. (Replace b; in (2) by 2b;.) 

4. Prove that the conic of §123 is general. (While each quadratic 
appears to contain two essential constants, the equation of the conic 
(1), $127, reduces the number by one. They cannot be reduced fur- 
ther since (1) is the locus of cs. The number of essential constants is 
therefore precisely 5.) Hence a conic is always rational. 

5. Prove from the parametric representation that a curve of order 
two is also of class two. 

6. Given the line conic 4, = # + 1, uz, = # — 1, uz = 2t, find the 
parametric point equations and the two ternary equations. 

7. Find the ternary line equation of the conic in Ex. 6 by using 
the dual of equation (1) §127. 

8. Show that if the three quadratics (1) §123 have a common 
factor the ternary line equation of the conic is a square. What hap- 
pens to the conic? Are the three quadratics linearly independent? 

In the remaining exercises the conic should be taken in the canonical 
form x, = t*, 22 = 2t, c; = 1, and the results of $$124-126 collected 
for reference. 

9. The unit line (line with codrdinates (1, 1, 1)) is tangent to the 
conic att = —1. Is the unit point on the conic? 

10. Find the ternary coérdinates of the point of intersection of the 
lines with parameters t; and t,. Ans. The three quadratics z; polar- 
ized with respect to t, and te. 

11. Find the equation of the line cutting out the two parameters 
given by the quadratic of? + 26t + 7 = 0. 

12. Find the equation of the tangents to the conic from (yi, y2, Ya). 
Find the polar line of this point. 

13. Show that the two quadratics giving the parameters of (a) 
points common to a line uv and the conic and (b) lines common to a 
point z and the conic will be apolar if (us) = 0, 7. ¢., if the point z 
and line wu are incident. 

14. Prove that a triangle and its polar triangle (Ex. 11, $74) are per- 
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spective. (Take as the pairs of points in which sides of one of the 
triangles cuts the conic at? + 26,;t + y and use Exs. 10, 11.) 

15. Obtain the parametric line equations of a conic when the conic 
is defined as the locus of junctions of corresponding points of two 
projective ranges. 

16. Let x; = f;, and u;s= ¢:, i = 1, 2, 3 be respectively the para- 
metric point and line equations of a rational curve. What is repre- 
sented geometrically by the roots of f; = 0? ¢; = 0? 

128. Line equations of rational curve derived from 
point equations. First method.—The manner ($126) of 
finding the tangent line and thence the line equations of a 

conic written paramet- 
rically applies to any 
rational curve. The 
several steps involved 
are however really equiva- 
lent to a differentiation 
process which for the sake 
of practical simplicity we 
shall restate in the notation of the calculus. 
Let the rational curve in points be written parametrically 
t=fil), %=frlt), «3 = fs(t), 
where f; are (non-homogeneous) binary forms of order n. 
Required the parametric line equations. 

The ternary coérdinates of a point ¢ are fi(t), fe(t), fs(O) 
and those of a neighboring point fi(¢ + At), fe(é + Ad), 
f3(t + At). The junction of the two is 


t t+at 


Hal Xe X3 

fi@ . fOr WME. Qe meno! (2) 
fill + At), folt + Ad), fa(é + At) 

Now subtracting the second row from the third and dividing 

by At we have 


V1 Xe 3 

fe fall) halt) 
flé+ A) —~ fil) felt +A) — fo) falt + Ad) — fold) 

At At j At 


=) (3) 
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Hence passing to the limit as At 0, we obtain as the 
equation of the tangent at t 


Uy Ve U3 

fil) fo) f(t) 
dfraivars Vieiiare| =O (4) 
dt di at 


And the parametric line equations are from (4) 
ui = coefficient of 2;. (5) 


The second method leads to still simpler formulas for the 
line equations and is therefore perferable in the general case. 
We now replace ¢ by a homogeneous parameter t/t, and 
write the equations of the curve 


Ls = filth, te) = gt + Dt Me + . 2 2 + rite, 
Deel Deen (6) 


Then the pencil of lines 2 + kx; = 0 will cut the curve 
in points whose parameters belong to the involution 


fo + kfs = 0. (7) 


It is geometrically obvious that a 
line of the pencil which is tangent 
to the curve will cut out a set of 
the involution containing a double 
point. Now the double points of 
the involution, 7. e., the contacts 
of tangents from the vertex wu; are 
given by the Jacobian J23 of fe 
and fs; (§102, 3°). But the para- 
meters J of the contacts are the 
same as the parameters of the 
tangent lines themselves (footnote, 
$126) so that J = 0 gives the para- 
meters of the lines of the curve which are on the vertex 
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uz of the triangle of reference. It follows that the line 
equations are 

UW = J 93, U2 = J31, U3 = J 19. (8) 
Or if we write the determinant equation 


U1 Ve v3 


of: afe afs 
Of, Ofe Ofs 
Ot, dt, Ake 


it is plain that the wu; of the line equations are the cofactors 
of x; in the determinant while (9) is at once the map equa- 
tion of the curve in lines and_ the equation of the tangent at 
the point t, te. 

Example. In applying the method it is not necessary to 
make the equations actually homogeneous in the parameter. 
At any rate we need not change t, for in passing to the homo- 
geneous forms we would set t = ¢, and then to get back to 
the non-homogeneous forms set f; = t. Thus we may write 
for the second row of (9) df:/dt. Then to get the third 
row we may imagine the proper power of ¢, inserted to 
bring every term in the f’s to the nth degree, form the par- 
tial derivative as to t2 and then substitute t2 = 1. 

To illustrate let us calculate the line equations of 


ty =; C= fe ob te 
We have 

dx, x dx» GO dx 3 Sa 

an Wa i oat 


ee an (< 3 ) BME 
(i (ls i, = ale 3t Oto (te) it Thee ae 


he H+ (b4),, Spall 
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where we have written in parentheses the power of tz to be 
supplied mentally. 
Hence the map equation in lines is 


V1 Xe v3 
1 3é 4) =0 
ees hae! 
or 
(Ee ee St?) 21 + qd = 3t4) a2 + 2t x3 — 0, 


and the parametric line equations are 
Uieeant a ot, Ue = —3dt* + I, Us = 21°. 


129. Geometry on a rational curve.—It appears from 
the foregoing that the point is playing a double réle in the 
theory of the conic (or any rational curve) according as it is 
considered an element (x1, 22, x3) in the ternary or an ele- 
ment ¢t in the binary domain. And it is essential that the 
distinction between the two be clearly recognized. We 
might maintain the distinction by speaking of a ‘point of 
the plane” or a “‘point with the ternary coérdinates 21, Xo, 
x3’ on the one hand and a “ point of the conic” or a ‘point 
with the parameter ?’’ on the other. Perhaps however we 
can, without danger of confusion, refer to the one simply as 
“the point x” and the other as ‘“‘the point ¢.”’ Dually the 
“Tine wv” or the ‘‘line ¢”’ will have a similar significance. 

Since an equation f(t) = 0 of order n determines n values 
oft we may say that the binary form f represents n points t on the 
conic. And the invariant properties of f can be translated 
into a projective geometry on the conic which is an exact 
analogue of the geometry on a line as presented in Chapters 
V, VII, [X. In the same way we get a geometry on any 
rational curve whether in the plane or a space of higher 
dimensions. We have thus a remarkable occurrence of an 
infinite number of geometries with a common algebra, namely 
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the invariant algebra of binary forms. Or to put it differ- 
ently, the single abstract theory of invariant algebra has 
an infinite variety of concrete geometric representations. ! 
The whole of these (with the duals) constitute the binary 
domain. 

We shall now sketch the elements of the geometry on a 
conic, using the language of binary forms to characterize 
the geometric properties. Thus by four harmonic points ¢ 
we mean four points whose parameters satisfy the equation 
(tyto| t3ts) = —1. And by four self-apolar points we mean 
points whose parameters are roots of a self-apolar quartic. 
Similarly any projective property of a set of points ¢ will 
be a property corresponding to some invariant relation on 
the parameter. 

130. Quadratic involutions on the conic.—It is evident 
that there must be a (1, 1) correspondence between lines in the 
plane and binary quadratics. For a quadratic represents 
two points on a conic which in turn determine a line, and 
reciprocally. If the conic be in the canonical form 

=P oy = Oh ye Sea (1) 
and 
U1%1 + ee + Uzaz = O (2) 
is the equation of any line, then the corresponding quadratic 
is 


‘ust? + 2uet + us = 0, (3) 
for (3) gives the points in which the line cuts the conic. 

If the roots of (8) are t and ft, we have ¢t; + & = 
—2us/u; and tite = us/u1. Substituting these values of the 
u’s in (2) we get the equation of the line corresponding 
to the quadratic in the form 


224 = (t, -f- te) Xe + 2titexs = (0): (4) 
1JTn fact there are infinitely many geometries in the plane alone, one 
for the rational curve of each order 1, 2, . . . 7. Similarly there is an 


infinite number in space and also an infinite number in S4 and so on. 
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Equation (4) which is the condition that the points ty, te 
of the conic be collinear with the point x of the plane is 
subject to a double interpretation. For given t,, te it is 
the equation of their junction (§126). Equally for constant 
x and variable ¢ it defines the relation existing between pairs 
of variable points on the 
conic when the junctions 
of the pairs are on a fixed 
point 2 of the plane. But 
on the face of it equation 
(4) represents a quadratic 
involution of which ¢, and 
tg are conjugate points. 
That is 

The lines of a pencil on 
any point x in the plane cut a conic in pairs of points t,, te 
which belong to a quadratic involution.! 

Many properties of the involution are now geometrically 
apparent. Thus we see that the involution has two 
double points for the double points are plainly cut out by 
the tangent lines of the pencil, 7. e., they le on the polar 
line of zx. We have thus through the polar system a 
(1, 1) correspondence between points of the plane and quad- 
ratics, viz., to the point x corresponds the quadratic giving 
the double points of the involution determined by z. 

We can use this correspondence to find the polar line of a 
point a. The quadratic corresponding to a is from (4) 


ast? a ot -- a = 0. 


1 This theorem can be deduced from the correspondence between lines 
and quadratics. For to a pencil of lines corresponds a pencil, 7. ¢., an 
involution of quadratics. 

It can also be derived geometrically. For any point f: of the conic 
determines with a fixed point x of the plane a line which cuts the conic 
in a second point fz. But the line xt, cuts again in the point ‘1, hence the 
relation between ft: and f2 is involutory. 
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And by (2) and (8) the line corresponding to this quadratic, 
7. e., the polar line of a is 


2a3%1 — Aovs + 2a1%3 == (0), 


Again the involution is determined by two pairs of 
conjugate points, the two double points, or one double 
point and one conjugate pair. For in either case we have 
two lines of the pencil which of course determine the pencil 
and the associated involution, 

Further the involution will be elliptic, parabolic, or 
hyperbolic according as the point 2 is inside, on or outside 
the conic. When z is on the conic it is an element in every 
pair, the involution is singular and the double points 
coincide at x. We are thus led geometrically to the theo- 
rem: The common point of two quadratics is a repeated 
point of their Jacobian. Or the resultant of two quad- 
ratics is the discriminant of their Jacobian. (§102, 2° 
and Cor.) 

131. The geometric interpretation of a system of quad- 
ratics on the conic consists chiefly in tracing the correspond- 
ence between the quadratics 
and their associated system of 
lines. We shall use for the 
quadratics the notation of §113 
(except that the variable is 
understood to be ¢ instead of 
x) while the line corresponding 
to the quadratic f; will be de- 
noted by l;, that corresponding 
to Ji2 by li, ete. 

If two quadratics fi, f, are apolar each represents a pair 
of points in the involution of which the other represents the 
double points. Hence the line l; passes through the pole 
of the line I, and vice versa. In other words 
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Apolar quadratics are cut out by a pair of conjugate polar 
lines (§74). 

We shall now indicate in parallel columns the interpreta- 
tion of the system of quadratics in terms of their correspond- 
ing lines, an interpretation which the student will readily 
verify. This table exhibits an interesting connection 
between the binary system of quadratics and the ternary 
system of the conic and lines in the plane. A noteworthy 
feature revealed by the correspondence is that invariant 
relations in the binary system imply projective relations in the 


ternary as well as in the binary system. 


Binary System 

(a) Quadratic f. 

() St, Di 0 cis 3 
square. 

(c) Tf Dy. = 0, fi and fo 
are apolar. 

(d) If Rye = 0, fi and fe 
have a common factor. 

(e) If I1e3 = 0, fi, fe, fs are 
in an involution. 

(f) Jie represents the 
double points of the involu- 
tion determined by fi, fe. 

(g) Jos, J3i, Jie are the 
double points of the involu- 
tions determined by the 
quadratics in pairs. 

(h) If Do a 0, Ds =< 0, 
Di. = 0, fi, fo, fa, are mutu- 
ally apolar, 2. e., each repre- 
sents the double points of 
the involution determined 
oy the other two. 


Ternary System 
Line 1. 
l, is tangent to the conic. 


l, and Jl, are conjugate 
polar lines. 

l, and l, 
conic. 

li, lo, 3 meet in a point. 


meet on the 


lis is the polar line of the 
point of intersection of l, 
ls. 

los, ls1, lie, form the polar 
triangle of 11, le, ds. 


l;,, ls, ls form a self-polar 
triangle. 
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As an application of this correspondence we shall prove 
that a triangle and its polar triangle are perspective ($74, 
Ex. 12, or §127, Ex. 14). According to the notation of the 
present section the sides 
of the two triangles may 
be designated (by (g)) hy, 
ls, ls and los, lsi, lio. Denot- 
ing the opposite vertices of 
the two triangles by A, B, 
C and A’, B’, C’ respec- 
tively, we are to prove 

: ABC 
the triangles (ey ro) 
perspective. 

Since Jo3,1 1s apolar to 
el og and ike the line lo3,1 will 
pass through the poles (A, A’) of lo3 and hh, 7. e., le3,1 = AA’. 


Likewise BB’ will be ls1,2 and CC’ will be lie,3. 
Now (§115, Ex. 16 (6)) 


J 12,3 = Daife = Dosf 
J 31,2 a Dosfi i Dyofs 
J 9351 ay Dyofs == Dsife 


whence, adding 
J 19,3 + Jaiyo + J 9351 =Q, 


Thus the three quadratics, being linearly dependent, belong 
to an involution and consequently their corresponding 
lines AA’, BB’ and CC’ belong to a pencil. Q; B.D. 

The geometric results of this section have been obtained 
as a translation of the theory of quadratics. We might 
with equal effectiveness reverse the procedure as in §130 
and use our knowledge of the geometry of the conic to 
derive invariant properties of quadratics. For example 
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since the relation between polar triangles is mutual ($74, 
Ex. 11), it follows from (g) that l, ls, ls is the polar triangle 
of 23, Is1, he. Translated into algebra this says that if we 
form the Jacobians of J 23, J31, Ji2 in pairs we shall recover 
the original quadratics f; as can be verified by Ex. 16(c) 
§115.! 

Neither process (translating the algebra into geometry 
or translating the geometry into algebra) should be neg- 
lected but each should be used as supplementary to the 
other. For here as elsewhere a property overlooked in the 
one theory will frequently be suggested by the other. Thus 
from the first equation above we learn that since Jy2,3 is 
expressible as a linear combination of f; and fo, li2,3; belongs 
to the pencil determined by jandl. But it is geometrically 
obvious (see figure) that it is also a member of the pencil 
determined by le; and lz. Hence we deduce the algebraic 
theorem unnoticed before that J12,; can be expressed as a 
linear function of Jo; and J31. 

132. The system of quadratics in the parametric 
equations.—The intimate contact between the algebra of 
quadratics and the geometry of the conic would be antici- 
pated from the very existence of the parametric equations. 
And in virtue of this parametric representation the conic 
becomes tie peculiar instrument for the geometric inter- 
pretation of a system of three quadratics. Thus when the 
three quadratics are taken as the ternary codrdinates of 
a point of the conic, their three Jacobians in pairs represent 
the ternary codrdinates of the tangent at the point. 

If the quadratics are mutually apolar they satisfy an 
identical quadratic relation (§115, Ex. 8) 


kif? PE kofe? ap keafs? z=) (1) 


1 This also follows from the fact that the parametric point equations 
can be recovered from the parametric line equations by the Jacobian 
process, 
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whence substituting the 2’s we obtain the equation of the 
conic in the form 


ki a kote? + ke3a32 = (0), (2) 


Therefore the equation of a conic referred to a self-polar 
triangle reduces to a sum of three squares. 

In §123 we stipulated that the three quadratics should 
be linearly independent. What happens if this condition 
is violated? If the quadratics are not linearly independent, 
7. é., if Iy23 = 0 so that the quadratics belong to an involu- 
tion, the z’s cannot be linearly independent and the point 
x is therefore confined to a line. The conic is in fact a line 
repeated. 

In particular if the quadratics contain a common factor 
they are not linearly independent! (§89, Ex. 12). If the 
common factor is t — t,, the equations of the conic take the 
form 

x; = (t— ti)(at + B), (PA (3) : 

If t = 4, the point z is arbitrary. Otherwise, dividing out 

the common factor since only the ratios of the a’s are signi- 

ficant, the conic degenerates to a line whose parametric 
equations are 

tr; = ag + B;. (4) 

Or the conic may be regarded as line (4) and an arbitrary 

line of the pencil on the point (of (4)) whose parameter is {,. 


EXERCISES 


1. Derive the parametric line equations of the conic (1) §123. 
2. Write the parametric line equations of the following curves: 


(a) tv = iD v2 = i v3 = il, 
(b) v1 = 38, x. = 3t, 2; = + 1, 
(c) GN aie Mais Si ae Uh ky 1 


1For the common factor may be taken ast = 0, whence, = cy =c3 = 0 
and I123 unmistakeably vanishes, 
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(@) v1 = + 50,2. = 5 +1, 23 = +4, 
(e) ot b + 3t, Lo = 386 — Vy. 23 = — 5é8. 
What is the class of each curve? 

3. Find by inspection or by Richmond’s method the ternary equa- 
tions of the curves of Ex. 2. Ans. (c)(a13 + 23%)a3 — 2122223 = 0. 

4. Show that the conic 7, = 3, x, = 3f, x3 = 2t, and the cubic (b) 
Ex. 2 have three contacts. (Substitute the values of the x's from the 
cubic in the ternary point equation of the conic.) Find the para- 
meters (on the cubic) of the common lines of the two curves. 

5. Show that the curve of Ex. 3 and a = 2t3 +1, w. = t + 2t, 
x3; = t have eight contacts. 

6. Show that a rational curve whose point coérdinates are defined 
by binary n-ics is of order m and that the class of the curve is in 
general 2n — 2. 

7. A curve which is rational in points is also rational in lines. 
(The partial derivatives in (9) §128 are all rational functions.) 

8. The general rational (plane) curve of order n contains 3n — 1 
essential constants, vtz., for each binary form in the parametric equa- 
tions diminished by one because of the relation implied by the ternary 
equation. Thus the general rational curve falls short of the general 
plane curve by 4(n — 1)(n — 2) constants. In other words it is 
4(n — 1)(n — 2) conditions on the general plane curve to be 
rational. The conditions are in fact, that is possess precisely this 
number (the maximum number) of double points or their equivalent 
in multiple points. 

9. The ternary equation of any rational curve can be found by 
dialytic elimination as a 3n-row determinant. (Multiply the equa- 
(HOME) ee inUIAN lois Ue 6 6 a tem s)) 

10. Identify the formula ((4) §128) for finding the tangent line 
with the usual calculus form of the equation: y — y’ = dy’/dx’ 
(c« — x’). (Write x for 2/3 and y for r2/x3.) 

11. Every coefficient in the ternary point and line equations ((6) 
§123 and (1) §127) is an invariant of the three quadratics. 

12. Interpret geometrically as in §131 the following invariant 
relations in the system of quadratics: 

(a) Dy»,3 = 1123 = 
(b) Dyj2,34 = 1123) 4 =0 
(c) J 12,34 = folisa a filoss = fal sx2 = fal ios. 

13. Deduce the fundamental theorem of poles and polars (/’, §74) 

from the geometry of apolar quadratics on the conic. 
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14, In §131 we remarked that Ji2,; could be expressed as a linear 
function of Jo3 and Jz. Find this expression. 


Ans. W—Ds3/2 Jix3 = Dsid23 + Dosd 1. 


15. From the map equation of the conic in lines 21J23 + oJ 31 
+ 23Ji2 = 0, obtain the identity Sid o3 ae fod s1 + fed 12 =0Q. Orfrom 
the identity obtain the map equation. 

16. Find the quadratic corresponding to the axis of perspection of 
the triangles in §131. (This quadratic gives the double points of the 


isn J 31 Jie 
involution.) Ans. Dos zi Dx a Diz Oe 


17. Show that the quadratic of Ex. 16 can be written in the form 


i fo fs 0 
y 
be3 O31 = O12 


where 6;; is the cofactor of D;; in the determinant of D’s in Ex. 14, 
§115. a 

18. If the conic is in the canonical form (§124) find the involution 
cut out by lines on the vertex uw. (Denote corresponding points in 
the involution by ¢ and ¢’.) Find the center of the pencil of lines 
which cut out the involution (a) containing the pairs 1, ¢’/: and tp, t’s, 
(b) of which at? + 2b;t + c¢;,7 = 1, 2, represent conjugate points, (c) 
whose double points are given by at? + 2bt +c = 0, (d) with double 
points +1. 

19. Prove Pascal’s theorem, using the parametric representation 
of the conic. 

20. Verify the statement (§132) that when the three quadratics in 
the equation of a conic belong to an involution the point equation 
((1), $127) is the square of alme. (If the relation among the quad- 
ratics is v3 = kixi + kee, the conic is (kia, + kore — 23)? = 0.) 

21. If the binary forms of order n in the parametric equations of a 
rational curve have a common factor (tf — t,)”, the curve reduces to 
a rational curve of order n — m. 

22. The quartic curve in the example of §128 is of class 6. This 
class sextic should be of order 10 (x. 6, dual). It must, how- 
ever represent the original quartic. How do you explain the para- 
dox? (Calculate the parametric point equations from the line 
equations and apply Ex. 21.) Discuss the general case for the rational 
curve of order n. What conclusion can you draw concerning the 
three Jaccbians in pairs of the Jacobians in pairs of three binary 
forms of order n? 
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133. The binary cubic on the conic.—The conic also 
affords an excellent geometric interpretation for the covari- 
ants of a binary cubic. The cubic itself will represent three 
points say 1, te, tj and the cubicovariant three corresponding 
points t;’, t,’, t;’ such that ¢;, t;/ are pairs in a quadratic 
involution whose double points are given by the Hessian 
($115). These three pairs of conjugate elements will lie on 
lines of a pencil the polar of whose center cuts out the 
points H. In other words 


The cubic and the cubic covariant points are vertices of the 
ty to ts 


ti! te! .) whose axis cuts the conic in the 


perspective triangles ( 


Hessian povnts. 

Given the cubic points ¢, to construct the cubicovariant 
points ¢’ we recall that 4, t;’ are harmonic conjugates of 
to, ts. Hence the line joining f; to the pole of tots cuts the 
conic again in the point t;’.. But the poles of the sides 
iit; are simply the vertices of the circumscribed triangle 
touching at the points t. The theory of the binary cubic 
thus furnishes incidentally another proof that three points 
on a conic and the tangents at the points are triangles in 
perspective position. 

17 
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The syzygetic pencil of a cubic and its cubicovariant will 
represent a singly infinite system of triangles inscribed in 
the conic. Since every cubic in the pencil has the same 
Hessian, every triangle of the system is perspective from the 
same axis with the triangle touching at its vertices. 

134. The geometry of the binary quartic on a conic is a 
geometry of quadrangles. First of all 

The quartic represents the vertices of an inscribed quadrangle 
whose diagonal triangle cuts out the six points given by the 
sextic covariant. 


For to the three pairs of opposite sides of the quadrangle 
correspond three pairs of quadratics which determine the 
three quadratic. involutions associated with the binary 
quartic. The double points of these involutions which are 
the quadratic factors of the sextic covariant are cut out by 
the polars of the diagonal points (intersections of pairs of 
opposite sides). But the diagonal triangle is self-polar so 
that its sides correspond to the quadratic factors of J. 
Q. E. D. , 

Again the Hessian represents four points with the same 
diagonal triangle as the quadrangle f. Indeed every 
member of the syzygetic pencil f + AH represents a quad- 
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rangle with the same diagonal triangle as f. For every 
member of the syzygetic pencil has the same sextic covari- 
ant ($120). Or we may say 

Any self-polar triangle represented by the sextic J is diagonal 
triangle to a single infinity of inscribed quadrangles, namely 
the quadrangles represented by the syzygetic pencil f + dH, 
where f is any quartic apolar to J. 

Correspondence between conics and binary quartics on the 
fundamental conic. Take the fundamental (fixed) conic as 


1K8 v1 = Zs v2 = PAG r%3 = 1 (1) 
and the general conic in the form 
ax? + bao” + cas? + 2fxors + 2gxsa1 + Zhxeire = 0. (2) 


Then substituting the values of the x’s from (1) in (2) we 
have as the equation giving the parameters of the points of 
intersection of the two conics 


at* + 4ht® + (2g + 4b) + 4ft +c =0. (3) 


Now setting b = g = k in (2) and (8) we obtain the conic 
and corresponding binary quartic 


U: ax? + 2hayre + k(Qx3x1 + 22”) 
+ 2faxex; + cts? = 0 (A) 


f: at* + 4h + 6k? + 4ft 4+ ¢, (5) 


i. e., the binary quartic f corresponds to the conic U which 
cuts K in the four points represented by f. 

While f is a general binary quartic, the corresponding 
conic U is subject to one condition. If in the ternary line 
form U2 — usu; of K we replace u; by 0/dx; and operate on 
(2) the result will be found to vanish if b = g which was just 
the condition that (2) reduce to U. Two conics related as 
U and K are said to be apolar. (See below, §141.) 
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The correspondence just established connects the theory 
of the binary quartic with that of a pair of apolar conics. 
Any invariant specialization of f implies at once a projective 
property of f and a projective relation between the two 
conics. Thus if the discriminant of f vanishes, two points 
of f coincide and U and K have contact. If /; = 0, f 
factors into a pair of apolar quadratics and U breaks up 
into a pair of lines conjugate with respect to K. 

The Hessian of the quartic represents on K the four contacts 
of common lines of U and K. 

To prove this we resort to the canonical form of f 


t4 -- 6k? 1 (6) 
which corresponds to the conic 
x12 + kao? + a3? + 2hazx, = 0. (7) 
The line equation of (7) is (§15, Ex. 5) 
kus? + (1 — k?)uo? + kus? — 2k?uzgus = 0. (8) 


Combining (8) with the line equations of K 
ui — Ns U2 = =i ta ie (9) 


we find for the quartic giving the (contacts of the) common 
lines of (8) and (9) 


kt4 + (1 — 3k2)2 + k, (10) 


which is the canonical form of the Hessian. Qy i. Ds 
There is of course a conic U’ corresponding to the 
Hessian. The pencil of conics U + \U’ = 0 cut K in the 
system of quadrangles represented by f + \H. 
‘This is the conic F of Salmon, Conic Sections, §§334, 378. It is the 
locus of points from which the tangents to the two conics form a harmonic 
pencil, and passes through the eight contacts of common lines of U and K. 


Por an excellent account of the complete system of invariant forms 
associated with two conics consult Salmon, Chap. XVIII. 
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EXERCISES 


These exercises refer to the geometry on a conic where the point is 
to be interpreted as an element in the binary domain and the conic 
is in canonical form. 

1. Show geometrically that if a binary cubic have a double point 
the Hessian has the same double point and the cubicovariant has it 
for a triple point. 

2. If ti, t2, ¢3 are three points on a conic find the ternary codrdinates 
of the pole of the line corresponding to the Hessian. (The cubic 
giving the three points is #3 — s,f2 + sot — s3.) 

3. Verify the following construction for the polar of a point t on a 
conic with respect to three points a1, bi, c: on the conic: Cireumscribe 
a triangle to touch at ai, b:, c: and denote the vertices opposite these 
points by Ai, Bi, Ci. Draw tAi, tB,, tCi, cutting the conic respec- 
tively in points a2, be, cz. Then the three pairs of points like a1, a2 
and b;, c; determine three quadratic involutions. Prove that the 
double points of these three involutions are themselves pairs in an 
involution whose double points are the polar pair of t with respect to 
adi, bi, cx. (Lt will suffice to prove the construction for the points 
OL Wea) 

4. Tind the three quadratic involutions determined by the four 
points ¢, —t, 1/t, —1/t and describe the effect of each on the set of 
points. 

5. Given the points 0, 1, © on a conic and one point ¢ of a binary 
quartic (in canonical form) construct geometrically the remaining 
points of the quartic. 

6. Show geometrically that if a binary quartic have a double 
point the sextic covariant has the point as a quintuple point. What 
becomes of the three involutions and their double points? 

7. Show that there can be no more than ©! inscribed quadrangles 
with the same self-polar triangle. (There are only two linearly inde- 
pendent quartics apolar to a sextic.) 

8. When the binary quartic on a conic is taken in canonical form, 
find the conic corresponding to (a) the Hessian, (b) the Steinerian, (c) 
the Hessian of the Hessian of f, (d) the quartic which vanishes when 
f=H. 

9. What is the condition that the two conics U and K ($134) 
should osculate, 7. e., meet in three consecutive points? that they meet 
in four consecutive points? 

10. Show that the J, of a binary quartic f may be found by sub- 
stituting differential symbols in the line equation of the conic cor- 
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responding to f and operating on the point equation of K. (This is 
the invariant 0’ of the two conics. See Salmon, J. c.) 

11. Show geometrically that a double point of a binary quartic is 
a double point of the Hessian. 

12. Discuss the geometry of the system of quadratics, the binary 
cubic and the binary quartic on a conic (§§131, 133, 184) when the 
fundamental forms represent lines and not points of the conic. 

13. Show that the cubic curve azx,3 + bx? + cx? + 8dajy2x_. + 
Beare? + 8fxi2x3 + B8gxix3? + Bha22xs + 3ixers? + O7xiTerz, = O will 
correspond to the binary sextic at® + 6dt® + 15ft* + 20b18 + 15gd? + 
6it +c, if f =e, b =j, g =h which are the conditions that K be 
apolar to the cubic (see below, §141). Thence find the corre- 
spondence between the cubic curve and the square of the binary 
cubic at? + 36t2 + 3yt + 6. Show that the cubic curve which cor- 
responds to the binary cubic has contacts with K at points given by 
the binary cubic. 


= 


Part II. Tur Conte as A Ternary Form 


135. We shall write the ternary quadratic, 7. e., the 
general conic in the standard form! 


f(a, v2, 3) = A101” + Ag2%o” + 33%3" + ZdosXors 
+ 231%3%1 + 2a12%1%2 = O (1) 


where the a’s are projective codrdinates and where aj, = yi. 

The first fundamental problem is to determine the points 
in which an arbitrary line meets the conic. If (yi, yo, ys) 
and (21, 22, 23) are any two points on the line the para- 
metric equations of the line are (§55) 


My =at+ yi 
Lo = Zot + Y2 (2) 
X3 = 23 + ys. 


1 The subscript notation indicates at a glance the term to which each 
coefficient belongs. An alternative form of the equation easier to write 
is 

az? + by? + cz2+ 2fyz + 2gzr + 2hay = 0. 
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Replacing the x’s in (1) by their values from (2) we have 
by Taylor’s theorem or direct substitution 
flat + yr, eet + ys, est + ys) = 
0 
feet (y 2) f@t+ity) =0, (3) 


where 


d\_ a a a 
(v =) a ° Ya, oF Y350,, (4) 


Considered as an equation in ¢, (3) is a quadratic which 
gives the parameters (on the line) of the two points cut 
out by the conic. 

Polar Properties. Now the 
double ratio of four points on 
a line is equal to the double 
ratio of their parameters (§55). 
Hence denoting the roots of (3) 
by t1, t the double ratio of the 
points yv, z and the points y + 
tz, y + tz in which their junc- 
tion meets the conic is (0 0 Ié:te) 
= t/te. In particular if t, + é 
= 0 the four points are har- 
monic. The condition for this is from (3) 


(v =) e (ng. is 92, 1 vsg¢,)F@) =a (5) 


If y is held fast while z is allowed to vary then (5) is the 
equation of a line,—the locus of points harmonically sep- 
arated from y by the conic.!. In other words (5) 7s the 
equation of the polar line of y with respect to the conic. 

Equally for constant z and variable y, the harmonic 
relation being mutual, (5) is the polar of z as to the conic. 


1 That is, by the pairs of points in which zy cuts the conic. 
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It follows or it can be seen in various ways that the equation 
of the polar line is symmetrical in y and 2, 7. e., 


(y <) f@) = (2 5) fu 


We have thus a proof of the fundamental theorem: 
1°. If y lies on the polar of z, then z lies on the polar of y. 


‘ : . 0 
The condition that a point y lie on its own polar (- yl 


= 0is (y yt) = 0. But by Euler’s theorem for homo- 


geneous functions ($97) 


(y 5) = 2f(y). 


Hence 

2°. The locus of a point which les on its own polar with 
respect to a conic is the conic itself. 

If y is on the conic f(y) = 0 and one root t; of the quad- 


ratic (3) is zero. If in addition am f(y) =0, te = Oand 
oy 


the line yz is tangent to the conic. Therefore if y is on the 
conic its polar line is tangent to the curve and in virtue of 
2° the contact is at y. Or 

3°. The polar of a point on the conic is the tangent at the 
point. 

If the discriminant of the ¢-equation vanishes, 7. e., if 


4@ 1M) ~ {(@5,)s@| = 0 (6) 


the line zy is tangent to the curve. It follows that if y is 
fixed z can move only along a tangent from y to the 
conic. Hence (6) which represents a locus (of 2) of the second 
order is the ternary equation of the pair of tangents from y. 
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136. Line equation of the conic.—At full length the polar 
of y with respect to the conic f(a, r2, 23) = 0 may be 
written, with x instead of z as the variable codrdinate, 


) 
(x5) sw) = (duryi + Arye + ass) x1 


a5 (Gory + A22Y2 + Ae3Y3) C2 
Ss (As1Y1 + A32Y2 + A33Ys) Xs = 0. (1) 


Whence the codrdinates of the polar line of y are 


our = Q11Y1 = Q12Y2 + A13Y3 
TU2 = AaY1 + G22 + AesY3 (2) 
ou; = A3siYi + A32Y2 an A33Y3- 
If the determinant 
lau Qi2 A113 
A =|d21 Q22 G23! ¥0 
Q31 G32 33 


we may solve equations (2) for y thus 


Lie Ari + Asie + Asius 
(aX Ajo + Arts =f As2Us3 Ax = Axi (3) 
(axes = Aisu1 + Aoste + A33Us 


where Ax is the cofactor of ay, in A. Equations (3) give the 
codrdinates y of the pole of the line wu. 

Now the locus of a line which passes through its own 
pole is the conic itself in lines (§135, 2°, dual). Hence to 
find the line equation we merely ask that a line and its polar 
point be incident. Let the equation of the line u be 


(ux) = U1t1 + U2te + Uzts3 = 0. (4) 


Then substituting from (3) the co6érdinates of its polar point 
y we have for the condition that the line pass through its 
pole, 7. e., the line equation of the curve 


(uy) = Aru? + Arete? + Agzus? + 2A ostes 4 2ZAzi ust 
+ 2A 12UyUle = (Q). (5) 
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Or again the coérdinates of the polar line of y are the 
expressions in (2) and the condition that y lie on its own 
polar (4) is 

U1Y1 + U2Y2 + UsY3 = 0. (6) 


Thence eliminating y1, y2, y3 and o from equations (2) and 
(6) we obtain the line equation in the form of the sym- 
metrical bordered determinant: 


Qi1 Gig Aig Ut 
G21 G22 G23 Ue 


= 0. (7) 


EXERCISES 


In these exercises the notation is the same as that of §§135-6 unless 
otherwise stated. 

1. Write in full the equation of the polar line of (yi, y2, ys) with 
respect to the conic f. Thus to find the polar line of y (or the tangent 
at y) replace x;? by xy; and 2a;x, by xiyx + xeyi. The equation of 
f is then said to be polarized once with respect to y. 

2. Find the equation of the polar line of (or tangent at) (a1, y1) 
for the following conics. (Write the equations in homogeneous Car- 
tesian coordinates.) 


(a) x? /a? 2 yj?/b? = 1 

(6) 4? = 4ax 

(c) zy =k 

(@) (1 — a? + y? — 2px + p* = 0. 


3. If y = x in the equation of the polar line of y, the equation 
reduces to f itself. What is the significance? 

4, Find the polars of the vertices of the triangle of reference with 
respect to the conic f. Show that this polar triangle is perspective 
with the reference triangle. Find the center and axis of perspection 
and show that they are pole and polar. Dualize. 

5. Find the equations of the three pairs of tangents to f from the 
vertices of the reference triangle by each of the two methods: (a) 
Apply formula (6) §135; (b) write the line equation of f, set u; = 0 
and change from line to point coérdinates by the substitution (§47) 
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U;/Ur = t./—2x;. Ans. Three equations like A33022°— 2Aogtor, + 
Agows? = 

6. From Ex. 5, the condition that the three pairs of lines air? + 
divers + crs? = 0, devs? + bowsrr + Corti? = 0, agai? + b3xx_ + core? 
= 0 touch a conic is aia2a3 = C23. 

7. The polars of a point with respect to the conics of a pencil 
fi + kf = 0 are lines of a pencil. 

8. If a point move on a line its polar lines with respect to two 
conics intersect in pairs in the points of a conic (Ex. 9, §74). 
Find the equation of this conic. (Let the conics be fi; = aia? + 

. and fo = bux? + . . . and let (y1, yo, ys) and (21, 22, 23) be 
any two points. Then y; + dz will be codrdinates of a variable 
point on the line yz. The polars of this point with respect to each 
conic will be a pencil. Make the pencils projective and eliminate \ 
(§63).) 

9. Show that the polar of the center of a conic is the line at infinity. 

10. Find the coédrdinates of the center (pole of £) of the conic 


ax? + 2hary + by? + 2fy + 2gx +c = 0. 


11. Find the asymptotes (as a line pair) of the conic in Ex. 10. 
(The asymptotes are tangents from the center.) 
12. Find the coérdinates of the center and the equations of the 
asymptotes of the conics 
32? — 6ry + 6x + 12y — 26 
32? + Tay + 4y? — 22 — 3y — 6 
60x? + 132ry + 72y? + 22 + 3y — 10 


13. Find the equation of the pair of tangents to y? = 4axz from a 
point on the directrix and show that they are perpendicular. 

14. Expand the determinant (7) (§136) and identify this form of the 
line equation with (5). State a rule for forming the coefficient of 
uju, by striking out rows and columns of the determinant (¢ may 
be equal to k.) 

15. Write the line equations of the conics in Exs. 2 and 10. 

16. Dualize §136 and obtain formulas for deriving the point equa- 
tion of a conic from the line equation. 

17. Write the point equation of (5) §136 and show that it is the 
original conic. (Make use of Ex. 1, $62.) 

18. Write in full the equation and the codrdinates of the pole of 
the line (v1, v2, v3) with respect to the line conic 


ll 


ll 
ooo 


gp = AU? + Aagtle? + asstls? + Zaoywevs + Zasusti + 2aitiue = 0. 
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19. The three pairs of lines from the vertices of the triangle of 
reference to the points in which the opposite sides cut a conic touch 
a second conic. Find the equation of this conic. 

Solution. Setting x, = 0, rv. = 0, x; = 0 in turn we obtain as the 
equations of the three pairs of lines in question (§29) 


Gg2€2” + Wo3To%3 + A33%3? = 
33037 + 24310301 + 4121? = 0 (1) 
Qi? + Qar2a1Le + Ao2a%? = O 


which touch a conic in virtue of Ex. 6. The equation of the conic 
is best obtained as a line conic. Thus transforming (1) to line coér- 
dinates (§47) we have, setting 2;/a, = Ue/—U; 


Ag2U3? — 2do3Ugtts + Aggo? = O 
A33U12 — 2A3ziUsttr + ay1U3? = (¢) (2) 
AyyU2? — ZayoiUe + Az? = 0. 


Now multiplying equations (2) respectively by @i1, G22, @ss it is clear 
from the symmetry that the required conic is Gys@33tt12 + @33Qiie2 + 
Gy1Ao2W3” — 2A 1A23Wgl3 — Zo2AgiUgli — 233121, = 0. For on set- 
ting wW1, W.2, Ws; respectively equal to zero equations (2) are recovered. 
Dualize the statement and proof of this theorem. 

20. What do equations (2), Ex. 19, in themselves represent? 

21. Show that the following sets of line pairs touch conics and find 
their equations 


3302? + Woozle, + Gots? = Lo” + 2arex3 + wre? = 
(a) ai1%32 + 2Qaayv2a1 + a33t12 = O (6) wxs? + Qbxza, + wx)? = 
og" -+- 212%122 + 1105” = {) 0)? + 2cx 122 + Lo? — 


22. Dualize §135 and interpret geometrically the dual equations 
considered. 
23. Find the condition that the pair of lines 


AX, + bite + ars; = 0 and Ag, + bore + Col3 = 0 . 


be conjugate with respect to the conic f. Find the condition for the 
lines x12. = 0. 
24. Vind the conditions that the three lines 


a:%1 + bite + Gt; = 0, 43 1,2,3 


form a triangle self-polar to f. 
25. By adding another variable extend the theory of §135-6 to the 
quaternary form of the second order F(x, xo, #3, x4) = Taynvja, = 
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anti? ++ G22” =i A333" + haat 4? + 219X122 + 20130123 + 2014014 + 
Qdeatets + WowWee, + Wasaesa4, Gir = ei. F =O then represents a 
quadric surface or quadric. The discussion should include all for- 
mulas, definitions and theorems. In particular show that 


1°. An arbitrary line cuts the quadrie in two points. 

2°. The locus of points harmonically separated from a 
point y by the quadric is a plane (locus of first order), 
the polar plane of y. 

3°. If y lies on the polar plane of z, then z lies on the polar 
plane of y. 

4°. The locus of a point which lies on its own polar plane 
with respect to a quadric is the quadric itself. 

5°. The polar plane of a point on the quadric is the tangent 
plane at the point. 


6°. The discriminant of the (new) tequation represents for 
variable z a quadric surface which is the locus of the 
tangent lines from y to F, 7. e., the tangent cone with 
vertex y. 


Dualize these theorems recalling that in S; a point and plane are 
dual elements and a line is self dual. Find the plane equation (condi- 
tion that a plane touch the quadric) by applying the dual of 4°. 

26. Generalize Ex. 25 for S4 and Sp. 


137. Discriminant of the conic.—Suppose now that y is 
a double point of the conic, 7. e., that the line yz cuts the 
curve in coincident points y regardless of the position of z.! 
This says, referring to the tequation, that f(y) = 0 and 
in addition 


6) 0 0 ) 
— +z,— + — y) = 
(2 Oy "Z OY2 as OYs fw) 


6) 0 fs) 

Ff = 0, of st 0, if i 0, (2) 
Oy OY2 OYs 

1 The conic must then degenerate into a pair of lines whose intersection 


is regarded as a double point. The conic is variously described as degen- 
erate, improper or composite, 


| 
° 


(1) 


or 
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Equations (2) are thus necessary conditions for a double 
point. They are likewise sufficient conditions. For if 
equations (2) are satisfied (1) is true for every 2. In par- 
ticular it is true for z = y or 


ul of 


sy, 7 PU) (3) 


é 
by Euler’s theorem pee Hence by (8) and (1) yis on the 
curve and both roots of the t-equation are zero. In other 
words the line yz for arbitrary z cuts the conic in coincident 
points at y. Q=HD. 

The conditions for a double point can however be com- 
bined into a single condition. Jor equations (2) when 
written in full are = 


heey teas (1 Ye atu 


0 
ase = Ar11y1 ie Ar12Y2 ae a13Y3 = 0 
0 
eo = daiYi + Aoxy2 + de3y3 = 0 (4) 
0 
Sab = 031Y1 aR A32Y2 or 43343 = 0. 
OYs 


If these equations are consistent we must have 


G11 Gin 1 
A = |Go1 Ase Ao3| = 0. 
Q31 G32 33 


Conversely if A = 0, equations (4) have a common system 
of values. Summarizing 

A necessary and sufficient condition that a conic have a 
double point, 2. e., that it break up into a pair of linesis A = 0. 

The determinant A is the discriminant of the conic. 

138. Conics with vanishing discriminant.—We shall now 
examine the effect on the foregoing theory when the conic 
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has a double point. The conditions are if y is the double 
point 


0 
= = duyi + Aye + A13y3 = 0 
Oy 
te) 
lee = deYi + Ge2Y2 + desy3 = 0 (1) 
0 
ell = AsiY1 + As2Y2 + A33y3 = O 
OYs 


or 
Q@i1 Gig 13 
Go1 Qe2 e3| = 0. 
31 G32 33 
To find the coérdinates of the double point we solve equa- 
tions (1) in pairs whence 
Y1i-Y2-Y3 = Ai: Ai2:Aiz = Azgy:Ae2:Ao3 = Agi: Ase: A33. (2) 


Combining these we find that the coédrdinates of the double 
point satisfy the following relations 


Ay1:A22:A33:A03: Agi: Ai. = Y1?2 Yo? 2 Ys": Yoyst ysyi12yiy2. (3) 


To find the line equation substitute the values of the A’s 
just found in equation (5) §136 obtaining 


Ur7yi? + Ue?y2? + Us?ys” + ZuoUsyoy3 + ZuseiYysyi 
+ Quywoyiye2 = (uryi + Usye2 + usy3)? = 0 (4) 

which is the square of the equation of the double point. 
Hence 

If a conic break up into a pair of (distinct) lines the line 
equation represents two coincident points, namely the twice 
counted intersection of the lines.* 

Dually if a line conic degenerate into a pair of points the 
point equation represents the junction of the point pair 
repeated. 


1 This can be seen geometrically for the conic as an envelope consists 
of all tangents to the point curve, and the only lines satisfying this con- 
dition of (improper) tangency are the lines on the double point. 
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If however a point conic become a repeated line, say 
(4121 + det + a3x3)? = 0, then every Aj, is zero and the 
line equation vanishes identically. Conversely if every 
Aw, is zero the point conic f becomes (4/ ay; 21 + 4/ dag t2 + 
4/33 ¢3)? = 0,—obviously a line repeated. Hence 

The necessary and sufficient condition that a point conic 
be a repeated line is that the minor of every element in its 
discriminant be zero or that the line equation vanish identically.' 

Polar Properties. Taking the extreme case first, if a 
conic is a double line (a,a1 + ao%_ + a3av3)? = 0 the polar 
of (yi, Y2; Ys) IS (a1y1 + Aye + asys)(A1%1 + 2X2 + Ast3) = 
0. Therefore 

1°. If a point conic is a line repeated the polar of any point 
not on the line vs the line ttself while the polar of a point on the 
line zs arbitrary. 

If a point conic consist of two distinct lines wu and v 
intersecting at y we have the following theorems: 

2°. The polar of every point in the plane except y passes 
through the double point. (Cf. §57, (2).) 

For the polar of a point zis, « the variable coédrdinate, 


Thence substituting y for x 


ON ee of Oitees 
(2 pa l= ai + 29 ays 4. Te. = 0 (for every z) by (1), 
which proves the theorem. 

3°. The polar of the double point itself is arbitrary. 

For the polar of y 


of F) a 
m1 =-+ 22 lies Re f = 0 by CL) 
dY1 OY2 dYs 
1This is also geometrically evident since any line in the plane cuts 
such a conic in two coincident points, 
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While every point but y has a unique polar, no line would 
seem to have a determinate pole since the codrdinates of 
the pole ($136, (8)) can no longer be found. But recalling 
that the conic in lines is y taken twice, we may say 

4°. The pole of any line not on y is y*(1°, dual). 

5°. The pole of a line Lon y is any point on the harmonic 
conjugate l’ of Las to u and v. 

For every point of lI’ satisfies the condition for a pole 
since if x is such a point every line on « cuts J in a point 
harmonically separated from x by wu and »v. 

139. We are now in a position to give a projective classi- 
fication of conics. We have first the proper conic both in 
points and lines depending on five essential constants. A 
point conic may degenerate into (a) two distinct lines when 
it possesses four constants,—two for each line; (b) a 
repeated line which contains but two constants. It is 
thus geometrically evident that the conditions for a 
repeated line, viz., Az, = 0 amount to only three independent 
conditions. 

Dually a line conic may degenerate into two distinct 
points with four independent constants or a twice counted 
point which has but two. 

There is however a third variety of degenerate conic 
which can be obtained by a limit process. In general the 
line conic derived from two distinct lines is their point of 
intersection counted twice, while a line conic arising from a 
repeated line is arbitrary. But if we think of two lines as 
approaching coincidence by rotating about their common 
point which remains fixed the line equation will no longer 
vanish identically but will represent a definite point (twice 
counted), namely the original point of intersection. Or 


1 We should obtain the same result from the fundamental theorem for 
the polars of any two points on the line pass through y which is therefore 
the pole of the line. 

18 
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we may imagine two points to approach coincidence in such 
a way that their junction remains a determinate line. We 
are thus led to a sort of hybrid conic made up of a line and 
a point which are incident. The line repeated is a point 
conic of which the point taken twice is the associated line 
conic and vice versa.! 

To find the equation of such a conic consisting say of a 
repeated line v and a repeated point y which are incident we 
start with the general point and line conic f and ¢ 


fi G11? + Ag2%o? + A33%37 + 2A23%2%3 
+ 2031%3%1 + 227122 = 0. 

ed: by? + bootle? + b33u3” + Qho3teus3 (1) 
-+- 2b31U3U1 +- 2b12U U2 == ((), 


and stipulate that f shall be*the square of the line v and ¢ 
the square of the point y. 
Then 
if => k (va. + Vote V3.3)” 
or 
112 gg: Ugg: G23 A312 G12 = V17 2027237: Ves 301 Ve. 


1 We encountered such a conic in Part I of this chapter (§132). We 
said there that when the quadratics in the parametric equations belong 
to an involution the conic reduces to a repeated line. But we were then 
speaking of the conic as a point locus. Weshould now say that such a conic 
degenerates to a point pair since it still contains four constants and the line 
equation does not vanish identically. In fact if the conic is written 

wm =a +a 
as is always possible when the quadratics belong to an involution, the line 
equation is 

(au) (cu) = 0 
which obviously represents a pair of points. 

Again when the quadratics have a common factor the equations may be 

written 
wi = ¢ —t:) (ait + 0:). 

The conic now depends on tnree constants (the three ratios ai/b: and 1 
diminished by one for the relation satisfied by the z’s) and is the type here 
considered. The Jine equation now is 

{(au)ti — (bu) }? + 4(au)ti (bu) = {(au)ti + (bu) }2 = 
which represents the square of a point, namely the point ft: on the line 
xi = ait +b: Two of the constants thus determine the line while the 
third f: fixes the point on the line. 
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Whence we obtain the relations 
41212:A13 = Me1:A22:d23 = A31:A321A33 = 01202703. (2) 
Similarly 
bir: bi2tbi3 = b21:b22:b23 = b31:b32:b33 = Yr: Yo:ys. (3) 
The conic then is represented by the two equations (1) 
which are restricted by the conditions (2), (3) and 
V1Y1 + VeYo + vsy3 = 0 (4) 
since y and v are incident. 


We have thus four essentially distinct varieties of conics 
which are listed in the following table: 


Point Conic. Line Conic. 
1°. Proper conic: f = 0, Proper conic: ¢ = 0, 
A. = 0. BA 0. 
2°. Line pair, A = 0, Point pair. B= 0, not 
not every Ay, =0. Asa every By = 0. Asa point 
line conic, a repeated point. conic a repeated line. 


3°. A double point and a double line in united position. 
Conditions (2), (3), (4) above. 


4°. Repeated line. Every Repeated point. Every 
Ax = 0. Line equation By, = 0. Point equation 
arbitrary. arbitrary. 
EXERCISES 


1. Expand the discriminant A of the general conic §137. 
2. Write the discriminant in determinant and expanded form of 
ax? + 2haey -+ by? + 2fy + 29x +c = 0. 
3. Write the discriminant of the circle 
h(a? + y?) + 292 + 2fy +c = 0. 

4. Prove that when a conic has a double point it actually breaks 
up into a pair of lines. (Show that a line joining a point on the curve 
to the double point lies wholly on the curve.) 

5. The discriminant of a conic is also the Hessian (§101). 
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6. A double peint of a conic may be defined as a center that lies 
on the curve, i. e., the condition that the center lie on the curve is 
A =0. 

7. Verify that the line equations of the line pairs zy = 0, x? + 
y? = 0 represent repeated points. What is the point equation of the 
Absolute (the circular points considered as a degenerate line conic)? 

8. Replace the constant term in each of the conics in Ex. 12, §136 
by k. Then find the value of & which will make each conic degenerate. 

9. Show that the following conics have double points. Find the 
coérdinates of the double points and the equations of the lines of 
which the conics consist. 

6a? — 4y? — 632? + 43yz — 1l3zx — Sry = 0 

622 + 3y2 + 2+ Q2yz— 42a — Sry =0 

5a? + 6y? + 152? — 24yz + 182zr — 1l2xy = 0. 

10. Show that the following line conics degenerate into point pairs 

and find the equations of the lineg on which the point pairs lie: 
24u,2 — 15u.2 — 183? + 387u.u3 — 24uzu1 + 2Zuiw, = 0 
2712 — Bue? + 19u3? — Queu3 — 54u3u, + 18uju. = 0 
Ur? ++ 122? + 25u3” — 2023 = 10ust1 + 4uyue = 0, 


11. Find the polar of the point (y1, yz, ys) with respect to the pair 
of lines (wx) (vx) = (wits + Were + Uses) (iti + vex. + 0343) = 0, also 
the pole of the line (v, v2, v3) with respect to the pair of points (2u) (yu) 
= 0 and identify the results with those of §57. 

12. Extend the results of §§137-8 to the quadric surface. In 
particular define double point of a quadrie, find the discriminant (con- 
dition for a double point, 7. ¢., that the quadric be a cone), find coér- 
dinates of the double point and show that the plane equation of a 
cone is the double point repeated. Investigate the conditions (in 
terms of minors of the discriminant) that a quadric be a pair of dis- 
tinct planes, a repeated plane. 

13. The discriminant of an n-ary quadratic is a symmetrical deter- 
minant, the Hessian of the form. 


140. Forms of conics referred to various triangles.— 
The form of the equation of a conic depends of course upon 
the relation of the curve to the triangle of reference. 

Take as the general conic in points 
fi Girt? + Aae@e? + agsrs? + deste, 

+ 2a31%3%1 + 2die%1%2 = 0. (1) 
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and let us consider how this is modified by a special placing 
of the reference triangle. For example if f is on the vertex 
ui = 0 we must have, substituting (1, 0, 0) in (1), au. = 0. 
. Hence 


(100) 


x3 


vy 


(010) (001) oe <= 


1°. The equation of a conic circumscribing the triangle of 
reference may be written in the form 


Ae3%oX3 + A31X3X1 + AyoT%. = 0. (2) 


If the a’s are regarded as parameters (2) represents the o ? 
conics on the vertices of the reference triangle. 

Again if the side x; = 0 is the polar of the vertex u; = 0 
we have, equating the polar of (1, 0, 0) to a multiple of 21 


A112 + Ayo%2 + A133 = AX 


whence dig = 413 = 0. Therefore 
2°. The equation of a conic referred to a self-polar triangle 
takes the form 
A101" + Ae2%2? + 3303? = 0. (3) 


Thus when the triangle of reference is self-polar the equation 
of a conic contains only square terms while if the triangle of 
reference is inscribed the equation contains only product 
terms. It is clear from equation (3) that there is a double 
infinity or net of conics with a common self-polar triangle. 
Suppose now that the conic is inscribed in the reference 
triangle. If the conic touches the side x; = 0, 7. e., if the 
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line cuts the curve in coincident points then the result of 
combining x, = 0 with (1), wz., 

Az2%2 + 2do3%or3 + A33%3" = 
must be a square. The condition is d23? = d22a33 and we 


may say 
3°. The equation of a conic which is inscribed in the 


triangle of reference assumes the form 


G11017 + Ag2%q” + A33%37 + 2 Nassassxers + 2 Na33011%3%1 


+ 0 N111090% 129 == (0), (4) 


4°, If the triangle of reference consist of two tangents and 
their chord of contact the equation of a conic may be reduced 
to the form 
LyX + Ag3x3” = 0. (5) 
For if 2: = 0, 2 = 0 are tangents and 2; = 0 is thei: 
chord of contact, then the polars of (1, 0, 0), (0, 1, 0) and 
(0, 0, 1) can differ only by a constant from az. = 0, 11 = 0 
and x; = 0 respectively. So we may write 
A111 + Ayo®e + Ay3X3 = Xe 
Gei%1 + Ae2%e + Ao3%3 = 21 (6) 
31%1 + Azo%e + Ag3X3 = Ag3s 
whence equating coefficients 
dig = G21 = 1, A33 = Asz 


while all other a’s are zero. Q. E. D. 
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Equation (5) which is the simplest form to which a proper 
conic can be reduced is the canonical equation.! If az3 is a 
parameter the equation represents a pencil of conics all 
touching two sides of the reference triangle at the same 
points and therefore having double contact with each other, 
x3 = 0 being the common chord. 

Since the general conic may, by suitably choosing the 
reference triangle, be made to assume any one of the several 
forms of this section, in investigating the properties of 


Le Cs 


conics it will be legitimate to use that form of the equation 
which is most convenient. For example consider two 
members of the pencil (5) say Ci = kiaite + a3? and C2; = 
kextite + 232. We have at once 


ke, os k1C2 = (ke = ky) 2x3", 


a relation which must hold when C; and C2 are any two 
double-contact conics and 2; their chord of contact. There- 
fore 

If two conics have double contact their equations can be 
combined linearly to form the square of a line, ther common 
chord, and conversely. 


1 Cf. §124. Also recall the standard equations of the paraboia y? = 
4ax, and the equilateral hyperbola «zy = a which illustrate the theorem. 
a33 may of course be removed from (5) by setting x3 = @3'/+/ass or by 
taking @33 = 1 on the right in (6). 
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EXERCISES 


1. Write the line equation and the discriminant of the several 
conics of this section. 

2. Write line conics corresponding to the conics of this section and 
explain the relation of the reference triangle to each type. 

3. Any proper conic can be reduced to the form (a) x? + y? + 

2=0, (b) Vie +Vy + Vz =0. Compare (3) and (4) above. 

4. Canonical forms of degenerate conics are (a) of line pair ry = 
0, (b) of an incident point and line wi? = 0, x2? = 0, (c) of a repeated 
line x? = 0. 

5. Two conics (which meet in four distinct points) can be reduced 
to the forms 2? + y2 +22 =O and az? 4+ by? + cz? = 0, where 
a+b+c=0. (Take as reference triangle the common self-polar 
triangle and as unit point some point on the second conic.) 

6. Two conics (which meet in four distinct points) can be written 
in the forms ayyz + bizx + czy = 0, aoyz + boex 2 coxcy = 0, where 
a, +b) +e, = 0 = a2 + bo + Crm 

7. Show directly that a triangle inscribed in a conic and its polar 
triangle (triangle touching at vertices) are perspective. 

8. The first polar of y with respect to a ternary form f is defined 


0 0 0 G) 
to be (y a. sy = (nx ax + Yo oe + Y3 9, -)fand the second polar of 


yis (v5 °) f, ete. Then if f isthe tr iangle of reference considered as a 


cubic curve, 2. é., f = %1%24; = 0, show that (v xg) = (« =). fly). 


The first polar of y with respect to the reference triangle is a conic on 
the vertices and the second polar is the polar line of y as to the triangle 
(Ex. 7, §28). The second polar is also the polar of y with respect to 
the first polar (conic polar). 

9. If C, and C2 are any two conics then there are three members 
of the pencil C; + AC, = 0 which consist of line pairs. For the dis- 
criminant of the pencil involves \ to the third degree. Account for 
these three degenerate members in a pencil of double-contact conics. 
Also discuss the degenerate members when C; and C, intersect in (a) 
two distinct, two coincident points, (6) three coincident and one addi- 
tional point, (c) four coincident points. In which case does the cubic 
in \ have two equal, three equal roots? 

10. If « = 0, B = Oare a pair of tangents to a conic C and y = 0 
is their chord of contact, then it is possible to determine k so that the 
conic can be written 


1% C=aB + ky?. 


ANALYTIC TREATMENT OF THE CONIC 281 


For taking a, B, y as triangle of reference, C must be a member of 
the pencil of double contact conics a8 + ky? = 0 of which a8 = 0 
and y? = 0 are degenerate members. The identity can be written 
‘9 the alternative forms 


2°. 72 =C+ kag 3°. aB =v+kCc. 
Dualize. 

11. The equation of a conic differs only by an additive constant 
from the equation of its asymptotes. For if y = 0 (Ex. 10) be the 
line at infinity we may write (from 1°) C = a6 + kz? where a and B 
are the asymptotes, thence setting z = 1 we have C = a8 + k. 

12. If C = ax? + 2hay + by? + 2fy + 2gx +c, the equation of 


; A F ae er 
the asymptotes is C — ah aaey ier 0, where A is the discriminant of C. 


For by Ex. 11 the asymptotes = C +k, hence it is only necessary 
to determine k so that C + k = 0 will break up into a pair of lines. 

13. Find by the formula of Ex. 12 the asymptotes of the conics in 
Ex. 12, §136. Also find the asymptotes of the conics 


222 + Bay — 38y7+ Te —lly - 9=0 
13822 — Qry + 6y? — 17x — 10y + 24 = 0 
140? + 25xry + 8y? — 15x + 20y + 18 = 0. 


14. The asymptotes of the conic in Ex. 12 are parallel to the lines 
ax® + 2hay + by? = 0. 

15. By Ex. 10 find the equation of the chord of contact of a pair 
of tangents from a point on the directrix of a conic and show that it 
passes through the focus. Take the conic in the form 


Gl Ci SS OP Sine se fa? le 


when the y-axis is the directrix and the focus is the point (p, 0). 

16. Show that the two pairs of conics have double contact and 
find (a) the chord of contact, (b) the pole of the chord of contact, (c) 
the pair of common tangents, (d) the two contacts 


( 6x12 + 10xe2 + 7x32? + 5xex3 + 21eyt1 + 3x. =0 
11x,? + 18422 + 82x32? + 252.73 + 389x321 + 1dm2. = 0 
{ Buy? + 12u.? + 48u32 — Ilueus — 58usu, — 35uiu2, = 0 


I 


Il 


12 — 202? + 129w2u3 — 66usu1 + 25uiue = 0. 


17. If two conics Ci, C2 have double contact with a third conic S, 
their chords of contacts with S and one pair of their common chords 
mect in a point and form a harmonic pencil. For we have S + 
kiC, = au? and S + k.C, = bv? where u and v are the chords of 
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contact. Thence subtracting, kiC1 — k2C2 = a?u* — b*v?, which says 
that the function on the right represents a degenerate member of the 
pencil determined by C; and C2. But it is also a pair of lines of the 
(line) pencil determined by wu and v. Why are the lines harmonic 
with wu and v? 

18. The chords of contact of two conics with their common tangents 
meet at the intersection of a pair of their common chords. (Cor. of 
Ex. 17 when S breaks up into a pair of lines.) Prove Ex. 6 (dual), 
§74 as a corollary of Ex. 17 by supposing C; and C, to reduce to tangent 
pairs. 

141. Polar of one conic with respect to another.— 
Consider two conics f and ¢@ whose point equations are 


ik: 1141? + Ao2%o” + Ag3%3? + Za23%2%3 + 231%3X1 
+ Qay2%1%2 = 0 (1) 
21101 + bo2%2? + b3303” + 2boso2vs + 2b31%3%4 
+ Qbiexiz. = O (2) 
and whose line equations denoted by Ff and ® respectively 
are 
F: Ay us? + Aso? + Azgus? + 2Ao3ueus + 2A siusur 
ok 2A jo Ue = 0) (3) 
®: Byui? + Bootle? + Bsgus? + 2B23:u2u3 + 2Bsiusur 
+ 2Byouiue = 0. (4) 
If we substitute differential symbols in ®, replacing wu; by 
d/dx;, and operate on f we shall obtain a function of the 
coefficients of the conics which is called the polar of ® with 
respect tof.1 Neglecting a numerical factor the polar is 
0’: a11Bi1 + d22Boo + a33B33 + 2d23Bes 
+ 2a31Bs1 + 20,2B >. (5) 


1 This is a natural extension of the method for binary forms. Tor the 
relation connecting the coérdinates x of the points of a range with the 
coordinates u of the lines of a pencil is (§47, last theorem) wii + weve = G, 
or 21/2 = U2/-u1. So that the ‘line equation” of a binary form is 
derived from the point equation by substituting for x1, 22, respectively 
the line codrdinates u2, —uwi. Then considering the wu’s as differential 
symbols (ui = d/dx:) we have the operator for finding the polar of one 
form with respect to another. But in the binary domain either form may 
be taken in line coérdinates and the apolarity condition is unique. 


ANALYTIC TREATMENT OF THE CONIC 283 


It is easy to see that we should get the same result by sub- 
stituting 0/du; for x; in f and operating on ®. It would 
seem therefore that we might with equal weight call (5) 
the polar of f with respect to ® as in the case of binary forms. 
But here it makes a radical difference if f is taken in lines 
and ® in points. Accordingly we shall understand that the 
“polar of @ with respect to f’” always refers to the function 
derived from the line equation of ® and the point equation 
orf? 

Thus to find the polar of f with respect to ¢ we operate 
with the hne equation F of f on the point equation ¢ 
obtaining 
O:Anbi == A oabo2 ci Agsb33 ie 2A osbo3 

+ 2Asibs1 + 2A rsdio. (6) 

When either polar vanishes the two conics are said to 
be apolar, a term which is therefore ambiguous when applied 
to two conics. But the distinction between the two polars 
can be maintained by the convention adopted above. 

Generally the polar of a curve 9” of class m with respect 
to a curve f” of order n, m < n, is the function obtained by 
operating on f in points with the line equation of g. And 
the curves are apolar when the polar of one with respect to the 
other vanishes identically. 

142. Geometrical relation of apolar conics.—Let the 
conic f be referred to a self-polar triangle when it can be 
written in the form ($140) 

ie 1101" + AgeXo” + Az3%3” = 0. (1) 

Then since di. = 13 = do3 = O the polar of f with respect 
to ¢ is ((6) $141) 

0: Aibir + Arbor + As3b33 = 0. (2) 

1 Whether it is calculated by operating on the point equation of f with 
the line equation of ® or by operating on the line equation of with the 


point equation of f is of course wholly immaterial,—the essential thing is 
that & be written in lines and / in points. 
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If now the triangle of reference be inscribed in ¢ we must 
have ((2) §140) bi: = bee = b33 = 0, 7. €., 9 = O is a neces- 
sary condition that there exist a triangle’ inscribed in ¢ 
and self-polar to f. 

Next we shall prove that it is but one condition for the 
conics to be so related and that therefore © = 0 is the 
condition. 

Let the polar as to f of any point P of @ cut ¢ in Q 
and R. Then the polar of Q with respect to f must pass 


through P. And it will pass through R if and only if the 
codrdinates of & satisfy its equation which imposes a single 
condition on the coefficients of the two conics. This con- 
dition fulfilled, the polar of R contains both P and Q and 
the triangle PQR is inscribed in @¢ and self-polar to f. 
Q. E. D. Hence 

06 = 0 ts the necessary and sufficient condition that it be 
possible to inscribe in $ a triangle which is self-polar to f. 

Again if the triangle of reference is self-polar with respect 


1 Here the reference triangle. 
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to @ we have biz = bi; = be; = 0 and the equation of ¢ 
reduces to 

b: bi101? + deowe? + ba3x32 = O (3) 
and © becomes 


(22033 = 23”) b14 ae (G33Q11 a 31°) bee se (11022 a 0112”) bss. (4) 


If now the reference triangle is circumscribed to f, @22d33 = 
23”, G33411 = Asi”, A129 = Aig? ($140, (4)) and O@ =0. As 
before it is a single condition on the conics for a triangle 
which is circumscribed to f to be self-polar with respect to ¢. 
Therefore 0 = 0 zs also the necessary and sufficient condition 
that a triangle can be drawn at once circumscribed to f and 
self-polar with respect to ¢. 

In a similar way it is proved that 

The necessary and sufficient condition that a triangle 
can be constructed (a) inscribed in f and self-polar to @ or 
(b) circumscribed to ¢ and self-polar to f is that the polar of 
o with respect to f shall vanish, 7. e., 8’ = 0. 

In fact when 9 = 0 a single infinity of each class of 
characteristic triangles can be drawn! and a similar state- 
ment holds for 0’. 

Since the vanishing of 0 or 9’ implies a projective relation 
between the two conics these two polars are (simultaneous) 
invariants of the conics. Together with the two dis- 
criminants they constitute a complete system of pure 
invariants. 

143. Metrical polar properties.—We shall first establish 
the theorem: 

A directrix of a conic is the polar of a focus. 

The equation of a central conic in homogeneous Cartesian 
coordinates may be written 


b272 ++ ay? — qg2b2z2 = 0 (1) 


1 Such a property, 7. e., one which if true once is true an infinite number 
of times is called porvstic, 
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of which the codrdinates of the real foci are (+ae, 0, 1). 
The polar lines of these points are 


+aeb’x — a?b?z = 0, 


whence returning to the non-homogeneous form by writing 
z=1, 
z= +a/e (2) 
which are the equations of the real directrices. 
The polars of the two imaginary foci are naturally 
defined to be (imaginary) directrices. 
When the parabola is written 


y? — 4azx = 0 (3) 


the coordinates of the focug are (a, 0, 1). 
The polar of the focus is accordingly 


—4a(az + x) = 0, or when z = 1, x = —a, (4) 
the familiar equation of the directrix. 


Again let the general conic in homogeneous Cartesian 
coordinates be written 

ax? + by? + cz? + 2fye + 2gzer + 2hay = 0. (5) 

The homogeneous metrical equation of the circular points 

is uw? +v%? = 0. Operating with this on (5) we find as the 

polar of the absolute with respect to the conic 2(a + 5). 


This will vanish if a = —6, 7. e., the equation of a conic 
apolar to the absolute is 


ax? — ay? + cz? + 2fye + 2ger + 2haey = 0. 


Setting z = 0 we have ax? + 2hay — ay? = 0 as the equa- 
tion of the lines from (0, 0, 1) to the intersection of the conic 
with £. Now these lines are perpendicular since the 
product of the roots of the equation considered as a quad- 
ratic in y/x is —1. It follows that the conic goes off to 
infinity in the direction of perpendicular lines, in other 
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words the conic is a rectangular hyperbola. Conversely if 
(5) is a rectangular hyperbola, the polar of the circular 
points with respect to the conic is zero. Hence 

A necessary and sufficient condition that a conic be a 
rectangular hyperbola is that the polar of the absolute with 
respect to the conic vanish. 


EXERCISES 


In these exercises we use the notation of §141, denoting the two 
conics in points by f and ¢, the polar of f with respect to ¢ by © 
and the polar of ¢ with respect to f by 6’. Further the discriminants 
of the two conies are denoted by A and A’ respectively. 

1. Write 0 and 0’ in terms of the coefficients of the point equa- 
tions of the two conics. 
2. Show that © can be written 


0 0 0 0 0 0 
(ou Ve, + bee AYER = Oss Rae + bos Aas + bar Gas ate baze-)A 


and write a similar expression for 0’. 
3. Write the discriminant of kf + ¢ and show that the expanded 
form is 


Ak? + Ok? + 0’k + A’. 


The vanishing of this cubic is the condition that a conic of the pencil 
degenerate to a pair of lines. 
4. Write the cubic (Ex. 3) for the pairs of conics 


tae f:yz+2x+ay =0 
¢ : ax? + by? + cz? = 0 ob :fyz + gex + hey = 0 
Gre = 0 

pax? + by? + cz? + 2fyz + 2gzr + 2hxy = 0 
i ESE ee seca = 
b: ax? + by? + cz® + Qfys + ger + 2hay = 0. 


5. If the cubic (Ex. 3) have two equal roots the conics have con- 
tact. Find the condition in terms of the invariants ($114). 

6. Find the invariant condition that the two conics osculate (meet 
in three coincident points). See Ex. 9(b), §140 and Ex. 20, §115. 

7. If k is eliminated between the cubic (ix. 3) and kf + ¢ = 0 
the resulting function set equal to zero is the ternary equation of the 
three degenerate conics of the pencil. Write this equation. 


(2) 


(4) 
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8. Find the invariant relation on two conics when a triangle can 
be inscribed in one and circumscribed to the other. (Take the tri- 
angle as reference triangle, write the specialized form of the two conics, 
calculate the invariants.) Ans. 6? — 4A0’ = 0. 

9. The polar of a conic with respect to a self-polar triangle con- 
sidered as a cubic curve vanishes identically. 

10. (a) If the polar of a line pair with respect to a conic vanishes 
the lines intersect on the conic. (b) But if the polar of a conic with 
respect to a line pair vanishes, the lines are conjugate lines of the conic. 
Let f=anut?+ .. . and ¢ = 21%. = 0 and apply Ex. 23, §136. 

N.B. In (a) ¢ must be written in lines and in (6) f must be taken 
in lines. 

11. If the polar of a point pair with respect to a conic vanishes, the 
points are conjugate points of the conic. And if the polar of the conic 
with respect to the point pair vanishes, the junction of the points 
touches the conic. 

12. When applied to a pair of foints and a pair of lines, apolar and 
harmonic are equivalent terms. 

13. The k-cubic for the conics in Ex. 10 reduces to a quadratic 
multiplied by k. What is the geometric implication of the vanishing 
of the discriminant of this quadratic? Corapare Ex. 8. Dualize 
and write the corresponding invariant conditions. 

14. Prove the last theorem of §143 as an application of Ex. 11 

15. The necessary and sufficient condition that a conic be a 
parabola is that the polar of the conic with respect to the absolute 
vanish. 

16. If two triangles 7’; and 7’, are self-polar with respect to a conic 
f, their vertices lic on a second conic ¢. Take f =a12 +22 + 2:2 = 0 
choosing 7’; as triangle of reference. Then let ¢ pass through the 
vertices of 7, and two vertices of the reference triangle. We have 
thus a triangle 7; inscribed in ¢ and self-polar to f. Show that 
under the hypothesis ¢ must pass through the third vertex of the 
triangle of reference. 

17. Prove the statement §142 that when two conics are apolar, 
co} triangles can be drawn inscribed in one and self-polar to the other 
(or the dual). Write the conics as is possible f = ax? + by? + cz? = 
0, ¢=yr+2x +a2y =0. And let the polar with respect to f of 
any point P on ¢ cut ¢in points Q and R. Then show that the polar 
of & with respect to f passes through Q as well as P. How does this 
prove the theorem? Or use the conics K and U, §134. 

18. If three conics have a common self-polar triangle, the Jacobian 
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of the three breaks up into the three lines themselves. (Take the 
common self-polar triangle as triangle of reference.) 

19. If each of three conics is apolar to the Jacobian of the three in 
points then either the conics are identical or they have a common 
self-polar triangle. (Take as two conics x? + y? + 22 = 0, av? + 
Oye lace — 105) 

20. If a curve ¢ is apolar to a set of curves fi, fo, . . . fr ¢ i8 
apolar to any linear combination of the f’s. 

21. There are 6 — r linearly independent conics apolar to r linearly 
independent conics. In particular there is a unique conic apolar to 
five linearly independent conics. 

22. If a conic is apolar to all first (conic) polars of a ternary cubic 
jit is apolar to the cubic. (All first polars are linear combinations of 
SL a 
0x1 Ox. 0x3 

23. There are three linearly independent conics apolar to a ternary 
cubic. 

24. It is one condition on a ternary quartic to have a given conic 
as an apolar conic. Find this condition as a symmetrical 6-row 
determinant. 

25. A conic is apolar to the square (or any higher power) of any 
tangent line. 

26. If a ternary quartic can be written as a sum of five fourth powers 
Xi4 + Xo + X34 + X44 + X54, it must possess an apolar conic. 
For a conic can be inscribed in the five lines represented by X; = 0. 
Apply Exs. 20 and 25. 

27. Asin §134 find a correspondence between line conics and binary 
quartics on the fundamental conic K. (Ask that the polar of the line 
conic say Aw? + Buy? + Cuz? + 2Fusus + 2Gusiu + 2Huiw. = 0 
with respect to K vanish. The condition is B = 4G. The conic then 
corresponds to the binary quartic say ¢~ giving the common lines of 
the conic and K.) Prove that if this line conic is apolar to the point 
conic U, §134, the binary quartics corresponding to the two conics 
are apolar. 

28. If two conics C; and C2 are each apolar to a third conic K and if 
C, cuts K in four points f, while C. touches the four tangents to K at 
the points f, express as an invariant condition on f the condition that 
the polar of C2 with respect to C; vanish. 

29. Find three linearly independent line conics apolar to the ternary 
cubic x? + y? + 23 + 6aryz = 0 and write the Jacobian of the net 
determined by the conics. (See Ex. 22 and example in $99 under 3°.) 

19 
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Ans. vw — au? = 0, wu — av? = 0, w — aw? = 0. au? + v3 + w) 
+ (1 — 4a’)ww = 0, the Cayleyan of the cubic. 
30. Asin Ex. 29 find the Cayleyan of the cubic 7° + y? — 3xyz = 0. 
31. The Hessian and the Cayleyan of a ternary cubic are the 
respective Jacobians of apolar nets of conics. (The Hessian is the 
Jacobian of first polars.) 


144. Reflexion of a conic into itself—When the conic 
is written in the canonical form 


y= ie tq = 2b, %3= ip (1) 


or 
Xo? — 4a, = 0 (2) 


we saw (§130) that lines of a pencil cut the conic in pairs 
of points in a quadratic involution. For simplicity consider 
the involution set up by the vertex we = 0. Conjugate 
pairs in the involution then satisfy the relation 


T:t' +¢#=0 or t' = —t (3) 


which may be regarded as the transformation (alibi) which 
sends the point ¢ into the point ¢’.. But there is a ternary 
transformation associated with the binary. For the para- 
meters ¢ and ¢’ are attached to two points x and x’ which 
(as ternary elements) are harmonically separated from the 
vertex uw. by its polar line xz. The relation between the 
points x and 2’, found by replacing t in (1) by —?’ from (8) 
is 

R: A! = Arle Lot —leeeU Os 3! = 3. (4) 


Thus the binary transformation T generates the ternary 
transformation R which carries the point x into the point 
x’, Applied a second time the transformation carries x’ 
back into z Hence RF is of period two and is called an 
involutory transformation or a reflexion. 

It appears then that any point and its polar line determine 


1Also called a harmonic perspectivity. It is sometimes called an 
involution but we shall restrict involution to the binary domain. 
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a reflexion which transforms a conic into itself since (4) 
manifestly leaves the equation (2) of the conic unchanged. 
The point is called the center and the polar line the azis 
of the reflexion. a and x’ are conjugate points under the 
reflexion and either is the reflexion or the image of the other 
in the axis from the center. Or we say that 

A conic may be reflected into itself with any point as center 
and the polar line of the point as axis. 

Tt is instructive to compare the binary with the ternary 
transformation. Both are of period two. Conjugate 
elements ¢ of the involution.name conjugate points 2 of 
the reflexion. It follows that fixed points of the involution 
are also fixed points of the reflexion. There are however 
conjugate points of & (not lying on the conic) which are not 
elements of T. While T has only two fixed (double points) 
any point on the axis is a fixed point of #& since if « lies on 
the axis, 2’ = x (§43, 1°). Again the image of any point 
of a line on the center is another point of the same line, 
7. e., R merely shifts the points of such a line among them- 
selves. Therefore 

The axis of reflexion is a line of fixed points and the center 
is a point of fixed lines. 

A reflexion may of course be considered quite apart from 
the conic. Thus any point a and any line a as center and 
axis determine a reflexion in the plane of which conjugate 
points are pairs x and 2’ collinear with a and harmonically 
separated from a by the axis. The equations of the trans- 
formation are simply the relations which connect the codr- 
dinates of the points « and #’. When the center and axis 
are taken as a vertex and side of the reference triangle the 
reflexion assumes the canonical form (4). The general form 
can be written down from (4) however. For 2x, = 0,2; = 0 
are merely two lines on the center while zz; = 0 is the axis. 
Consequently if (wx) = witi + Wer, + w3%3 = 0 is the 
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equation of the axis and (wx) = 0, (vz) = 0 are two lines 
through the center the equations of the reflexion are 


(ux’) = (ua), (va’) = (vx), (wa’) = —Wwe). (5) 


Another form of the transformation can be found as 
follows. Let (a1, a2, a3) and (a1, a2, a3) respectively be the 
coordinates of the center a and axis a while (#1, %, v3) and 
(x1’, to, x3’) are the codrdinates of a pair of conjugate 
points. Take a and x (parameters «, 0) as base points in 
the parametric representation of the line ax and assign to 2’ 
the parameter \ and to the inter- 
section of the line ax with a the 
parameter Ai. Then (§55) 


x, = 2; + Nai, o= te 2, on (6) 


foe) 


(G1 02G3) 


If x’ is on the axis 
(a @2 03) 


(ax) = ant, + aete + 0323 = 0 
we must have by (6) 
(ax) + Ai(aa) = 0, whence 
1 = —(ax)/(aa). 
But by the harmonic relation (OA | \i0) = —1, 7. €, = 
2, and the equations of the reflexion are 
xi = (aa)x; — 2(azr)a;. (7) 


A metrically canonical form of a reflexion is obtained by 
taking the center at infinity in the direction of the perpen- 
dicular to the axis.!| Conjugate points are thensymmetrical 
with respect to the axis and the rectangular equations of the 
reflexion may be written 


a! = @, Ue ee (8) 


1 The center is then the zenith of the line. 
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The axis is now a line of symmetry of any curve left 
invariant by the reflexion.! 

Again if £ is taken as the axis, the origin is the center and 
the equations of the reflexion are 


x = —_ az, y’ ae ae 


Any invariant curve is said to be reflected in the origin which 
is a point of symmetry, 7. e., a center of the curve. 
145. Polarity and the principle of duality.—If 


Gi12Z1” + A2eo” + A333” + 2do32023 + 20312321 ata 
20122129 == (() (1) 


be a proper conic then we saw (§136) that the codrdinates 
(U1, U2, Us) of the polar line of a point (a1, x2, x3) are given 
by the equations 


OU, = AX, “+ A12X_ +> A13%3 
TL: ota = Ge1%1 + AaoX%e + ao3%3 (2) 
OUz = AziLy + Az2%e + Az3X3. 


These equations are however susceptible of another 
interpretation. For we may 1egard (2) as the transforma- 
tion that changes the point x into its polar line vu. The 
equations are then said to define a polarity II. Likewise a 
transformation I’ that carries a line of the plane into its 
polar point is called a polarity. A polarity is thus a pro- 
jective correspondence between the points and lines of the 
polar system of a conic,—sending every point of the plane into 
its polar line and every line into its polar point.” 

17f the axis is considered a mirror with the source of light at the zenith 
one half of the curve is the image of the other half in the ordinary physical 
reflexion. General reflexion is thus the abstract projective view of 
physical reflexion. 

2 It should be noted that a polarity is not the most general transfor- 
mation which interchanges points with lines. For the coefficients in (2) 
and (3) in virtue of their connection with a conic are not independent, 
in fact an = aki and Ax = Ari. A polarity thus contains but five 
essential constants while the most general transformation in which the 
coefficients are all independent possesses eight. 
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Solving (2) we obtain 
pies Ayr + Arete + Aisuss 
TI-!: pt, = Aoytr + Aootle + Asus (3) 
pt3 = Agu + Azotlg + Agsttg 


the inverse of II, a polarity which carries the line uw back 
into its pole x. 

It is clear from the foregoing discussion that (2) and (3) 
are the analytic formulas for transforming a curve into its 
polar reciprocal (§75) with respect to (1) as auxiliary 
conic. By (3) the polar reciprocal of the point curve 
f(%1, X2, £3) = O is 


f(Anw + Ayoue + A13Us, Aoi + Aootle + Ao3Us, Agiv1 
+ Aso%2 + A33Us) = 0. 


And by (2) the reciprocal of a line curve $(w1, Ue, us) = 0 is 


P(G11%1 + Are%2 + A13%3, A211 + Ag2Xe + Ge3X3, A31Xy 
+ Age. + a3s%3) = 0. 

Since polarities II and II~! are linear in both sets of 
variables it is plain that the two equations f just written are 
of the same degree, so are the equations ¢. Hence the 
order of a curve is equal to the class of its polar reciprocal 
and vice versa. 

Suppose now that the conic be taken in the form! 


2" +b 2” + pe ==; ()), (4) 

The polar of (x1, %2, v3) 18 4121 + Lee + 4323 = Oso that the 

coordinates of the polar line are simply the coefficients in its 
equation, 2. é., 

Ut — Xi, U2) = Lo, U3 — a3. (5) 

The polarity thus reduces to the dual transformation (5) 
consequently 


’ 


t Which is always possible by referring the conic to a self polar triangle 
(§140 (3)) and then replacing a: by z:/-V aii 
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The dual of a curve (or figure) is its polar reciprocal with 
respect to a conic of the form x,? + xo? + x;? = 0.1 

While the equation of this conic is real the conic is, for a 
real triangle of reference, wholly imaginary. 


EXERCISES 


1. Find the equations representing the reflexions which have the 
vertices and opposite sides of the triangle of reference as correspond- 
ing centers and axes. Show that all three transform into themselves 
the four points (1, +1, +1). 

2. Find the reflexions set up by the following points and lines as 
centers and axes 


centers axes 

(0, 1, 0) ih op i, = seg = W 
(1, —1, 0) L1 — X2 = 0 
qd, 0, 0) Pigs + Ley Sa 323 == (0). 


Show that each has the invariant conic 
4a? + 4a? + 9x32 — 12%073 — 12032, + 4212, = 9. 
3. Find the reflexions with the indicated centers that transform 
into themselves the following conics: 


centers conic 
G 0, 0), (0, i; 0), (0, 0, 1) ax,” =P bx? + CX 32 = 
ae 0, 0), (0, i 0), (0, 0, 1) G1" - ao” 4- 13" — 2eor, — 2r3v1 — 2x14, =0 
(p, 0, 1) (1 — e?)x? + y? — 2nzex + pz? =0 
(Qi, G2, Gs) the general conic. 


4. Find the poiarities determined by the following poimts and 
conics 
GE AST) 2Qfyz + 2gzx + 2hry = 0 
(0, 0, 1) x? + y? + az? — 2ayz — 2azxr = 0. 
Find the polarities set up by the points and conics in Ex. 3. 
6. Every polarity transforms into itself the base conic (conic 


1 Since the dual of a curve f(«1, v2, 23) = 0 may be taken as f(w1, w2, ws) 

= 0. The general dual transformation is 
D: uj = ait + Gi2t. + aisx3, 1 = 1, 2, 3. 

The curve obtained by applying D to f(wi, v2, ws) is however projectively 
equivalent to f(a1, v2, v3). For the process is equivalent to applying the 
transformation (5) (inverse) and then linearly transforming the z’s. In 
other words the result of D on f is 2, reciprocation in conic (4) followed by a 
projection since a linear transformation (of points into points or lines into 
lines) amounts to a projection. (See below, $146.) 


296 PROJECTIVE GEOMETRY 


whose polar system comprises the points and lines interchanged by 
the polarity). 
6. Find the base conics of the following polarities 


(Oy tn S ay Ui SM Us = 2x3 
Uy = 2x; + 3x2 + 523 Uy = at, + bao + cx 
(b) Uz = 3X1 — X — 423 (c) U2 = ba, + dxz + ex 
U3 = 5x41 — 4x2 + 623 Uz = Ch, + ete + fas. 


7. Find the polar reciprocal of the general conic with respect to 
the circle v7? + y? = k?. Show that if the conic is a parabola its 
reciprocal passes through the origin. 

8. Find the reciprocal of the circle (cy — a)? + y? = 6b? with respect 
to the circle «2 + y? = k?. Show that the reciprocal is an ellipse, a 
parabola or a hyperbola according as a < 6, a = b, a > b and thus 
verify the theorem 1°, §77. Prove also theorem 3°, §77. 

9. Prove analytically Exs. 13, 14, §78. 

10. Find the reciprocal of the general conic with respect to the 
parabola y? = 4ax. Determine the condition that the reciprocal be 
a parabola and interpret the condition geometrically. 

11. Show that 71? + a2? + x;? = 01s a proper conic. 

12. Find the conditions that the general conic be its own polar 
reciprocal with respect to the conic x1? + 2? + #3? = 0, 4. e., that 
the conic be self-dual. Thus find a self-dual conic. 

13. Find the value of \ such that the conic x22 + d\x301 = O shall 
be self-dual. 

14. Find the polar reciprocal of the conic ax? + by? + cz* + 2fyz + 
2gzx + 2hxy = 0 with respect to y2 — zz = 0. Find the conditions 
that the reciprocal be identical with the original, 7. e., that the 
conic be autopolar. hence find a conic autopolar with respect to 
y? — 2 = 0. : 

15. Any curve autopolar with respect to a conic is self-dual in the 
projective sense for the base conic can always be transformed into 
the form in Ex. 12. 

16. If two conics have double contact and one is autopolar with 
respect to the other, the second is then autopolar with respect to the 
first. (Take the conics as aa%2 + br;? = 0 and ax, + Bx? = 0.) 
Thence find a pair of mutually autopolar conics. 

17. Show that the pairs of conics are mutually autopolar: (1) Any 
hyperbola and its conjugate, e. g., v?/a? — y?/b2> +1 =0 


x1? -- 21a? + 1323? = 24793 as 8x3%1 == 7X12 = (0) 
0 


7x1? ae! 1922? =F 5x 3” =P 12%0%3 = 162321 -- 152x12%2 = (2) 


| 


CHAPTER XI 
COLLINEATIONS IN THE PLANE 


146. The notion of planar collineation.—Consider the 
linear transformation in two dimensions 


p&y’ = Aye, + Ay2t2 + aysts 
Tis pus! = A211 + Ao2%. + 23% (1) 
pts’ = A31%1 + Azote + Agsks 
Git Aye ais | 
where ay, 4 aiand A = |dz1 G22 ds) A 0. 
431 G32 33 


We have seen (§62) that if +; and z,’, 7 = 1, 2, 3, repre- 
sent codrdinates of the same point referred to two different 
triangles x; = 0, x; = 0 then T effects a transformation of 
coérdinates from one triangle to the other.! But exactly as 
in the binary domain (§49) the equations T are susceptible 
of another interpretation; for we may regard x; and a,’ as 
coérdinates of distinct points referred to the same triangle. 
T then instead of being the process which changes the 
coérdinates of a point from one system to another becomes 
the operation that carries the point itself from one position 
to another.? From the latter point of view T' is called a 
collineation.* 

1 That is, 7 is then an alias. 

2 The points « and #’ might even lie in different planes in the most general 
interpretation of a linear transformation but for the sake of definiteness 
we shall restrict them to lie in the same plane. 


3 That is, an alibi. 
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Solving (1) for x; we obtain: 


px = Aya’ + Aoite’ + Asias! 
T-1: pla, = Arty’ + Acote’ + Asors’ (2) 
p's = Arsty’ + A ost’ + A333" 


where Ay is the cofactor of ay in the determinant A, 
which is likewise a collineation, the inverse of T. Thus if 7’ 
carries x into x’, T—! carries x’ into @. 

It follows from (1) and (2) that a collineation defines a 
(1, 1) correspondence between the points of the whole plane. 
But being linear in both sets of variables, either 7’ or T7! 
transforms a curve into another of the same order. In 
particular collinear points go into collinear points. In 
other words a collineation also sets wp a (1, 1) correspondence 
between the lines of the plane.” Furthermore the double ratio 
of a range of four points or a pencil of four lines is invariant 
under a collineation for the argument of §62 applies without 
change when the equations are interpreted as a collineation. 
In short, equations (1) are the analytic representation of a 
projection of the plane upon itself. 

147. Some properties of a collineation.—The general 
ternary collineation contains eight essential constants. 
For any one of the nine homogeneous constants (aix) in its 
equations can be divided out. If follows that 

1°. A collineation is uniquely determined when four pairs 
of corresponding points, no three of which in either set are 
collinear, are specified.” 

For a point possesses two essential constants and to 


1 Hence the name collineation which is used in any dimension. Cf. 
the use of linear. 

* This is implied by the fact that a projective codrdinate system is 
completely determined when the triangle of reference and the unit point 
have been chosen. As soon as the vertices of the new triangle and the 
unit point in the new system have been expressed in terms of the old 
codrdinates, the renaming of all points in the plane is determined. And 
abstractly a collineation and a change of codrdinates are identical since 
both are expressed by the same linear transformation. 
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transform any point into another uses up two of the dis- 
posable constants in the collineation. If then four points 
x are independent,—. e., if no three are on a line,—we 
have just enough constants to send them into any four inde- 
pendent points x’. And since all the conditions involved 
are linear the determination is unique.! 

In the language of projection theorem 1° may be stated 
in the useful form: Four independent points in the plane can 
be projected into any other four independent points. 

We examine the collineation now for fixed points, 1. e., 
points which are left unaltered in position by the trans- 
formation. Such points are self-corresponding and must 
satisfy equations (1) §146 when x’ = 2, whence 


—pX1 + A11%1 + A1e%. + Ai3%3 = 0 
— pX2 + e1%1 + Ar2%, + Ao3%3 = O (1) 
—pX3 + 31% + Az2Xq + As3%3 = 0. 


If these equations are to be consistent we must have, 
eliminating x 


Ot (2 a2 A343 
A21 G22 — p O23 = 0 (2) 
31 32 a33 — p 


a cubic in p, called the characteristic equation of the collinea- 
tion. Each value of p in this equation leads to a fixed point, 
for equations (1) corresponding to any value of p are 
consistent and must have a solution. Hence 

2°. Every collineation has at least one fixed point. 

The general collineation in fact has three distinct fixed 
points which form a triangle. Let us find the form of the 
collineation referred to the triangle of fixed points which is 
a natural triangle of reference. We determine the coeffi- 


1 Three points of a line have but 5 constants, two to fix the line and one 
for each point. Hence to send 4 points, 3 of them collinear, into 4 others 
(3 collinear) would specify but 7 of the 8 available constants. 
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cients of the collineation (1) §146 by asking that (1, 0, 0), 
(0, 1, 0), (0, 0, 1) correspond respectively to (Kk, 0, 0), 
(0, ke, 0), (0, 0, ks).1 Substituting (1, 0, 0) for (a1, xe, 43) 
and (ky, 0, 0) for (a1’, v2’, v3’) in the equations of the collinea- 
tion, we find as the conditions that the first vertex cor- 
respond to itself 


ayy = pki, aor = 0, a31 = 0. 


Likewise the conditions that the other vertices remain fixed 
are 

ai. = 0, ao. = pk, a3. = 0 

a3 = 0, ao3 = 0, A33 pks. 


Thus 44; :d22 3033 = ky:ko:k3 and we may say 

3°. By taking the fixed poénts for vertices of the reference 
triangle the general collineation can be written in the canonical 
form 


pity’ = kya, pio! = kext, px,’ = kas. (3) 
The k’s are simply the roots of the characteristic equation 
(po — ki)(p — ke)(p — ks) = 0. (4) 


If (8) have a fourth fixed point say (a1, de, a3) not lying 
on a side of the reference triangle we must have ky:ko:k3 = 
1 and the collineation reduces to 


y / 
pr = XM, pt, = La, px;' = 23 (5) 


which is called the zdentical collineation, or identity. Ob- 
viously the identical collineation transforms every point 
into itself, hence 

Cor. If a collineation leave invariant each of four points 
no three of which are collinear, it leaves invariant every point 
of the plane. 


1The points are the same as the others since only the ratios are of 
consequence. 
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148. The planar homology.—If two (and only two) of 
the k’s become equal in (8) of the last section, the collinea- 
tion is called a homology. If k; = kz ¥ k3 we have at once 
the homology in canonical form 


, 
prt, = kia, pio! = kx, px! = heats. 


Or dividing out the k; which may be done without loss of 
generality, we may write the homology 
pita La) Doo. a= oo. Pils = akate. (1) 
The characteristic equation is 
(p. = 1) *(p' "ks 0: (2) 
Hence if a collineation become a homology the characteristic 
equation has equal roots. The converse is however not 
true as we shall see below. In other words a necessary but 
not sufficient condition for a homology is that the characteris- 
tic equation have equal roots. - 
First we shall seek the fixed point corresponding to the 
double root p = 1. Setting p = land xz’ = zx in (1) we get 


1 Ce — 0, te = Le = 0, (1 << kg) a3 == (). (3) 


The first two equations in (3) vanish identically so that 
the three are satisfied by any point whose «;-co6rdinate 
is zero. Consequently every point on the ine x3 = Orisa 
fixed point. This line is called the aais of the homology. 

Again replacing p by kz, the simple root of the characteris- 
tic equation, we have as equations to determine the corre- 
sponding fixed point 

(ks = 1)ay = Q, (ks at 1)a2 = 0, k3(ag ca X3) =) (i). (4) 
Now the third equation vanishes identically so that the 
point of intersection (0, 0, 1) of the lines x; = 0, %2 = 0 
is a fixed point. Moreover any line on this point, called 
the center of the homology, is fixed. For any such line 
contains two fixed points, namely the center and the point 
in which the line cuts the axis. Thus 
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A homology has a line of fixed points, the axis, and a point 
of fixed lines, the center. 

Cor. <A homology can have no other fixed elements unless 
it reduce to the identity. 

Proof. It cannot have another fixed point in virtue of 
the corollary, §147. Suppose now that it had another fixed 
line. Then the points of this line would be shifted among 
themselves in a (1, 1) way. That is the homology would 
effect on the points of the line a binary collineation which 
must have at least one fixed point ($81). But we have 
just proved this to be impossible. 

It appears now that a reflexion (§144) is a special case 
of a homology, obtained by setting k; = —1 in (1). 


= 


EXERCISES 


1. Find the fixed points and fixed lines of each of the collineations 


aL i255 “= w23, an! = wX2 
(Oy Aah = Wr (6) x2’ = a1, (c) Xo’ = wx3 oS il, 
x3! = Qo, x3! = wL2, x3" tb 


2. Write the collineation that 
(a) leaves each vertex of the triangle of reference fixed and 
transforms the unit point into (2, —1, 3). 
(b) leaves the unit point fixed and permutes the vertices of 
the reference triangle cyclically 
(c) interchanges (1, 0, 0) with (1, 1, 1) and (0, 1, 0) with 
(0, 0, 1) 
(d) advances cyclically (from left to right) the points (1, 0, 0), 
(Orr 0) s(n Ore) (leat yal) 
Show that (c) is a reflexion and find the center and axis. 
Find the fixed points and lines of (b) and (d). 
3. Given the four points (1, 1, 1), (1, —1, 1), (1, 1, —1), (—1, 1, 1). 
Find the collineation that 
(a) transforms (1, 1, 1) into (1, 0, 0) and leaves each of the 
other points fixed 
(b) leaves the unit point fixed and advances cyclically (from 
left to right) the remaining 
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(c) interchanges (1, 1, 1) with (1, —1, 1) and (1, 1, —4) with 
(=; 1, 1) 
(d) advances cyclically the four points. 
Find the fixed points and fixed lines of (6). Show that (c) 
is a reflexion and find its center and axis. 


4, Write the inverse of each collineation in Exs. 2, 3. 

5. If the line (ux) = uix1 + uere + uses = 0 is transformed by the 
collineation of §146 into (w’x’) = 0, show that the relations between 
u and w’ are 

oy = Ants + Arse + Aisus 
Ue! = Ants + Arla + Aosts Ast ~ Ans 
ous) = Agits + Azote + Agsus 


where o = A/p. We have thus the collineation expressed in line 
coérdinates. Write the inverse of the collineation just obtained. 

6. The collineation (1) §146 transforms a pencil of lines (or points) 
into a pencil projective with the original. 

7. Extend the results of §$146-8, including the canonical equations, 
to space. 


149. Classification and canonical equations of non-sin- 
gular collineations.—We have already noticed two types 
of collineations,—(I) the general collineation and (II) the 
homology. The further study of possible types is facili- 
tated by the following observations: 

1°. If a side x; = 0 of the triangle of reference is a fixed 
line, then one equation of the transformation may be written 
px;' = kz; For xz,’ must reduce to zero when 2; = 0. 

2°. The ternary collineation effects a binary collineation on 
the points of any fixed line. For the points of the line are 
shifted among themselves in a one-to-one way. Thus the 
binary transformation on the line 7; = 0 (§146, (1)) is when 
this line is fixed 


pty’ = O40) + Aih2, p&2! = Aai%1 + Ager. (1) 


This binary collineation may be involutory or parabolic, or 
it may be the identity. 
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A éonvenient basis for the classification of collineations 
is the configuration formed by the fixed elements. We take 
throughout as the standard equations (1), §146. 

Type III. Suppose two of the fixed points coincide 
at the vertex (0, 0, 1) of the reference triangle, approaching 
coincidence along the axis x; = 0 while the other fixed point 
remains distinct at the vertex (1, 0,0). a = 0Oand a. = 0 
must then be fixed lines which requires aj. = Q13 = G21 = 
d23 = 0. Since (1, 0, 0) is a fixed point we must. have 
in addition (§147) a3; = 0. If now k, is the root of the 
characteristic equation corresponding to the simple fixed 
point (1, 0, 0) the collineation becomes 


/ / / 
pt, = kit, pry = ArgX%o, pX3 = AzeXo + A333. 


But the characteristic equation must have a double root, 
say ks, corresponding to the two coincident fixed points, 
7. €.. we must have 


(ky — p)(@22 — p)(ass — p) = (ki — p)(ks — p)?, or dee = 


A33 = ks. 
Hence the canonical equations of type III are 
pry’ = ky 
pre) = kare ky Ak3, ase #0 (2) 


, i 
px = AzeXe + kas. 


Type IV. Let all three fixed points coincide at (0, 0, 1), 
ks being the corresponding (triple) root of the characteristic 
equation. Then (§147) ay; = a3 = 0 and the character- 
istic determinant is 
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But this must reduce to (kz; — p)8, 7. e., 
(d23 a p)t (air a: p) (deo FI p) Sy 4221} = (ks ag p) 
whence ay, = do. = d33 = kz and either a,. = 0 or ay, = O. 


Hence type IV can be represented in the canonical form 


, - 

ply = Ksty 

pte’ = Ait, + kere da1, a3. ~ O (3) 
/ 

pX3) = A3X1 + Azote + kgxs 


where k3; may be divided out if desirable. 

x, = 0 is obviously a fixed line of the collineation 
(by 1°). It is indeed the only fixed line, for if there were 
another the two would intersect in a second fixed point 
whereas the collineation has but one. 

Type V. Suppose now that equations (3) of type IV 
are restricted so that every point on the line 2, = 0 is fixed, 
z. €., the collineation on 2; is the identity. Then we must 
have (by 2°) ase = 0 and the collineation is 


/ 
oxy’ = kyti, pte’ = doit + Kyte, pts’ = Asiti + ksas. 


Then every line of the pencil Ax; + adsive — daz; = O is a 
fixed line as may be readily verified. The center (0, doi, as31) 
of this pencil may be taken as vertex (0, 0, 1) when aa: = 0 
and the collineation becomes 


px’ = kay 
prs! = k3Xe (4) 
pa! = 31X11 -+- kex3 


which is called an elation. 

Thus the elation like the homology has an axis of fixed 
points and a center of fixed lines but unlike the homology 
the center and axis of the elation are incident. 

To summarize we have (exclusive of the identity) five 
types of non-singular collineations characterized as follows: 

20 
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TYPE Fixep ELEMENTS CHARACTERISTIC EQuaTION Has 
I Three fixed points and_ three distinct roots. 
three fixed lines forming a 


triangle. 

II Line of fixed points and double root. 
point of fixed lines. 

Ill Two fixed points, two fixed double root. 
lines. 

IV One fixed point and one triple root. 
fixed line which are incident. 

V___ Line of fixed points and __ triple root. 


point of fixed lines, center 
and axis incident. 


(001) 
—e— 200-03 oe 
L3>= 0 
I II 
Le 
#,=0 2,=0 
(001) iG on 
IV Vv 


The configurations of the fixed elements are indicated in 
the accompanying diagram. 

If the determinant A ($146) is zero, the collineation is 
no longer reversible. It is then said to be singular. For 
a classification of singular collineations the student may 
consult Bécher, Introduction to Higher Algebra, p. 294. 
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EXERCISES 


1. Show that the various types of collineations can have no fixed 
lines other than those enumerated. (Two fixed lines must meet in a 
fixed point.) Hence show that the configuration of fixed elements is 
self-dual. 

2. Write the equations of the binary collineation on each fixed side 
of the reference triangle in types I-V, also for the reflexion. What 
is the type of each binary collineation. 

3. If a collineation effects the identical collineation on two sides of 
the reference triangle it is the identical collineation. 

4. An elation is a special case of a reflexion. 

5. Write the most general collineation (in homogeneous Cartesian 
coordinates) that leaves the line at infinity invariant. 

6. Write the equations of a collineation whose fixed points are the 
origin and the circular points. 

7. Show that 2’ = x + hz, y’ = y + kz, z’ = z represent an elation 
and find the center and axis. 

8. Classify as far as possible the singular collineations. The 
classification will depend on the way the matrix of the collineation 
becomes zero. Thus A may be zero without there being any relation 
between any two coefficients, the coefficients in two rows or two 
columns may be proportional, the coefficients in a row or column may 
all be zero, ete. Characterize the types geometrically, as, e. g., one 
point is fixed and all other points of the plane go into points on a line. 
(Bécher, 1. c., notes 8 types including the extreme case when every 
element of the matrix vanishes.) 

9. Write in line codrdinates the canonical equations of the collinea- 
tions I-V. Show that each effects a binary collineation on the lines 
of the pencil determined by any fixed point. Classify these binary 
collineations. 


150. Product of collineations.—We shall now consider 
the effect of a composition of collineations, introducing as a 
preliminary the convenient notion of the square matrix. 
A collineation 


= 01101 + Gi2%e + A13%3 
S: ty = A1%1 + A22V2 = A23%3 
Xe" 31%) + A32%q + A33%3 


hs, 
4 


I 


308 PROJECTIVE GEOMETRY 


is sometimes denoted symbolically by the array of coeffi- 
cients on the right 
11 Ai2 A18 
A = | day Ao2 Anz 
31 A32 A33 


which is called the matrix of the collineation. Such an 
array is a mere symbol which has no numerical or functional 
value and is not to be confused with the determinant of the 
collineation. Thus a matrix cannot be expanded like a 
determinant, neither can its rows and columns be inter- 
changed for the symbol would no longer represent the same 
collineation. 

Let S be a collineation (with matrix A) which carries the 
point x into the point x’ while 


xy’ = bier! + Diora! + bse! 
Les Xo!" = boity’ + deewe’ + bo323! (2) 
ae = Deiat! + b32%e! a i b33x3" 


is a collineation (with matrix B) which carries the point 2’ 
into x’. Then the operation that carries x into «’’ we shall 
call the resultant or product TS of S and T' since the opera- 
tion is obviously effected by an application of S followed by 
an application of 7.1 Substituting in (2) the values of 2’ 
from (1) we obtain as the product 


gy" = (Qiibir + Gerbie + agibis) x1 
aia (di2b14 + debdie + 32513) Le 
=; (disbis + de3b12 + 33013) 3, 
25 es (ai1b21 + deibes + d3ib23) 04 


1 The student will note that the multiplication as here defined is from 
right to left, 7. e., the collineation operating first is placed on the right. 
This is the practice with polar and other functional operators and is 
easily remembered since we understand that a collineation transforms the 
old variables on the right into the new variables on the left. Either 
order of course could be chosen but once chosen it must be followed since 
multiplication is not commutative in, general. 
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TS: + (diebe1 + deebo2 + ds2b23) 2 (3) 
3 (aisbe1 + debe. + As3b 23) X3, 
La = (a11b31 + deibse + agibs3)X1 
ate (ay2b31 + deeds. + Az2b33) Xe 
+ (disbs1 + desb32 + 33033) U3 
which is again manifestly a collineation. 

The matrix of the product 7'S defines the product BA 
of the matrices of 7’ and S. Thus the element in the ith 
row and kth column of the product BA is formed by multi- 
plying each element of the ith row of B by the corresponding 
element of the kth column of A and adding theresults.! Hence 

1°. The product TS of two collineations S and T is a col- 
lineation whose matrix is the product of the matrices of T 
and S. 

2°. Multiplication of collineations is not in general com- 
mutative. 

For the matrix of ST is AB which in accordance with 
the definition above is different from BA in the general 
case. Geometrically this means that if the combined effect 
of S followed by T is to carry a point x into a point y then 
the effect of T followed by S is to carry x into some point 
other than y. 

3°. Multiplication of collineations is associative. 

If R carries x into y, S carries y into z and T' carries 
z into 2’ then as in §85 we may denote the effect of the 
product TSR by »-T2S,R,. Likewise the effect of T(SR) is 
2 1'(SR), while the effect of (7'S)R is 1 (T'S),Rz. In either 
ease the net result is to carry the point x into the point 2’ 
which proves the theorem. Symbolically, TSR = T(SR) 
= (TS)R. 


1 Tf the elements of a row are numbered from left to right and those of a 
column downward then corresponding elements are those with the same 
seria! number. Cf. the rule for multiplying determinants $105. While 
there are four methods for forming the product of two determinants, the 
rule for multiplying matrices is unique. 
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Coro.iarizs.—The identical collineation is denoted by 
1. Since the identity leaves every point unaltered 


(a) Seti as. 


If S-1 is the inverse of a collineation S we have from the 
definition ($146) S~1S = 1. That is the effect of applying 
S-! to the points of the plane already transformed by a 
collineation S is to restore each point to its original position. 


(b) Sisson =aeet 


1. e., the inverse relation is reciprocal. For if S carries x 

into v’ then S~! carries x’ into x and it is evidently immate- 

rial which transformation is applied first in the product. 
a 


(c) If DoW Gd I then S =; 


For multiplying both sides by X—! we have X-1XS = 
X1XT,orS =T.. likewiseii SX = 7X, S =7. (Mul- 
tiply X-! =X—! by SX = TX and apply (6).) 

If a collineation S is applied repeatedly, say n times the 
resulting collineation is a power of S, denoted by S”. The 
inverse of Sis S-". If S"=1, S is said to be of period n. 
From the associative law (8°) and (b) it follows that 

(d) SiS* = S*S* = St’, 7, k any positive or negative 
integer. 

The product TST! is called the transform of S by T. 

(e) If S carries x into x’ and T carries x into y (and x’ 
into y’) then the effect of the transform is yT,S8zT y-, 1. €., 
the transform carries y into y’. 

This statement holds when S and T are both collineations, 
both transformations of coérdinates, one a collineation and 
the other a transformation of coérdinates. If S represents 
a collineation and 7’ a transformation of codrdinates then 
the transform causes the same shifting of the points of the 
plane as S but expresses it in a new codrdinate system. 
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151. Invariants of a collineation.—The roots k; of the 
characteristic equation are called multipliers of the collinea- 
tion. If (a1, 22, x3) is a fixed point of a collineation S 
then S carries the point into (ka, kas, kx3), where k is one 
root of the characteristic equation. Or we may say briefly 
that S carries x into kx. If then T is a collineation that 
changes x into y the effect on x when S is transformed by 
T is (§150) xyTi2S2T'y~!, 7. e., the transform carries y into ky. 
Hence 7 transforms the fixed points of S into fixed points 
of the transform. Moreover the multipliers are unchanged 
' when the collineation is transformed. In other words 

The multipliers are invariants of the collineation. 

They are however irrational invariants in general since 
they are roots of a cubic. Evidently any symmetric 
function of the k’s will also be an invariant. Thus the 
coefficients in the characteristic equation are rational, 
integral invariants, in fact they are a complete system of 
such invariants. Consequently we may write the char- 
acteristic determinant 


Cian 2 a2 13 
21 hy 49 23 SS Tip? -+--Tep — I) 
Q31 32 GRE == fy 


where J; is an invariant of degree 7 in the coefficients. 

Since the transform of S by 7’ may either express the 
collineation in a new coérdinate system or it may represent 
the collineation under a projection of the plane, the vanish- 
ing of an invariant implies a property of the collineation ~ 
which is at once independent of the coérdinate system, and 
unaltered by projection. 


EXERCISES 


1. Given the collineations 


ISiEse Qik + Aiote + Ai3%3 
biti + diote + ists G = il, %, By 


Ill 
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The product 7'S is found by substituting for x; in T the values of x,’ 
from S. Likewise the product S7' is found by substituting for x; in 
S the values of x,’ from 7. Extend the rule to three collineations S, 
T, U (with matrix C). State a rule for finding the square, the cube 
of a collineation by substitution. 

2. Write the square and the cube of each collineation in Ex. 1, 
$148. Also write the product of each pair of collineations in both 
orders and the product of all three in all six orders. 

3. Show that the square of the collineation 


Cie =e ie Costes 
Xo! = X1 + wt. + ws 
x3! = X11 + WX +- WL 3 


is a reflexion and hence (or directly) the collineation is of period 4. 

4. Write the cube of the collineation of type I in canonical form 
((3), §147). What are the conditions that the collineation be of 
period 3, period n? : fe 

5. Show by multiplication of the matrices or by substitution that 
the collineations (6) and (d) of Ex. 2, §148 are of period 3 and 4 
respectively. 

6. Show by multiplying the matrices that the product of a collinea- 
tion 7 (§146) and its inverse 7’~ is the identity. 

7. If S and 7’ represent any two collineations and if 7S771 = S71, 
show thatw/)S) = Set, VAlson/)S2)—=_7)SS s—sSmi 1S Se Se 
S~*T and generally TS* = S-*T. 

8. Expand the characteristic determinant of the general collinea- 
tion and find the values of the invariants (§151). 

Ans. I, = adi: + doe + a33, Tg = Art + Aco + A33, Ihy = Ale 
What is the effect on the characteristic equation of the vanishing of 
the individual invariants? 

9. Write the invariant condition that the characteristic equation 
have a double root, a triple root. (See §114 and §115, Ex. 20.) 

10. Write the invariants for each of the collineations J — V, including 
the case of the reflexion. Obtain relations connecting the invariants 
for each type and thus characterize the various types. (Make use of 
Ex. 9 and the fact that invariant relations must be homogeneous in 
the coefficients.) 

11. Find the invariants and thence expand the characteristic deter- 
minant of the collineation in line codrdinates (§148, Ex. 5). Ans. 
—o> + Ino — AI\o + A*. Hence show, since « = A/p, that the 
determinant differs only by a factor (— A?) from the characteristic 
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determinant for the point form. Hence the configuration of fixed 
points and fixed lines of a collineation is self-dual. 

12. Write out in full the transform 7\ST~! of S by T, Ex. 1, 

13. Obtain a solution of Ex. 3(a) §148 as follows: Write the 
collineation when the fixed points are vertices of the reference triangle 
(Ex. 2(a) in the same set) and then pass to the original triangle of 
reference by means of the transform. Solve the other parts of the 
exercise in a similar way. 

14. Find the invariants (coefficients in the characteristic equation) 
of the general collineation in space. 

15. The equations 


Uy = AX1 + Ai2®%2. + Ay3X3 
OU2 = AgX1 + A2%2 + A23X3 Aik F Ani (1) 
OU3 = 431%, + 132%2 + A3303 A#0 


define a correlation of matrix A, 7. e., a (1, 1) correspondence between 
the points x and the lines u of the plane. We regard the correlation 
(1) as the operation that transforms the point x into the line wu. 
Obtain the inverse (correlation) that carries wu back into x by solving 
(1) for the z’s. 

16. Defining the product of two correlations or of a correlation 
and a collineation as in the case of two collineations, show that the 
product of two correlations is a collineation, while the product of a 
correlation and a collineation is a correlation. In either case the 
matrix of the product is the product of the matrices of the component 
transformations. 

17. The correlation (1) also carries lines into points. If it trans- 
forms the line (wx) = wiry + Ute + u3x3 = 0 into the point (x’u’) = 
0, the relations between the codrdinates of the line u and the point 2’ 
into which it is transformed are 


px’ = Aum + Aiots + Ay3U3 
pare! = Agu + Arte + A233 EC Aix F Aki 
pu3) = Agia + Asol2 + Azzts. 


18. A polarity ($145) is a special case of the general correlation. 
The necessary and sufficient condition that the general correlation 
be a polarity is that its matrix be symmetrical, 7. ¢., Gik = dei 

19. (1) Ex. 15 gives the coérdinates of the line into which the cor- 
relation transforms a point. Find the equation of this line and thus 
express the correlation as a general ternary bilinear form. 
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20. Given the collineations 
SiG) = iy 02 wwe 23, AN eo — eee ee 
and the polarity Il: wi = 21, U2 = 22, us = 1023. Find the products 
mS, mS2, U7, UST, WS27. Select the polarities among the products 
and find the base conic of each. What are the periods of the remain- 
ing correlations? 

21. The locus of a point whose corresponding line, under a correla- 
tion, is on the point is a conic C, and the locus of a line whose corre- 
sponding point is on the line is a conic C;. Find the equations of these 
conics and show hence that each is the polar reciprocal of the other 
with respect to 712 + a2 2+ «3? = 0 (i. e., the curves are dual). 

22. If a correlation is involutory, 7. e., if the point x goes into the 
line wu and the line w goes back into 2, it is a polarity. 

23. The conics C, and C; (Ex. 21) for a polarity coincide with the 
base conic of the polarity. 

24. The general correlation has two fixed conics; a polarity one. 


152. Group of collineations.—Consider the set of four 
collineations consisting of the identity and three reflexions 


Ry Re Rs 1 
aol! = —- Uy Uy V1 
te) = Le —£e Le Le 
Ux = V3 3 Tres V3. 


An examination of these collineations will reveal the follow- 
ing properties 

1°. The product of any two of the collineations is a collinea- 
tion of the set.* 

2°. The inverse of each collineation occurs in the set.? 

3°. The cdentical collineation is one of the set. 

A set of collineations satisfying these three requirements 
is said to form a group of which the constituent 
collineations are the elements.? The order of a group is 

Thus file; = Ren hes — ln Reeves 

2 Each collineation is in fact its own inverse. 

3 In the theory of abstract groups it is further stipulated: 

4°. The associative law holds for the product of any three elements. 


This is superfluous for present purposes since we have proved that 
multiplication of collineations is of necessity associative. Further in the 
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the number of collineations which it contains. A group 
may be either finite or infinite according as the order is 
finite or infinite. The group under consideration is thus a 
finite group of order four and may be denoted by Gy. It 
is known as the ternary dihedral G4. 

153. Some properties of the dihedral G..—The effect 
of our G, is to carry an arbitrary point of the plane into 
(at most) four positions including the original position. 
For each collineation either leaves the point fixed or trans- 
forms it into a second point. Hence the point may occupy 
four distinct positions. It cannot occupy more since by 
1° two of the collineations successively applied produce the 
same effect as some one of the collineations. Thus the 
points of the plane under the group are arranged in sets 
of four, the four points in any set being conjugate. That is, 
a set of conjugate points consists of those points which can 
be transformed into each other by the operations of the 
group. 

Some points however may assume fewer than four posi- 
tions under the group. Thus the center and axis of each 
reflexion, namely a vertex and opposite side of the reference 
triangle, are a point of fixed lines and a line of fixed points 
under that reflexion (§144). Consequently the vertices 
and sides of the triangle of reference are fixed or invariant 
under the whole group. Or 


abstract theory some law of combination is hypothecated. The elements 
may have any meaning so long as they are capable of being combined 
according to some law. If we replace ‘‘collineation’’ by ‘‘element,”’ 
1°-4° are postulates for abstract groups. The result of combining one 
element of an abstract group with another is called a product of the two 
even though actually it may be in a concrete case addition, permutation, 
substitution, rotation, ete. We say, eé. g., that the positive and negative 
integers and zero ‘‘form a group with respect to addition.”” The integers 
are here the elements and addition is the law of combination. 
Ex. The identical element is 0. (The identity must satisfy Cor. (a) 
150.) 
: Two groups with the same abstract structure are said to be isomorphic. 
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The group has an invariant triangle whose vertices are the 
centers and whose sides are the axes of reflexion. 

To find the invariant conics we observe that the effect 
of R; is to change the sign of those terms containing 2; in 
the first degree while it leaves other terms unaltered. 
Thus every conic in the system 


ax? + bao? + ca? = 0 


is invariant under the group. Or 

Each conic of the net apolar to the invariant triangle is an 
invariant of the group. 

Consider now a particular invariant conic. In general 
the points of the conic lie 
in conjugate sets of four. 
The only exceptions are 
those points which are 
invariant under some 
collineation of the group. 
Thus a point on an axis 
is fixed under one reflexion 
and can take up in conse- 
quence only two _ posi- 
tions. In other words 

The conic contains three 
special conjugate _ sets, 
namely the three pairs of points cut out by the axes.) 

A line from a center-of reflexion to one of a set of four 
conjugate points cuts out a second. Hence the points lie 
on three pairs of lines one pair meeting at each center. 
Therefore 

The four conjugate points of a set lie at the vertices of a 
quadrangle whose diagonal triangle is the invariant triangle. 


1 These special sets may be considered as sets of four points which coin- 
cide in pairs. 
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Since each point of the conic determines a set of four 
conjugate points and there are «1 points on the curve we 
see again that a conic has a single infinity of inscribed 
quadrangles with a common diagonal triangle.1 

The G4 in metrical form can be found by taking the Carte- 
sian axes and the line at infinity for the invariant triangle. 
The transformations then are 


R, Re Rz 1 
c= —f x —x x 
y= y =Y =U] y 


where 2, y are rectangular codrdinates. 

The properties of the group obtained above are now 
obvious. Four conjugate points have the codrdinates 
(+2, +y), 7. e., the points 
are vertices of a rectangle 
whose center is the origin 
and whose sides are par- 
allel to the axes. 

The net of invariant 
conics consists of the 
central conics 


ax? + by? +c =0 


each of which is sym- 
metrical with respect to the axes as well as the origin. 
Indeed any invariant curve of the group in this form has 
the origin for center (point of symmetry) and the codrdi- 
nate axes for lines of symmetry. 

154. Subgroups. Generators. Cyclic groups.—Some- 
times a part of the elements of a group constitute a group 
in themselves. We then have a group within a group which 
is called a subgroup of the original. For example the iden: 


(-2,y) 


1Cf. the theory of the binary quartic §§120, 134. 
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tity and any one of the reflexions of Gs, §152, form a sub- 
group of the G,._ It is readily proved! that 

The order of every subgroup is a factor of the order of the 
group. 

It usually happens that a very few of the elements of a 
group determine by their products all other elements. Such 
a set of elements generate the group and are called generators. 
Thus in the dihedral Gy of the last section Rik, = R; and 
R,2 =1 so that R, and R. (or any two of the R’s) are 
generators. 

A group that can be generated by a single element say 
S is called a cyclic group. A cyclic group is necessarily 
finite (since some power of S must be the identity) and 
consists wholly of powers 6f the generating element thus 


S S255 . 82 St (1) 


Conversely any set of elements like (1) form a cyclic group 
since they satisfy the definitions of a group ($152). More- 
over the product of any two elements is commutative (Cor. 
d, $150) and the group is called commutative or Abelian. 

Any element of a fimte group G, generates a cyclic sub- 
group of Gn. 

For if S is an element of G every power of S is an ele- 
ment of the group (definition 1°). Consequently for some 
finite integer k we must have S* = 1 or otherwise the group 
would be of infinite order contrary to hypothesis. Finally 
the inverse of each power S* of S is a power of S, wiz., S*-#, 
which completes the proof of the theorem. Two trivial 
cases occur, when k = 0, n. In the first case the subgroup 
is the identity, in the other it is G, itself. 


1 See for example, Miller, Blichfeldt, Dickson, Finite Groups, p. 23. 
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EXERCISES 


1. The following aggregates of elements constitute groups: 


(a) all collineations in the binary domain (3-parameter) 

(b) all collineations in the ternary domain (8-parameter) 

(c) all collineations of determinant unity in both the binary 
and ternary domain 

(d) all collineations and correlations in the plane 

(¢) all rotations of the plane about a fixed point 

(f) all rotations of the plane about a fixed point of period n 

(g) all the permutations of n letters 

(h) all cyclic permutations of n letters 

(i) the six double ratios of four points in the binary domain 
(with respect to substitution). 


Select (1) the finite groups in the list and state the order of each and 
(2) the cyclic groups. 

2. There is no group consisting entirely of correlations. 

3. The only finite groups without subgroups (excluding the two 
trivial cases, viz., the identity and the whole group) are cyclic groups 
of order n, n a prime number. 

4. All subgroups of a cyclic group are themselves cyclic. 

5. The ternary dihedral collineation group G, can be written 


Vig dies igs ag) 


te £9 03 te Li 
Le’ = —Lo 2 —e We 
3) = Ze 1 Zi L3. 


(Show that R,? = R,? = R,2 = 1, R;R; = Ry.) Find the invariant 
triangle and the net of invariant conics. 
6. Show that the two collineations S and 7’ below 


= de Ti ae Lae 4 
8: 22 = wie [UL AG YS i U: to! = 23 
Ze = w'Xz 23 = 2X2 “3 = Xe 


generate a Gs. Find the elements of the Gs and show that they can be 
arranged to form four cyclic subgroups of order 3. S, T and U gen- 
erate a Gy, containing, besides the identity, 9 elements of period 2 and 
8 elements of period 3. 
U generates with either Sor TaG,. The entire G13 leaves invariant 
the cubic curve 
£12 + ro? + xz? + barr; = 0. 
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The group contains 9 cyclic subgroups of order 2. Find the centers 
and axes of the reflexions and show that the centers lie on the curve. 
The group also leaves unaltered each of four triangles, viz., the fixed 
triangles of the four cyclic G3’s._ (Three of these are the triangles of 
Ex. 1, $148, the fourth is the reference triangle.) Cf. Ex. 10, §61. 

7. Let (abe . . . r) denote a cyclic permutation or cycle of the 
letters, such that a goes into b, bintoc, . . . rintoa. Likewise let 
(abc) (de) denote a cyclic permutation of a, b, ¢ and the interchange 
of dand e. (abc)(d) indicates a cyclic advance of a, b, c while d re- 
mains fixed. Show that the two permutations (abc) and (ab) generate 
the Gg» of permutations of the letters a, b, c. This group contains 
the identity, two elements of period 3 and three elements of period 2. 

8. The permutations of four things a, b, c, d constitute a Go4. The 
four permutations abcd = 1, beda = P, cdab = P?, dabe = P® eyvi- 
dently form a cyclic subgroup Gs. Now P? is obtained from 1 by 
advancing the letters cyclically two spaces, or by interchanging a 
with c and b with d. Similarly P* is obtained by advancing the 
letters in 1 three spaces. Thus the four permutations can be written 
in cycle form: (a)(b)(c)(d) = 1, (abcd) = P, (ac)(bd) = P?, (adcb) = 
P3, P and P* are of period 4 while P? is of period 2. Show that the 
G24 contains besides the identity 


6 elements of period 4 like (abcd) 

8 elements of period 3 like (abc) (d) 

3 elements of period 2 like (ab) (cd) 

6 elements of period 2 like (ab) (c)(d). 


The letters which are not permuted may be omitted from the cycles. 
9. The rotations of a cube (a) of period 4 about a line joining the 
midpoints of two opposite faces, (b) of period 3 about a diagonal, (c) 
of period 2 about a line joining the midpoints of opposite edges con- 
stitute a G», isomorphic with the group of permutations in Ex. 8. 
(The rotations permute in all possible ways the four diagonals.) 
This group is the same as the rotations of a regular octahedron into 
itself since the midpoints of the faces of a cube are vertices of a regular 
octahedron. The group is known as the octahedral group. If the 
cube (or its associated octahedron) is inscribed in a sphere then the 
group of rotations arranges the points of the sphere into general sets 
of 24 conjugate points. Enumerate the special sets of conjugate 
points (fewer than 24) and locate them on the sphere. 
10. Enumerate the subgroups of the Gs in Ex. 8 (or 9). (The 
order of a subgroup is a factor of 24.) Defining conjugate subgroups 
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as a set of subgroups which are transformed into one another by the 
elements of the group we have: 


Subgroups Typical generators 
3 conjugate cyclic G,’s (abcd) 
4 conjugate cyclic G3’s (abc) 
3 conjugate cyclic G’s (ab) (cd) 
6 conjugate cyclic G2’s (ab) 
3 conjugate Gs’s (abcd), (ab) (cd) 
4 conjugate Gos (abc), (ab) 
3 conjugate G,’s (ab), (cd) 
1 self-conjugate (invariant) Gs (ab) (cd), (ac) (bd) 
1 invariant Giz (abc), (ab) (cd). 


Ascertain the number of elements of period 2, 3, 4 in the various sub- 
groups. Write all the permutations both in the ordinary and cycle 
form composing a subgroup of each type. 

11. The rotations of a regular tetrahedron into itself consitute a 
group, the tetrahedral group. Enumerate the elements of various 
periods and find the order of the group. Wnumerate the special sets 
of conjugate points and locate them on the circumscribing sphere. 

12. The rotations of a sphere that transform into itself a regular 
inscribed icosahedron constitute the icosahedral group Goo. Find the 
number of elements of the various periods. Enumerate the special 
sets of conjugate points and locate them on the sphere. The rota- 
tions of a regular dodecahedron into itself is effected by the icosahedral 
group since the centers of the faces of a regular icosahedron are ver- 
tices of a regular dodecahedron. 

13. The tetrahedral group is a subgroup of the octahedral group. 
Find as many subgroups of the tetrahedral and icosahedral groups as 
you can. (For a systematic account of the regular body groups, see 
Klein, Ikosaeder.) 


155. The nth roots of unity.—We shall collect in this 
section certain elementary properties of the roots of unity, a 
knowledge of which is essential in subsequent sections. 
Any value of x that satisfies the equation 


ise n a positive integer (1) 


is called an nth root of unity. While if n is the smallest 


positive integer for which e” = 1, ¢ is said to be a primitive 
21 
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nth root of index n of unity. Thus —1 is a fourth root of 1 
but not a primitive fourth root since (—1)? = 1. 
If eis a primitive nth root the powers 


eo eat Le etry oles bane aes (2) 


are all distinct and comprise the whole set of n nth roots. 
That they are all nth roots follows from the relation 


(e)" = (e")" = 17 = 1. 


To prove tnat they are all distinct suppose e” = e* where 
r, § are twolexponents in (2), 7:.€., 1,.S. <9 ine tse en 
dividing both sides by e* we have e* = 1. But this contra- 
dicts the hypothesis that € is a primitive nth root. Q. B.D. 

Algebraically the roots can be found in simple cases 
and in all cases when n is a power of 2 by factoring. For 
example x4 — 1 = (a? —1)(@?4+1) = @-1D@+4+1) 


(x — 7)(x + 7), whence the roots are +1, +7, @ = -VW—1). 
Again. “78 — J oo= GA 1) at 1) p(t ee ee) 
(+7) = (*t-D(e- Vilat Vila - V-d(@t+ 


—i). Hence the 8th roots are the 4th roots and +7/i, 
tV i. 

Trigonometrically the nth roots are given by Demoivre’s 
theorem in the form 


2kr 1 ha 
é, = COS a rhe h SIN ee, 


solasO, ol eck tanta emer EG) 
Or since (Euler’s theorem) cos 6 + 7 sin 6 = v”® 
kei 
é,=e", k=0,1,...n"-1 
Roots of unity as operators: The roots of 1 may be 
represented graphically in the usual manner on the complex 
plane. We shall now consider their interpretation as 
operators. For this purpose we think of t as the operator 
or turn that rotates the point 1 about the origin in the 
1See Harkness and Morley, Analytic Functions, p. 14. 
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positive (counter-clockwise) sense through an angle 9@. 
If as in group theory we define a successive application of ¢ 
as the product of ¢ by itself, then ¢? is a rotation through 
the angle 26. Or generally if t, is arotation of 1 through 6; 
and é2 a rotation through 42, tf, is a rotation through 6; + 
62. The identical rotation which produces no effect we 
denote by ¢® = 1. 

If #? = 1, ¢ will represent either the identity or a rotation 
through the angle zr. But if #2 = 1,¢=1or —1,7.¢., —1 
is a rotation through the angle 7. 
Likewise if ¢? = 1, ¢ may be (in 
addition to the identity) a rota- 
tion through either the angle 27/3 
or 47/3. The corresponding values 
of t we denote by w and w’, the 
imaginary cube roots of unity. 
Thus 1, w, w? as turns carry 1 into 
the vertices of an equilateral tri- 
angle. Generally if n is the least positive integer for 
which ¢” = 1, then one ¢ is a rotation through the angle 2r/n. 
If we denote this rotation by ¢, then the set of nth roots 


eve See a ee 
when interpreted as turns carry the point 1 successively into the 
t? vertices of a regular n-gon in- 
scribed in the unit corcle.* 

The inverse of ¢, 7. e., é“! is 
naturally a rotation of 1 through 
the angle 6 in the negative 
direction. This may be defined 
as division of 1 by t which con- 
forms to the algebra since 1/t = 
m/t=t'=t", Thus —t is a reflexion of t in the origin 


i Ve ¢) 


1 That the nth roots represent the vertices of such a polygon appears 
also from (3), 
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while 1/t is a reflexion of t in the axis of real numbers. 

The following theorems are now geometrically evident: 

The product (or quotient) of any two nth roots of unity ts 
an nth root. 

Any integral power, positive, negative or zero, of an nth root 
of 1 7s an nth root. 

The developments of this section can be summarized in 
the single statement: 

Any primitive nth root of unity generates (with respect to 
multiplication) a cyclic group of order n whose elements are 
the whole set of nth roots. Geometrically, the totality of 
rotations of a regular n-gon into itself constitute a cyclic group 
of order n. 

156. Absolute codrdinatés.—The developments of the 
preceding section are intimately associated with a second 
system of metrical codrdinates. In this system we select 
for bilinear axes the pair of circular rays through the Carte- 
sian origin. The codrdinates of a point referred to these 
lines are called circular or absolute codrdinates and are 
denoted by x and @. 

If X, Y are the usual rectangular codrdinates of a point, 
the absolute codrdinates of the point are given by the 
transformation 


a See yes) a etGh) 


To express absolute codrdinates in terms of rectangular we 
have but to solve equations (1), thus 
ee Cae 


X= =e (2) 


Absolute coérdinates may be made homogeneous if 
desirable by adding the line at infinity as a third axis of 
reference and writing 


t= Neely ora Nea Ve aren (3) 
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where 2, Z is the line at infinity in either system. The non- 
homogeneous form is recovered at once by setting z = 1. 

Absolute codrdinates are specially adapted to discussion 
of metrical properties which is not surprising in view of the 
intimate relations that all metrical properties bear to the 
circular points. The equation of the circle X2 + Y? = r? 
for example becomes in absolute coérdinates xz = r°. 

The process of representing these codrdinates geometri- 
“eally demands careful attention. Since the absolute 
coérdinates are complex numbers they are plotted as in 
the complex plane. But in this plane a single complex 
number will locate a point and w and @ if plotted separately 
would in general determine two points. To avoid this 
ambiguity we plot only the x. The zw is however not super- 
fluous as we shall see. 

Imaginary points. Here as elsewhere we shall say that 
a point which can be represented in the plane of operations, 
7. e., one that can actually be plotted is real, otherwise 
imaginary. But the usual algebraic criterion! for imagin- 
ary points will no longer suffice since the absolute céordi- 
nates of points that can be plotted are in general imaginary. 
One or two illustrations will make clear the distinction 
between real and imaginary points in the present system. 
Consider the line 


zx+ae=4,orxX = 2. (4) 


It is evident geometrically, or it may be inferred directly 
from (1) that the only points which can be represented are 
those whose z-coérdinates are of the form 2+72Y. The 
corresponding x-coérdinates are then 2—7zY. In other 


1§20. In general if the reference framework is real an imaginary 
point is one which has at least one of its coérdinates necessarily imaginary. 
Thus in projective codrdinates with a real triangle and unit point, (7, 2, 3) 
is imaginary whereas (i, 7, 7) = (1, 1, 1) is real. 
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words the real points of the line are defined in absolute 
codrdinates by conjugate complex numbers. There is one 
real point on this line, viz., the point (2, 2), whose absolute 
coérdinates are real. On the other hand the number pairs 
(4, 0), (5, El) (2, aes a), (3 = V2, i V2) satisfy 
equation (4) but they cannot be represented on the line.! 
Accordingly these pairs are absolute coordinates of imagi- 
nary points on the line. 

The foregoing discussion suggests the algebraic criterion 
for reality of points. Indeed, referring to (1) and (2) it is 
plain that when X, Y are real the point is real and the abso- 
lute codrdinates are conjugate complex numbers.? Con- 
versely if x, x are conjugate complex numbers, the point is 
real and the rectangular codfdinates are real. Or 

A point is real or wmaginary according as its absolute 
coérdinates are or are not conjugate complex numbers. 

Parametric equations in absolute coérdinates. Heretofore 
we have thought of t as a real parameter running along a line 
and taking all values from —®% to +2. Now it is more 
convenient to suppose ¢ to run around a circle of unit radius 
with center at the origin. In other words ¢t is a complex 
number of absolute value 1. We do not restrict t to be a 
root of unity as defined in the previous section,—the only 
requirement, is | t| = 1. The properties of t as an operator 
are extended to apply to all points on the unit circle. An 
important consequence is that the conjugate of ¢ is 1/t.? 


1 For if we plot the z only, the first, second and fourth points would 
be real points on the line x = Z whereas this line cuts (4) only in the point 
(2, 2). Thus we can plot only those points whose z-coérdinates are con- 
jugates of the x-coordinates, which indicates the role of a. 

2 We use complex number to include all the numbers of algebra, a real 
number being self-conjugate. An imaginary number is one that is not 
real. 

3 This may be proved directly. For let tbe p + iq, p, qreal, p? + q? = 
1. Then (p + 1q) (p — iq) = p? + q* = 1. Hence conjugate complex 
numbers of absolute value 1 are reciprocals. 
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The parametric equations of the unit circle in absolute 
coérdinates are 
x=t ge=tl/fi 
or homogeneously (5) 
Ce ie melt et: 


For manifestly the x-coérdinate of any point on the circle is 
the same as the parameter. The homogeneous reference 
lines are two tangents, the circular rays x (on J) and & 
(on J), and their chord of contact z (£). Now z cuts 
the circle in points with parameters 0, o which are thus the 
parameters of the points J, J. The parameters. of the 
points cut out by the line x = @ are 1, —1. We have then 
four real values of the parameter, 0, 0, +1. 
Let us now consider the equation 


x = f(t) (6) 


where f is a rational function of t. The coefficients may be 
any complex numbers but we shall suppose that ¢ is a turn, 
7. é., lies on the unit circle. Equation (6) carries with it the 
conjugate 


z=f@ (7) 


obtained by writing for each complex number including ¢ its 
conjugate. (6) and (7) are then parametric equations of a 
rational curve in absolute codrdinates. 

To plot the graph of such a curve we assign to ¢ various 
turn values and compute the corresponding values of 2. 
We then plot the 2z’s as in the complex plane, attending 
however to the criterion for reality. In practice it usually 
is sufficient to give to t in addition to 0 and © the simpler 
roots of unity such as +1, +7, tw, +w’, etc. It is impor- 
tant to note that if we want successive points on the curve 
we must assign values to ¢ in the order in which they occur 
on the unit circle. 
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Example. Let us draw the graph of the curve 
= 20 dy pee ee ee (8) 
Observe first that x and @ are interchanged when ¢ is replaced 
by 1/t which says that the curve is symmetrical with respect 
to the linex =a. Now let t take the values indicated in the 

table and compute the corresponding values of x. 
ily Wiel wtiet Sao Te ivi Tal 
a |8 2W/i-iVi 1—w i w—-1 WM/i-Vi —3 


Plotting the points' « they are found to lie on an ellipse. 


All that was said about rational curves in Chapter X 
applies immediately to curves given parametrically in 
absolute coérdinates if we write the equations homo- 
geneously as is always possible. Thus the homogeneous 
parametric equations of the ellipse (8) are « = 2¢ + 1, 
CS 2 eet: 

The method of absolute codrdinates has been developed 
(under the name of Vector Analysis or Reflexive Geometry) 
chiefly by Prof. Morley and his students who have employed 
it with great success in discussing the metrical properties of 
curves.” 


1 This is best done by a composition of vectors—double the vector for ¢, 
then add 1/t as in the figure for w. 

2 See particularly F. Morley, Transactions, American Mathematical 
Society, April, 1900, Jan., 1903, and Jan., 1907. 
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EXERCISES 


1. Any rational power of an nth root of 1 is an nth root. 

2. If n is prime every nth root (except 1) is primitive. 

3. Among the nth roots one or two are real according as n is odd 
or even. 

4. The primitive nth roots of —1 are primitive (2n)th roots of 1. 

5. If a is a primitive kth root of 1, k < n, then @ as an operator 
generates with respect to multiplication a cyclic subgroup of order k 
of the G, of nth roots. 

6. The product of the nth roots is 1 or —1 according as n is odd 
or even. All other elementary symmetric functions of the nth roots 
are zero. In particular the sum of the nth roots is zero. Prove the 
last statement graphically. 

7. Show that the complex 5th roots of unity can be arranged in 
sequence such that each number is the square of the preceding. 

8. The 7th roots of unity cannot be arranged in a sequence of 
squares but they may be written in a sequence in which each number 
is the cube of the preceding. 

9. If ¢& +e * = 7, «* = 1, show by direct multiplication that 
Nk = Ni—-k+7Ni+k- 

10. If «¢* = 1, the number ¢ + «“isreal. (Prove graphically or 
show that it is self-conjugate.) 

11. As in Ex. 9 let e + «4 = m1 and e2 + e? = yo, «€& = 1. Show 
that m1 + nz = ning = —1 and hence the quadratic giving the 7’s is 
n? +n —12=0. Thence find 7: and m2. Also since eet = ee? = 1 
find the values of the e’s, thus solving the equation x° — 1 = 0 by 
quadratics. 

12. Likewise if «? = 1, let « + «& = m, 2 + 5 = yn. and «+ «4 = 
nz Write the cubic equation giving the n’s and thus reduce the solu- 
tion of «7 — 1 = 0 to the solution of a cubic and quadratics. 

13. Express algebraically the complete set of nth roots of unity 
for n = 9, 12, 16. How many in each set are primitive? Write 
the equations giving the primitive roots in each set. 

14. An equation f(z, x) = 0 of the nth degree in absolute coérdi- 
nates represents a curve of the nth order and conversely. 

15. The condition that the two lines 

awtbhae+ta =0 ae + box +e. = 0 
be parallel (but not coincident) is the same as in Cartesian coérdinates 
viz., a1/d, = bi/b2 A c1/cz2. The condition that the lines be perpen- 
dicular is ai/a2 = —b1/be. 
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16. Find the condition that the line z + x = 2k cut the circle 
xz = 1in points which are (a) real and distinct, (b) real and coinci- 
dent, (c) imaginary. 

17. The equation ax? + 2hax + bx? + 29x + 2fe + ¢ = 0 where 
the coefficients are real will represent a hyperbola, a parabola, an 
ellipse, proper or degenerate, according as ab — h? > 0, = 0, < 0. 

18. Plotting x instead of z makes the graph correspond to the graph 
in rectangular coordinates. If we followed the reverse procedure we 
should get the curve reflected in the line x — % = 0. 

19. Transform the following equations from rectangular to abso- 
lute codrdinates or the reverse. 


@) XO = ib (b) (X2 + Y?)? = a2(X2 — Y?) 
(c) (22 + 2)? —ax =0 (dad) @+7%)!—azz =0 
(e) x3 + a3 ae era? — (f) ed + az? — ea? = i 


20. The equation x = a + bt (absolute coérdinates) represents a 
circle with center at « = a and radius |b|. (Show that the distance 
from x =a to x = a-+ bt is constant and equal to 6, remembering 
that |¢| = 1.) 

21. Eliminate ¢ in the equations of the ellipse (8) §156 and find the 
single equation in x and %. ‘Transform the equation to rectangular 
coordinates. 

22. The equation in absolute coérdinates « = at + 1/t represents 
an ellipse for all values of a except a = 1 when the equation repre- 
sents a line segment. What is the length of the segment? 

23. The parametric equations of the unit circle in rectangular 
coérdinates and real parameter are 


= PP 
Brea peers ze 
IL eee 

21 t = tan = 
Ye ah ieee 


Find the parameters of the points in which the axes cut the circle. 
What are the parameters of J and J? Find a binary transformation 
that changes ¢ into a turn by asking that 7, —7, 0 go respectively into 
0, ©, 1. Then transform X and Y into absolute coérdinates and 
obtain the standard equations of the circle x = t, = 1/t. Obtain 
these equations by first transforming X and Y and then t. 
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24. Plot the following curves in absolute coédrdinates as in $156, 
either by constructing a table of values or by composition of vectors. 


(a) ¢ = 3t+ 1/t (g) « = (1 + 2)? 

(b) « = 4¢4+ 1/t = 4 

aa ne Wea’ Rex 

(d) x = 2t — # @) «=(1+1%)§ 

(e)a = 4t-—? (7) 2 = 22+4—1/t 
1 (k) o=t+1/l 

CN A aemeny () x =2t+1/8, 


25. Write the parametric equations in homogeneous absolute céor- 
dinates of each curve in the preceding exercise. 

157. The binary cyclic collineation group.—We have seen 
(§154, Ex. 1(a)) that the collineations in one dimension 

at + b 
ct +d (1) 
constitute a group. Let us ask under what conditions the 
group is cyclic. First we shall prove that 

A finite binary collineation group cannot contain a para- 
bolic collineation. 

For every element of a finite group generates a cyclic 
group (§154). But a parabolic collineation (§82, (2)) 


{=t+k (2) 


cannot generate a group since obviously no power of (2) 
can be the identity,—unless indeed k = 0 but then we 
should have the trivial case of a group with a single ele- 
ment, 1. 

Every element in a cyclic group accordingly will have 
two and only two distinct fixed points. Hence the gener- 
ating collineation can be written homogeneously in the 
canonical form 


ta 


plo = Riki; pts’ = Kote, (3) 


If now (3) is of period n we must have ky" = k,” = 1, in 
other words the k’s are nth roots of unity. Or dividing 
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out one of the k’s we may write the generating transformation 
of the cyclic group of order n in the form 
ply’ = eli, pts’ = te (4) 
where € is a primitive nth root of unity and (§155) may be 
272 
taken as e” by using the proper power of (4). The non- 
homogeneous form is 


d’ = eb. (5) 


It follows that there is a single type of binary cyclic group, 
Digs (Os 

It appears also that every element in (5) has the same 
two fixed points and we may say 

Two points of a line ar€ fixed under the operations of a 
binary cyclic group while all other points are arranged in sets 
of n conjugate points. 

If a is the coérdinate of a point on the line, the collinea- 
tions of the group will carry a successively into the points 


CTE EO Me RPE AE Eee: 


Hence the equation, 
?— a= 0 (6) 


for varying a, gives the «!' sets of conjugate points under the 
group. 

Cyclic group on the conic. The results of this section 
are valid not alone for the points of a line (or lines of a 
pencil) but are equally significant for the geometry on a 
conic or any rational (point or line) curve. Thus on the 
conic 


ty = i, Lg = Up 3 = 1 (7) 


the collineation (5) will generate a cyclic group on the 
parameter that carries a general point ¢t into a set of n 
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conjugate points. The only exceptions are the points 0, 
0 which are fixed. All sets of conjugate points are given 
by equation (6) where of course a is to be interpreted as a 
parameter. 

158. Cyclic collineation groups in the ternary domain. 
A finite ternary group cannot effect a parabolic collinea- 
tion on any fixed line in virtue of §§149,157. It follows that 

A ternary group which is finite cannot contain a collinea- 
tion of type III, IV, or V. 

For under these types the binary collineation on one 
fixed line is parabolic (§149, Ex. 2). Weare left then with 
types I and II both of which may occur. 

Referring to the canonical form of the general collinea- 
tion (§147, (3)) we have at once, a cyclic group being finite: 

The cychic groups in the ternary domain can be generated 
by the collineation 


if / 
px; = 01%, ple = A2X2, px3) = a3k3 (1) 


where, because of the periodicity requirement, the a’s are 
roots of unity. 

While in the binary domain there is a single type of cyclic 
group, we recognize two general classes of ternary cyclic 
groups: 

(a) those with a single fixed (invariant) triangle 

(b) the homologies with a center of fixed lines and an axis 
of fixed points, 7. e., with o? fixed triangles. 

If (1) is of order n the multipliers a must be nth roots of 
unity at least one of which is primitive. By making use 
of the factor of proportionality we may take one of the 
multipliers say aj = 1. Then if € is a primitive nth root of 


2rt 
unity saye” the others may be written ai = €’, ag = e& and 
the collineation becomes 


pay’ = €'X1, px! => €°X2, pxs! = 1X3 (2) 
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where one multiplier say e” must be a primitive nth root. 
Then there is some positive integer m such that (€7)™ = 
($155). Hence taking the mth power of (2) as the gener- 
ating transformation of the group we have as the canonical 
form of the generating transformation of the cyclic group with 
an invariant triangle: 


Qni 
= é* Xe, U3" = apy €e= en, 

kA. (8) 

Likewise we may take the multipliers of a homology to 

be proportional to «, 1, 1 (or 1, ¢, €) since two of them are 

equal. Accordingly the generating transformation of the 
cyclic group consisting of homologies may be written 


Gy Vert, Lo! 


Gib Teva, te! = £2, Le = We. (4) 


The groups of type (a) may be further subdivided into 
species projectively distinct when n>5. An important 
special case is that generated by the orthogonal transforma- 
tion, 2. e., one with two reciprocal multipliers. Thus we 
may take as the canonical form of the orthogonal collineation 

Ly = Cth Teo! = €; Xp, Dae = X3. (5) 

A reflexion is manifestly both an orthogonal transforma- 
tion and a homology. 

Consider now the effect on the conic (7) §157 of the 
collineation 

t! = ef, (6) 
If the coérdinates x; of a point are transformed (by (6) ) 
into 2,’ we have 


fy =f? = et = ex; 
a! =t! =e = ey (7) 
2X3" =i] =i] = 3 


or, dividing by « since only the ratios are essential 


} == 
Ty = €21, Xy = Xe, Ts = €'2z, (8) 
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an orthogonal collineation which evidently leaves unaltered 
the ternary equation of the conic 


Lo" — 43%, = 0: (9) 


Hence the binary collineation (6) induces the (orthogonal) 
ternary collineation (8) which generates a ternary cyclic 
G, under which the conic is invariant. 

Thus to the binary cyclic group which permutes the 
points (parameters) ¢ of the conic corresponds a ternary 
cyclic group of the same order which permutes the points x 
of the curve. The only fixed elements of the binary group 
are the points ¢ = 0, «o while the ternary group has an 
additional fixed point,—the intersection of the tangents 
at these points. 


EXERCISES 


1. Apart from the homology there is a single type of ternary cyclic 
G;, that generated by the orthogonal collineation. (The only possi- 
ble generating transformations are those with multipliers proportional 
to 1, «, 2; 1, 6, @ and 1, «, e4,«€6 = 1. Now the first set and the square 
of the second set when divided by ¢ reduce to the third set (although 
in a different order). 

2. There are two projectively distinct types of ternary cyclic G7’s 
in addition to the homology. Find the generating transformations 
and show that one has a pencil of (proper) fixed conics but the other 
has no proper fixed conic. 

3. Find the projectively distinct types of ternary cyclic G,’s. 

4. A ternary cyclic Gn, m even contains at least one reflexion. 
Hence any invariant curve may be metrically placed so that it will 
have (a) a line of symmetry or (b) a center (§144, end). 

5. A ternary orthogonal collineation of period 3 has three pencils 
of invariant conics. Find them. (If the whole conic is multiplied 
by or w? the conic is invariant.) 

6. Find the condition that the binary collineation S: t;’ = at; + 
bla, to’ = ct: + dt: be of period 3, 7. e., that S* = 1. (We can write 
the condition S? = S~1. Now ask that the coefficients of S? be pro- 
portional to those of S~1 and find a relation among them. Or write 
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a collineation of period 3 in canonical form and find a relation, —homo- 


geneous in the coefficients,—connecting the invariants.) 
Ans. I\? — I, = 
7. Find the condition that S, Ex. 6 be of period 4, 7. e., St = 1, or 
S?= S82. Ans. I? — 21, = 0. 
8. Show that the following rational curves are invariant under 
cyclic groups of the orders indicated. 


(a) Ail ey OR at Ua ie 


Xo(v1 + 2)? — 21433 = 0 (Gs) 
(6) m1 =H a2 =2,7; =+1 

2(a13 — xo? + Qaiver;) —x12a3? = (Gs) 
(Ceci t,o ’ 

x14 + x04 — x1tor3 = O (G4) 
(@) tr=t to = 0, es, = tod 

ri(X1 a X2)4 — %o434 = 0 (G4) 
(6)cr = Coe ge see 

wi5 + wo — ai3aou3 = O (Gs) 
Gp) ai = Bd, os ny Se I 

15 — wo5 + a H02x32 — 2r%rox3 = O (Gs) 
(Cpa —ueny == ory OE al 

Gi(ikat ee)? = 005% — 0. (Gn) 


9. In (a) Ex. 8 the three parameters given by #3 + 1 = 0 are all 
attached to the same point, 7. e., they are the parameters of a triple 
point. Likewise curve (d) has a 4-fold point and (g) an n-fold point. 


159. Binary and ternary dihedral collineation groups.— 
We saw in the preceding section that there is an intimate 
connection between binary and ternary cyclic groups with 
an invariant conic. In this section we shall extend this 
discussion to a second important class of groups. Since 
we are dealing with parallel theories some conventions in 
the terminology and notation are desirable. A binary 
group of order n, which of course refers to the parameter, 
we shall denote by gn. The corresponding ternary group 
we shall designate by Gn. A collineation of period two in 
the binary domain we shall call an involution, in the 
ternary domain a reflexion. 
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We shall treat first the unit circle whose equations in 
absolute codrdinates are ($156) 
e= tf =1/t, or 20 =—1, (1) 
The center of the circle which corresponds to the Cartesian 
origin we shall sometimes call the origin. 
The involution 
! = 1/t (2) 
induces the reflexion 
CF, we =e (3) 
which leaves the circle unaltered. Likewise the binary 
collineation 


birastet (A) 
determines the ternary collineation 
= ex, = ete (5) 


which also leaves the circle invariant. Obviously the effect 
of (5) is to rotate the point x about the center through the 
angle 2r/n. 

Thus the two binary collineations (2) and (4) generate 
a group gon containing n involutions and 7 collineations, 
including the identity, of period n. Similarly the ternary 
collineations (3) and (5) generate a G2, consisting of n 
reflexions and n rotations, including the identity, of period 
n. ‘These are the dihedral' collineation groups in one and 
two dimensions. 

The transformations of the cyclic subgroup binary and 
ternary are 


(ee = 
ee a Sp he oe 6) 


180 called because its invariant figure is a dihedron,—the limiting 
form of a regular polyhedron,—consisting of but two faces which are 
coincident regular polygons of n vertices. The cyclic Gz rotates the 
dihedron into itself about the center. And a reflexion may he regarded as 
a rotation (in space) of the dihedron into itself about an axis of symmetry, 
i. e., a line joining a vertex to the center, or when v is even a line con- 
necting the midpoints of opposite sides. See figures, p. 338. 

22 
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And the involutions and reflexions are 
ae eu 
tere: g! =e, (7) 

Some properties of the ternary group. In the metrical 
form here assumed an axis of reflexion is a line of symme- 
try and the corresponding center is the zenith of the axis 
(§144). Hence 

The n axes of reflexion pass through a point, the origin, 
while the centers of reflexion lie on a line, the line at infinity. 

Now the double ‘points of an involution lie on the axis 
of the associated reflexion. The double points of the 
involution (7) which are given by ¢t? = e* are obviously cut 
out by the line x — e&* = 0. Therefore 

The axes of reflexion x” = x” = 0 are n equispaced lines 
about the origin. 

There is however an important distinction between 
dihedral groups of order 2n according as n is odd or even. 
It will suffice to point out this distinction for the ternary 
group. 

Case I. n odd. The application of the cyclic G, to any 
axis of reflexion say « — = 0 carries it into each of the 


QD AA 
iy OS 


others, 7. e., the axes are conjugate under the Gon. (See figure 
left.) 

Case II. n even. When n is even the line x — @ = 0 
assumes only n/2 distinct positions under the group (see 
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figure, right.) Likewise the axis « — ex = 0 under the 
rotations of G, coincides in turn with the remaining n/2 
axes. Thus the axes separate into two sets of n/2 lines 
which are not conjugate to each other. If n = 2m the 
two sets of axes are 

Lee em el ae). (8) 
Thus each set is equispaced within itself, the angle between 
successive lines being 7/m, and the two together make up 
m lines separated at intervals of r/n. It follows that the 
centers of reflexion corresponding to one of the conjugate sets 
of n/2 axes lie on the lines forming the other. 

Again the rotation x’ =e" is of period two. Hence 
the group has an extra reflexion with the origin as center and 
the line at infinity as axis. 

Special sets of conjugate points. In general the points 
of the circle (both as binary and ternary elements) are 
arranged in sets of 2n conjugate points under the operations 
of the groups. Let us now examine the groups for conjugate 
sets containing fewer than 2” points. Such sets must be 
fixed under some transformations of the group, 7. e., under 
a subgroup. First the cyclic gn leaves each of the points 0, 
co unaltered while the n involutions merely interchange 
them. Thus the parameters of the circular points as a pair 
are invariant under the entire group. Again every involu- 
tion has two fixed points each of which is carried by the 
cyclic gn into n distinct points. Accordingly if we operate 
on —1 and +1 with g, we obtain the two special sets of n 
conjugate points “+ 1=0 and #”—1=0. All other 
points of the circle belong to general sets of 2n conjugate 
points. The equation representing the general set will be 
of degree 2n and must be invariant under the generating 
transformations of the group. It may therefore be written 


a +b" +a=0 or +k +1 =O. 
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The special sets of the binary group all lie on the circle 
but those of the ternary group are not so limited since the 
ternary group transforms the whole plane. We note first 
a special set consisting of a single point, the origin, for the 
point is at once the center of rotation and the intersection 
of the axes of reflexion. Next the cyclic subgroup G, leaves 
each of the circular points stationary while each reflexion 
interchanges the two. That is the circular points (as a 
pair), and consequently the line at infinity, are invariant 
under Gz,. Again each center of reflexion is a fixed point 
of the reflexion, hence the centers constitute a special set 
of n points lying on a line. Finally a point on an axis is 
fixed under the corresponding reflexion, accordingly such 
a point belongs to a set of n conjugate points. We get thus 
00 1 special sets of n points, one point of each set lying on 
each axis. This concludes the enumeration of special sets 
which we tabulate below. 


Sets of Conjugate Points of Dihedral Groups 


Binary gon Ternary Gen 
1° One pair of points 1° One point, the inter- 
2t = 0. section of the axes. 
2° Two special sets of n 2° A pair of points, the 
points absolute. 
iy clte<sOqiiee 1 el 
3° of! general sets of 2n 3° One set of n points, the 
conjugate points centers of reflexion. 
i kim 1 = 0. 4° «©! sets of n points, 


lying on the axes of reflexion. 
5° ow? general sets of 2n 

points. 
The position of a general set of conjugate points of Go, 
is readily found. For the cyclic G,, operating on a point « 
and its image @ in the axis < — % = 0, obviously carries 
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each point into n points at equal intervals on a circle with 
center at the origin and radius = | ay . Or 

Every member of the pencil of concentric circles (double 
contact conics) 

xe = k? (9) 
as invariant under the dihedral Gon. Each of these circles 
contains ©1 general sets of 2n conjugate points which lie 
at the vertices of two regular inscribed polygons. 

Any curve which is invariant under the dihedral Gon of 
this section possesses n-fold symmetry since it is symmetrical 
about each of n equispaced lines (axes of reflexion) through the 
origin. Conversely, any curve which is symmetrical about 
each of n equispaced lines on a point admits a dihedral Gon. 
When n is odd the symmetry of the curve is the same with 
respect to each axis, but when n is even the symmetry 
about one half the axes differs from the symmetry about the 
other half. When n is even the curve is also symmetrical 
about the origin, 7. e., the origin is a center of the curve. 

160. The projective properties of dihedral groups.— 
There is no difficulty in translating the principal results of 
the preceding section into projective language. We may 
either suppose the whole plane projected or we may inter- 
pret the variables as projective codrdinates. In either 
case the circle is replaced by the conic 

Ly = a G2 = ik. 3 = t (1) 
where the wz’s are projective coérdinates and ¢ is a real 
parameter. Practically all of the remarks concerning the 
binary group are still valid. In particular the binary 
equations, including those which represent conjugate sets, 
are identical. 

The generating transformations of the ternary group 
are the reflexion 

a Ve, Lo = U1, Ls = Xs (2) 


342 PROJECTIVE GEOMETRY 


and the orthogonal collineation of period n 
3)’ = el), 2p =e ho, Le =a, (3) 
which of course is no longer a rotation. 

The G2, thus consists of n reflexions and n transformations 
of period n. The axes of reflexion are on a point and the 
centers are on a line, point and line being pole and polar 
with respect to the invariant conic. This point and line 
are fixed elements of the group and form part of the fixed 
triangle of the group,—the triangle of reference. 

When n is odd the axes of reflexion are all conjugate, but 
when vn is even they break up into two sets of n/2 such that 
the lines of each set are conjugate but the two sets are not 
conjugate. The equations of the axes are 
21" — to” = 0, orifn = 2m, i” — x2™) (ai + me”) = 0. J) 
When n is even the centers of reflexion corresponding to 
one set of n/2 axes lie on the lines of the other set. Again 
if n is even the ternary group has an extra reflexion with 
us = 0 for center and x; = 0 for axis, 

The sets of conjugate points of Ge, are the same as those 
listed in $159 except 2° which is replaced by a pair of real 
points, the vertices uw; and ue of the reference triangle. 

The G2, leaves unaltered every member of the pencil of 
double contact conics 

Live + AXe? = 0. (5) 
But these are not the only rational curves which admit 
dihedral groups. In fact there is always at least one type 
of rational curve of order n invariant under a dihedral Gon, + 
The equations which give the sets of conjugate parameters 
are the same as those for the conic, §159, table. The 
special sets of points on the curve,—points t as well as 
points z,—are cut out by the axes of reflexion, with the 


possible exception of one set which may fall at the centers 
1 See footnote 2, p. 343. 
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of reflexion when these are on the curve. The general 
sets of conjugate points are cut out by the pencil of 
conics (5). 

A curve which is invariant under a collineation group is 
called self-projective. The projectively distinct types of 
self-projective plane curves of the lower orders have been 
enumerated by various writers.!. The types of rational 
curves through the seventh order have been tabulated by 
the author.? 

The abstract dihedral group. Any group which has the 
same abstract structure as that considered in this section is 
called a dihedral group. Thus, as is readily verified by 
referring to §159, we may define the abstract dihedral group 
as one which is generated by an element S of order n and an 
element T of order 2 such that T transforms S into its 
inverse. That is, S and T satisfy the relations 


oe peel te TS Ps) 35", (6) 


A knowledge of dihedral collineation groups is essential 
to an understanding of the other finite collineation groups in 
the binary and ternary domain since nearly all such groups 
contain dihedral subgroups.’ Indeed dihedral groups in 
the abstract occur as subgroups in practically all important 


1Quartics by Wiman, Svensk, Akad. Bihang, Vol. 21 (1895) and Ciani, 
Rendiconti, Istituto Lombardo, Series 2, Vol. 33 (1900) ; Quintics, by Synder, 
American Journal of Mathematics, Vol. 30 (1908) and Ciani; Sextics, Tap- 
pan, American Journal of Mathematics, Vol. 37 (1915). Asummary for the 
quartic and quintic is given in Loria, Spezielle Hbene Kurven, second edition, 
Vol. 1, p. 107, 249. 

2 Self-Projective Rational Curves of the Fourth and Fifth Orders, 
American Journal, Vol. 36 (1914) and Self-Projective Rational Sextics, 
Ibid., Vol. 38 (1916). The results for the rational septimic are not yet 
published. In particular the equations of the rational curves of order n 
which admit cyclic G,’s and dihedral G's are given, first paper, p. 66. 

3 For references to the literature as well as a discussion see Blichfeldt, 
Finite Collineation Groups or Part II, Miller, Blichfeldt, Dickson, Finite 
Groups. An excellent account of finite binary collineation groups is 
given by Klein, who first determined the five types, in his Vorlesungen 
tiber dus Ikosaeder, Leipzig, 1884. 
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types of finite groups. All finite groups of course contain 
cyclic subgroups ($154). 


EXERCISES 


1. If S and T are generating elements of a dihedral G2, so that 
S* = T? = 1 and 7TST-! = S“! show that the elements of the group 
can be arranged in the two sets 


yb SUE We ee ite, Seek 
T, TS, TS, .. 2, TS 


(Hither make use of the properties of §150 or prove geometrically 
with the dihedral group in metrical form.) 

2. Show that the dihedral group can be generated by two elements 
of period two, e. g., 7’ and T'S above whose product is of period n. 
Any two elements of period 2 of a dihedral group whose product is of 
order k will generate a dihedral subgroup of order 2k. 

3. Enumerate the subgroups of the dihedral G., and G's. 

4. If Ri, Re, Rs are the elements of period two in the dihedral 
G., show geometrically or otherwise that RiR,R; = Re and hence 
(Ri R.R;)? = 1. By operating on a point successively with Ri, Ro, 
Rs, Ri, Re, Rs we obtain a general set of 6 conjugate points which lie 
on an invariant conic of Gs These points form a Pascal hexagon 
whose opposite sides meet at the centers of reflexion. The axes of 
reflexion join opposite vertices of the corresponding Brianchon hexa- 
gon and meet at the Brianchon point. Construct the inscribed hex- 
agon when R,, Rs, Rs; are reflexions in the lines 


zx—az =0, Li — 16 = 10) Ce ang =); 


5. If R; denote the n elements of period two in a dihedral G, 
(except the extra one for even 7), then (Ri R.R3 . . . Rr)? = 1 and 
the product of the #’s is a reflexion. A general set of conjugate points 
is constructed by operating on a point successively with Ri, Re, . 
jie Viti Ph oo Ge Ute 

6. If ai and az are the centers of two reflexions R; and Rz that 
send a conic into itself ($144) the product RiR, has in general two 
fixed points on the conic,—cut out by the line aiaz. (What is the 
exceptional case?) These fixed points are the double points of the 
involution determined by the axes of reflexion. 
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7. Show that the following rational curves aré invariant under 
dihedral groups, binary and ternary, as indicated. 


@)m=@+1,%=H#+i0,=2 


23(%13 + a3) — 24229? = (Gs) 
(b) m1 = t,t = 3,2; =t4+1 

(oi? + 227)? = air:t? = 0 (Gs) 
(c) V1 = £3, Xe = £, x3 =U+1 

X1° + 225 — 212243 = O (Gio) 
@ m =t,2%. =H 2; = +1 

U5 + 125 + WX 3(3x1t2 — X53?) =0 (Gio) 
() ar =, we = 1 os = eo 

(a3 — X23)? + U1U2%3? (42122 = X37) = 0. (G2) 


8. Curve (a), Ex. 7, has a triple point whose parameters are ¢? ++ 
1=0. Curve (b) has two double points on x3 = 0. 

9. Write the equation of a tangent line of curve (c). Show that 
the tangent at the point ¢ = —1 cuts in three coincident points, 7%. e., 
it is an inflexional tangent. Since a point of inflexion must be trans- 
formed into a point of inflexion, t®-+ 1 =O gives five inflexions. 
These inflexions lie on a line and are the centers of the five reflexions 
of the group. Find a conic of the invariant pencil x12. = kx;? which 
has five contacts with the curve. (These contacts must be a special 
set of five conjugate points.) 

10. Repeat Ex. 9 for curve (d) in Ex. 7. 

11. Find a conic of the invariant pencil that has six contacts with 
curve (e) Ex. 7. 

12. Write the equations of each curve in Ex. 7 in absolute codérdi- 
nates by the substitutions v1/r73 = x, 2/x3 = @. Plot each of the 
curves in absolute coérdinates, attending to the n-fold symmetry. 

13. Curve (c) Ex. 7, when written in absolute codrdinates, cuts the 
unit circle at the 15th roots of —1 exclusive of the 5th roots. The 
parameters on the quintic of these points are the 15th roots of 1 
exclusive of the 5th roots. 

14. Consider the four collineations 


Ri R» S Th 
ir V1 v3 U1 
oo ey —22 U1 X3 
GE Rk X3 Le Lo 


R, and R, generate a dihedral G, and with SaGi2. The four collinea- 
tions generate a Gz4 which contains the Gs and G1, as subgroups and 
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which leaves the four points (1, +1, +1) (as a set) and the conic 
vy + x? + 23? = 0 invariant. Write the complete set of trans- 
formations constituting the Giz and the G24. The whole group is an 
octahedral G24 isomorphic with the permutation group of four things 
(§154, Ex. 8) since it permutes the points in all possible ways. 

The next five exercises are taken from a paper by L. E. Wear, 
American Journal of Mathematics, 1920, p. 113 ff. 

15. The two conics a:%1? + avo? + a3a3? = 0 and bix1? + bors? + 
bsv32 = O are separately invariant under the dihedral G4, Ex. 14. The 
polarity I: wu = VWaybiti, Us = Vaybo%2, Us = Va3b3%3 interchanges 
the two conics. The products of I by the collineations of G4 give 
three other polarities that interchange the two conics. The four 
polarities and the four collineations constitute a group G's that leaves 
the conics as a pair invariant. Find the base conics of the four 
polarities. 

16. The transformations Ri, R2 and 7’ of Ex. 14 generate a col- 
lineation Gs. The products, of the elements of the Gs and 
the polarity I: uw: = ar, U2 = VW bers, us = Vbexzare eight correlations 
which form with Gs a Gis which leaves invariant (as a pair) the two 
conics az? + bao? + cax3? = 0, ax? + cx.? + bx32? = 0. Write out 
the transformations of the group and show that six of the correla- 
tions are polarities and the other two are of period 4. 

17. The two conics (as a pair) 


U1? + wi? +- we 3” = 0, 23? + wo? + wx 3” — 


are invariant under a G4 consisting of the 24 collineations in the G24 
of Ex. 14 and 24 correlations,—the products of the collineations in 
G4 by the polarity wi = x1, U2 = 3; Us = Xe. Ten of the correlations 
are polarities and the rest are of periods 3 and 4. 

18. The base conics of two of the polarities in Ex. 16 are az,2 + 
2/bert; = 0. These conics are mutually autopolar (Ex. 14, §145). 
Further each conic and either conic of Ex. 16 are a mutually auto- 
polar pair. 

19. Find the invariant relation ($§141-2) between the two conics 
of Ex. 16. (Such a relation must be homogeneous and involve the 
coefficients of the conics to the same degree.) Ans. AO’3 = A’Q3, 

20. Find the invariant relations on the conics in Ex. 17. 

21. The binary collineations 


eins = =U Re: ba << t’ Se rie mao a t — V —1 
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of which R; and R, are involutions, while S is of period 3, generate 
@ gio, the tetrahedral group in the binary domain (Ex. 11, §154). 
Write the entire set of 12 collineations. The group contains three 
involutions which with the identity form a dihedral subgroup gs. 
The remaining elements of the group are of period 3 and can be 
arranged into four cyclic subgroups g;. Find the double points of 
the involutions and the fixed points of the cyclic g;’s. The first which 
correspond to the middle points of the edges of the tetrahedron are a 
special set of 6 conjugate points. And the second are two special 
sets of 4 conjugate points which correspond to the vertices and the 
middle points of the faces. 

22. The transformations R, and S, Ex. 21 and T:t’ = it, generate 
a binary collineation g2, which contains the tetrahedral giz as an 
invariant subgroup. Write the additional elements of the enlarged 
group which is the octahedral group. Since 7 is of period 4 it repre- 
sents a rotation of the octahedron about an axis joining two opposite 
vertices. Hence the fixed points of 7, viz., 0, 0 will correspond to 
two vertices of the octahedron. Since a vertex must go into a vertex 
there must be a special set of six conjugate points. These are the 
fixed points of the three cyclic g4’s and are found by operating on the 
fixed points of 7 by the other elements of the group. The six points 
are thus found to be t(t4 — 1) = 0. The group contains two other 
special sets, the midpoints of the faces or cube vertices and the mid- 
points of the edges. Find these special sets. (The first must be 
fixed points of the cyclic g;’s while the others are double points of 
involutions.) Ans. ¢8 + 1444 +1 = Oand ?? — 33 — 33t4+1=0. 

23. The octahedral group leaves unaltered the projective lemnis- 
cate, Ex. 7, (6). 


161. A metrical aspect of collineations.—We have seen 
($154, Ex. 1(b)) that the totality of collineations in the plane 
represented by equations (1) §146 constitute an 8-para- 
meter group which we may call the general projective group. 
Since the collineations of this group are simply analytic 
expressions for projections we may say that projective 
geometry comprises those properties which are invariant 
under the projective group.! This accounts for the impor- 
tance of invariants in the projective geometry of curves. 


1Cf. §36. 
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In Cartesian coérdinates the general collineation may be 
written homogeneously 


ze =ayxt+ by + cz 
y’ = age + bey + coz (1) 
2’ = asx + bsy + cz 


or non-homogencously 
af — Ut t by + exe 
age + bsy + C32 
, _ det + boy + C22. 
i era bsy + c3z 
Now any point whose coédrdinates reduce the denominator 
of (2) to zero, 7. e., any point on the line (as, bs, cs) will be 
transformed into a point at infinity. In other words (2) 
may be regarded as the projection that sends the line asx + 
bsy + c.2 = 0 into the line at infinity. 
% A very special case of (2) is the 
transformation 


(2) 


(at+h,y+k) 
(h,k) a =ax+h, y =yt+k (3) 


which transfers the point (0, 0) 
to the point (h, k), and carries 
every other finite point of the 
plane the same distance in the 
same direction. The collineation (3) is called a transla- 
tion? since the same effect would be accomplished by 
sliding the plane over itself without turning. 

A translation evidently leaves unaltered every line 
of the parallel pencil running in the direction of translation. 


(a,y) 
—Y 


1This furnishes an analytic justification for postulating (a) points 
at infinity which (b) lie on a line. For without (a) we should have 
a line of points without corresponding points and without (b) we should 
have one line which did not, correspond to a line. 

2 The student must distinguish this from the transformation of coérdi- 
nates in elementary geometry which is a change of the reference scheme. 
Here the points themselves and not the axes are moved. 
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It also leaves unaltered every point on the line at infinity. 
For writing (83) homogeneously thus 
e=a+thz, y =ytke 2 =z 

we have when z = 0, 2’ = gz, y’ = y, 7. e., the collineation 
on the line at infinity is the identity. Or 

A translation is an elation with the line at infinity as axis 
and with center at infinity in the direction of transla- 
tion. 


Again the collineation 


Pipes = j 
z x COS y sin @ (4) 


y’ =xsin 06+ y cos @ olny’) 
represents a rotation of the plane ie 
about the origin through the / 
positive angle 6. The rotation /0 
leaves unaltered each of the cir- ra xX 
cular points in addition to the 
origin ($159). It also has three 
fixed lines, the circular rays from the origin and the line 
at infinity. 

The two collineations (3) and (4) generate a 3-parameter 
group whose general transformation is 


/ 


z xcosdé—ysind+h (5) 
y = a2 sin 6+ y cos 0 +k 

and which is therefore a subgroup of the general projective 
group (2). 

It is geometrically evident that both generating trans- 
formations and consequently all elements of the group 
preserve the distance between two points and the angle 
formed by two lines. The group is accordingly sometimes 
called the congurence group. It is also called the group of 
displacements, each element being known as a displace- 
ment. 
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A fundamental requirement of Euclid’s geometry is that 
a figure may be freely moved without changing either 
its size or its shape. But what is meant by “motion”? 
It is commonly described as rigid motion but that only 
gives the difficulty another name. Since a displacement 
conforms to Euclid’s requirement we may regard rigid 
motion and displacement as identical when either is ana- 
lytically defined by equations (5). An alternative name for 
the group of displacements is thus the group of rigid motion. 

The group of displacements characterizes Euclidean 
metric geometry exactly as the general projective group 
characterizes pure projective geometry. Thus Euclidean 
geometry consists of those properties which are invariant 
under displacement. Wher. Euclid (by implication) pos- 
tulated free mobility he prescribed the bounds as well as the 
essential structure of his geometry. 

A basic distinction between projective and Euclidean 
geometry may be emphasized once more. The line at 
infinity is not exceptional in projective geometry proper 
since any line can be projected into any other. But the 
circular points (the absolute) are invariant under the group 
of displacements since they are invariant under the gen- 
erating transformations. Hence the line at infinity is iso- 
lated,—a singular line under displacement which accounts 
for the commanding position of the absolute in metric 
geometry. 

For an account of the more important geometries associ- 
ated with various subgroups of the general projective group 
the student may consult Veblen and Young, Projective 
Geometry, Vol. II. 


EXERCISES 


1. The product of two translations is commutative. Likewise 
the product of two rotations about the same point is commutative. 
But the product of a translation and a rotation is not commutative. 
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2. All translations of the plane form an Abelian group. 

3. If Hi and R» are two reflexions (in the metrical sense) the prod- 
uct Rf, is a rotation about the intersection of the axes through twice 
the angle formed by the axes. RR, is a rotation in the opposite 
direction. A rotation through the angle z is a product of reflexions 
in perpendicular lines. 

4. If the axes of reflexion in Ex. 3 are parallel, R:R. represents a 
translation through twice the distance between the lines. 

5. Any line of a plane figure can be projected into the line at 
infinity while at the same time any three lines (no two meeting on the 
line which is sent into £ and not concurrent) are projected into any 
three other lines. 

6. Any simple quadrangle can be projected into a square. 

7. Find a transformation that sends the line x + y — 2 = 0 into 
the line at infinity and which leaves the coérdinate axes fixed in 
position. 

8. Any two points can be projected into the circular points while 
at the same time any other two independent points are projected 
into assigned positions. 

9. The transformation 


ay by 
a2 bo 


wv =a + by + cz x = ae + by + a, 
y’ = aoe + bey + coz or y’ = aox + boy + Cy, 


th =F 


~ 0 


is called the affine transformation. All affine transformations con- 
stitute a group, the affine group, which is a subgroup of the general 
projective group. Affine geometry consists of those properties which 
are invariant under the affine group. 

10. The affine transformation leaves unaltered £. Hence it trans- 
forms parallel lines into parallel lines. 

11. The center of a conic under the affine transformation goes into 
the center of the transformed conic since the center is the polar 
of the line at infinity. Likewise the midpoint of a segment goes in- 
to the midpoint of the transformed segment. 

12. The affine transformation has two fixed points on £ and one 
finite fixed point. Find these fixed points. 

13. Taking the finite fixed point as origin the affine transformation 
can be written 
ve’ =a + by 
y’ = aor + boy 
(A = 2 
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14. The affine transformation alters both distances and angles. 
(Use the transformation in Ex. 13.) 

15. The finite fixed point is the intersection of two fixed lines. 
Taking these lines as (oblique) axes the affine transformation is 
reduced to the canonical form 


i 0H, Of = (OM, 
where, however, x and y are oblique coérdinates. 

16. The conditions that the transformation in Ex. 13 send per- 
pendicular lines into perpendicular lines are 


a;a, = —bDibs, a2 + bi? = A? + bo’, or a, = be, ag = —b; 


and the transformation becomes 


e = ax — by, 4 = be -— ay. 


This is the equiform transformation. 

17. Show that the equifornf transformation alters all distances 
but preserves all angular magnitudes. Therefore it sends similar 
figures into similar figures. (Hence the name.) 

18. All equiform transformations form a group which is a subgroup 
of the affine group. The associated geometry is called equiform 
geometry. 

19. The equiform group leaves the absolute unaltered. 

20. If the equiform transformation is restricted by the requirement 
that it preserve distances we must have a2+b2=1. The transforma- 
tion then becomes the rotation (4), $161. 

21. The group of rigid motions is a subgroup of the affine group. 
It is also a subgroup of the equiform group. We are thus led by suc- 
cessive restrictions from projective geometry through affine geometry 
and equiform geometry to Kuclidean metric (congruence) geometry. 


CHAPTER XII 


CUBIC INVOLUTIONS AND THE RATIONAL CUBIC 
CURVE 


162. Definition of cubic involution—The theory of 
involution as applied to pairs of points (Chap. VII) admits 
of generalization in several directions.1_ We shall develop 
the most natural extension in the binary domain. A charac- 
teristic property of a quadratic involution is that all pairs 
of points belonging to it are harmonic to a fixed pair,—the 
double points of the involution. But when pairs of points 
are in question harmonic and apolar are equivalent terms 
which suggests the definition: A cubic involution consists 
of all triads of points (elements in the binary domain) apolar 
to a fixed triad. 

To find an expression for the involution, suppose that the 
given triads are roots of the equation 


fi aox® + 3a1x? + Sax + a3; = 0 (1) 


where the a’s are fixed constants. And let all sets in the 
involution be represented by the equation 


yg: aot? + a,x? + aor + az = 0 (2) 


where the a’s are undetermined. If gis apolar to f we must 
have 
Apa3 — Aiae2 -- Ach, — Aap = 0. (3) 


1 Thus a projective transformation of period two in the plane, in space 
or in higher dimensions is frequently called an involution. Less fre- 
quently a pencil of curves (e. g., a pencil of conics) is called an involution 
of curves. Likewise a pencil of algebraic forms in any number of variables 
would be an involution of forms in this sense. 
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The involution is therefore defined by ¢ provided the coeffi- 
cients satisfy equation (3). 

A more convenient form can be found as follows. Denot- 
ing by 81, Se, 83 symmetric functions of the roots 21, 2, 


3 of gy, We have 8s, = —a/ao, 8S, = ae/ a0, 8 = —a3/ao. 
Substituting in (3) we obtain the equation 
A083 -+ Q182 + A981 4+ a3 = 0. (4) 


Hence all triads of points satisfying (4) are apolar to the 
fixed triad f and constitute therefore a cubic involution. 

Now equation (4) is linear in each of the x’s, consequently 
if two of them are chosen the third is given by a linear 
equation. Hence when two points of a triad are speciyied 
the third is uniquely determined. ‘This property of the 
involution is indicated by the notation Jo, 1. 

It follows immediately from the definition or from the 
theorem just stated that an J2,1 contains oo? triads of 
points. 

163. Special sets.—We shall first examine the involution 
for multiple points, 7. e., points formed by the coincidence 
of two or more elements of a set. Suppose that all three 
points of a set fall together in a triple point. Then x, = 22 
= 2a, = x and equation (4) of the preceding section reduces 
to the form f itself. Hence 

1°. There are precisely three triple points in the involution, 
namely the roots of f. 

In other words there are three points, represented by the 
linear factors of f, each of which taken three times consti- 
tutes a set in the involution. (Cf. 4°, §99.) Moreover 

2°. The points f as a whole form a set in the involution. 

For f is of odd order and therefore self-apolar. 

We shall get a double point if x. = x3 = x. The equation 
of the involution becomes 


Ax 1x? “+ ay(x? +. 272) -- d2(2x ab 21) + a3 = 0 (1) 
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a quadratic in zx. Consequently associated with every x; are 
two double points of the involution, given by the quadratic 
(1), and there are oo! choices for x1. Or 

3°. The involution contains a single infinity of double points. 

Finally a cubic has a unique apolar quadratic (§100), 7. e., 

4°. There is one pair of points belonging to the involution, 
namely the Hessian pair of the triple points. 

This simply means that the Hessian points and an 
arbitrary third point form a set in the involution. For this 
reason the Hessian points are called a neutral pair of the 
involution. 

164. We have seen that connected with every cubic 
involution 


as3 + B8so + yS1 + 6 = 0 (1) 
is the cubic equation 
g: az + 362? + 3yr7 + 6 = 0, (2) 


obtained by letting the three points of a set coincide. On 
the other hand the equation (2) determines the cubic 
involution since (1) is merely the polarized form of ¢. 

A cubic involution is also determined by three linearly 
independent triads. Let the triads be represented by 


Ve ax? =e bar+ex+d; = 0, 1 = le 2, 3. (3) 


If these belong to the involution (1) they must be apolar 
to the triple points ¢, 2. @., 


a;0 — biy a. cB — dia == (Up (4) 


Now (4) are linearly independent in virtue of the hypo- 
thesis that the f’s are linearly independent. These three 
equations therefore just suffice to determine the ratios 
of the coefficients in (1). Q. E. D. 
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Eliminating a, 8, y, 6 from equations (1) and (4) we have 
the involution in the determinant form 


Iho =S;> 8&3 = Se 

ay by Cy dy tx 

de bs Cz do =i ; (5) 
a3 bs ¢3 ds 


Or to write the involution in terms of the three base 
forms which determine it, we recall (§99, 2°) that ¢ is 
apolar to every cubic in the linear system built on the 
forms f. This suggests a second definition: 

A cubic involution is represented by a linear system of 
binary cubics 


Mifit + Node + Asfs = 0. (6) 


Equation (6) contains two essential constants and we 
see again that two points of a set will determine the remain- 
ing one. 

165. In particular a pencil of cubics 


fi + fe = 0 (1) 


is said to form an involution since it 1s a special case of (6) 
above. We could define this type as all triads of points 
apolar to two fixed triads. Since the pencil contains a 
single parameter one point of a sct will determine the other 
two. Accordingly the involution is denoted by J, . 

If fi and fz are general and wholly independent the only 
special sets in the involution are four double points given 
by the Jacobian of the two base forms (§102, 3°). If 
however the involution contain a cubic and its cubicovariant 
the only special sets are two triple points given by the 
Hessian of the cubic (§115). 

Again two of the double points may come together to 
form a triple point while the others remain distinct. Then 
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taking the triple point for 0 and one of the double points as 
oo the involution can be written in the form 


e+a+Ax* = 0. (2) 


Finally if the two base cubics have a common factor all 
triads of the involution have a common element and the 
involution is singular or degenerate. 


EXERCISES 


1. An J», is determined by (a) two sets and one triple point, (b) 
two triple points and one set. 

2. An J,,2 is determined by two triads either or both of which 
may be a triple point. Or either set may contain a double point. 

3. Write the triple points (implicitly) of the involution (5) §164. 

4. Write the J2,,; determined by the three sets (a) 3x? = 0, 3x = 
OR 0) (Oo On Sates 1 ores 0S — Oy (Cc) i = 0) 
t(1 — at?) = 0, 1 — at? = 0. Find the triple points of each. 

5. Write the involutions whose triple points are (a) # — 1 = 0, 
(b) x? + 2? — 24 — 1 = 0, (c) +7, 2, (d) 0, 1, 0. 

6. In the [1,2 x +a -+ rw = 0, find the other two points of a 
set when one point is (a) 1, (6) k. 

7. If an Is, is x? + Ai(~ — 1)? +r». =O find the remaining 
point of the set determined by the pair (a) —1, 2, (b) 2, 3, (©) w, w?. 
Repeat for the involution s; — 2s3 = 0. 

8. Find the condition that the four sets of points 

ax? + bx? + oa +d; = 0, Oe RO Be! 
belong to a cubic involution. 

9. The involution of which a, 6, ¢ are triple points can be written 

Ni@ =a)? + Xoo — b)® + Aa(z — c)? = O. 

10. If a, b, c, are the triple points and 2, y, z are a variable triad, 
the involution can be written in the form (#@ — a)(y — b)(e — c) + 
(c — b)(y — e)(z2 — a) + (@ — e)(y — a)(2 — 6) = 0. (Expand and 
compare with (2), $99.) 

11. Generalize the results of §§$162-4 for four points. Do the 
4-fold points form a set in the involution? The J;,; contains «+ 
neutral triads. What is the condition that it have a neutral pair? 
How many double points and triple points does the involution 
contain? 
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166. Singularities on rational curves.—It is assumed 
that the student is already familiar with the fundamental 
singularities of curves.!. But some supplementary remarks 
with special reference to rational curves are in order. The 
elementary singularities of curves are four,—(1) the double 
point or node, (2) the cusp or stationary point, (3) the double 
line, double tangent or bitangent, (4) the point of inflexion, 
flex or stationary line. 

In considering singularities it is desirable to think of the 
curve as generated by a lineal element made up of a point 
x and a line u which are incident (§12). Singularities arise 
from peculiarities in the behavior of either the describing 
point or line. It is exceptional for the point x to pass twice 
through the same position and a double point is formed. 
Again as x traverses an ordinary region of the curve it 
moves along the line u in the same direction. At a cusp 
however the point comes to a dead ston, reverses its sense 
of motion along the line and recedes from the opposite side 
of the cusp tangent. But at neither a node nor a cusp 
is there any peculiarity in the motion of the line wu for it 
neither passes twice through the same position nor does 
it change its sense of rotation about the point xz. If 
it is rotating clockwise as it approaches a node or a cusp it 
continues in the same sense while those singularities are 
being described. 

Dually when the tracing line comes after a finite interval 
to coincide a second time with a given line a double line 
results which is thus a line singularity. Again if wu is 
rotating about xz in one sense as it approaches an inflexional 
tangent, when it reaches the inflexional tangent it comes to 
a complete stop, reverses its sense of rotation and proceeds 
with the point of inflexion on its opposite side. But at 
neither a contact of a double tangent nor at a point of 


1See for example Granville’s Calculus, Chap. XIX. 
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inflexion is there anything extraordinary in the motion of 
the point z. 

It appears thus that the double point and the cusp are 
point singularities while their respective duals the double 
line and the flex line are line singularities. There is also 


aaa 


|\ 
DovusLe Pornr Dovusie Ling 
STaTIONARY Point (Cusp) STATIONARY Linge (FLEX) 


an analytic basis for this classification since a general equa- 
tion in point coérdinates represents a curve which possesses 
neither a double point nor a cusp but one which has both 
flexes and double lines.2 Dually a general equation in line 


1In the interest of dualistic nomenclature the cusp and flex tangent 
are sometimes called respectively stationary point and stationary line 
on account of the momentary pause in the point « or line u as they are 
being described. 

2 A curve must be of order greater than 2 in order to have a flex and of 
order greater than three to have a double tangent. 
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coérdinates will represent a curve without double lines or 
flex lines but one with both cusps and double points.! 

Any line through a double point cuts the curve in two 
coincident points there but the two nodal tangents have 
three coincident intersections at the double point. Likewise 
any line on a cusp cuts the curve in two coincident points 
while the cusp tangent meets in three coincident points. 
An ordinary line on a flex cuts the curve in a single point 
at the flex but the flex tangent has three coincident inter- 
sections there. Four of the intersections of a double tan- 
gent are accounted for at the two contacts leaving n — 4 
additional intersections if the curve is of order n. 

Dually a double tangent counts for two common lines of 
the curve and any point on the double tangent while if the 
point is at either contact “the double tangent counts for 
three common lines. Thus from an arbitrary point of a 
double line can be drawn in addition to the double line m — 2 
tangents to a curve of class m but from a contact of a 
double line can be drawn but m — 3 additional tangents. 
Similarly from a point on a flex tangent can be drawn m — 2 
tangents besides the flex tangent while from the flex point 
can be drawn but m — 3 additional tangents. The cusp 
tangent counts for three tangents from the cusp to the 
curve but it counts for a single tangent from any other 
point on the cusp tangent. From a double point apart 
from the nodal tangents can be drawn only m — 4 tangents 
to the curve. 

Coming now to rational curves we assign alike to the 
point x and the line u the parameter t so that the point and 
line belong at once to the ternary and the binary domain 
and we must attend to the double réle played by each.? 


1A line curve must be of class >2 te have a cusp and of class >3 to 
have a double point. 

* Although the point and line have the same parameter, the parametric 
point and line equations of the curve are as we have seen distinct. This 
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As the parameter ¢ ranges continuously throughout the 
number system from —o to +00 the point « moves 
continuously along the curve returning ultimately to the 
initial position. The point thus describes the complete 
curve in a single circuit. Moreover the parameter is 
spread along the curve in an orderly manner,—exactly 
as the numbers in a codrdinate system along a line. The 
numbers 0 and o divide the curve into two regions one of 
which carries all the positive numbers as parameters the 
other all the negative numbers. 

It is evident now that the foregoing exposition concerning 
x and u as ternary elements will not apply to them as 
binary elements t. Thus while a double line has a single 
set of ternary coérdinates it has two distinct contacts with 
distinct parameters. Likewise an ordinary double point has 
two distinct parameters, one for each nodal tangent. An 
ordinary tangent cuts the curve in two coincident points « 
at the contact and also in two coincident points t. A line 
through a double point however cuts the curve in two 
coincident points x but not in coincident ¢’s. A nodal 
tangent cuts out three coincident x’s but one t doubly and 
the other simply. 

When a double point becomes a cusp the two parameters 
coincide. Any line on a cusp cuts the curve in two coinci- 
dent points ¢ as well as two coincident points « and the 
cuspidal tangent cuts out three coincident Us as well as 
three coincident 2’s. A dual statement holds for a station- 
ary line. Generally coincident ¢s in the intersections of 


is not surprising for the parametric equations simply express the ternary 
coordinates in terms of the parameter and the ternary coordinates satisfy 
different functional relations, viz., the ternary point and line equations of 
the curve. 

1 On this account rational curves are sometimes called wnicursal. There 
is an apparent exception in the case of curves with real asymptotes but 
each apparent branch unites with some other at infinity to form a connected 
whole. 
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curves imply a like number of coincident z’s but the con- 
verse is not true. Or again coincident ?¢’s arise only in 
connection with consecutive points which need not be true 
of the 2’s. 

It can be shown that all singularities of curves are com- 
pounded from the four fundamental ones. <A triple point 
has a single set of ternary coérdinates but three parameters 
which are distinct in general. It is equivalent to (a) three 
ordinary double points, (6) when two of the parameters 
coincide, one cusp and two double points, (c) when all three 
parameters coincide, two cusps and one double point. 

The contrast between the ternary and binary theory is 
exhibited most effectively by means of a parallel summary. 


Relation of a Line te,a Curve as Indicated by 


Ternary Criteria 


When the ternary point 
equations of a curve and a 
line are combined, 


two coincident x’s signify 
that the 

(a) line is tangent 

(b) line is on an (ordi- 
nary) double point 

(c) line is on a cusp. 


three coincident x’s mean 
that the 

(a) line is flex tangent 

(b) line is cusp tangent 

(c) line is nodal tangent 

(d) line is on a triple point 
(any variety). 


Binary Criteria 


When the ternary equa- 
tion of a line is combined 
with the parametric point 
equations of a curve, 

two coincident t’s imply that 
the 

(a) line is tangent (at 
an ordinary point or to a 
branch of a multiple point) 

(b) line is on a cusp (which 
may lie at a multiple point). 

three coincident t's mean 
that the 

(a) line is flex tangent 

(b) line is cusp tangent 

(c) lime is on a triple 
point with three coincident 
parameters. 
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two pairs of coincident x’s 
imply that the 

(a) line is a_ bi-tangent 

(b) tangent line is on a 
node 

(c) tangent line is on a 
cusp 

(d) line is on two nodes 

(e) line is on two cusps 

(f) line is on a node and 
a cusp. 
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two pairs of coincident t’s 
imply that the 

(a) line is a bi-tangent 

(b) tangent line is on a 
cusp 

(c) line joins two cusps 
(either distinct or which may 
fall together at a multiple 
point). 


Dual Criteria 


When the ternary line 
equations of a curve and a 


point are combined, two 
coincident u’s imply that the 
(a) point is on the 
curve 


(b) point is on a double 
line 

(c) point is on a flex line. 

three coincident u’s mean 
that the 

(a) point is a cusp 

(b) point is a flex 

(c) point is a contact of a 
double tangent 

(d) point is on a triple line 
(either of three varieties). 

two pairs of coincident w’s 
signify that the 

(a) point is a 
point 


double 


When the ternary equa- 
tion of a point is combined 
with the parametric line 
equations of a curve, two 
coincident t’s imply that the 


(a) point is on_ the 
curve 

(b) point is on a flex 
tangent. 


three coincident t’s mean 
that the 

(a) point is a cusp 

(b) point is a flex 

(c) point is on an undula- 
tion tangent. 


two pairs of coincident t’s 
signify that the 

(a) point is an ordinary 
node 
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(b) point is on the curve 
where a double line cuts (not 
at the contact) 

(c) point is on the curve 
where a flex tangent cuts 
again 

(d) point is intersection of 
two double lines 

(e) point is intersection of 
two flex tangents 

(f) point is intersection of 
a double line and a flex 
line. 
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(b) point is on the curve 
where a flex tangent cuts 
again 

(c) point is intersection of 
two flex tangents (which 
may be distinct or which 
may coincide to form part of 
a multiple line.) 


EXERCISES 


1. What is the dual of a flecnode, 7. e., a double point formed by 


the tracing point passing through a point of inflexion? 


line cuts the curve in five points 


This singular 


at its two contacts. Dually the 


flecnode tangents count for five tangents, 7%, ¢., from a fleenode can be 
drawn only m — 5 additional tangents. 


2. What is the dual of a bifleenode,—a double point both of whose 


tangents are flex tangents? 
lemniscate. ) 


(This is the type of double point on the 
How many tangents, in addition to the nodal tan- 


gents, can be drawn to a curve from a biflecnode? 


3. When a simple branch of a curve passes through a cusp a triple 


point is formed. What is the variety? 
4. Dualize the other two types of triple points. 


Dualize. 


How many 


intersections are accounted for at the contacts of each singular line 
corresponding to the three varicties of triple points? How many 
tangents, in addition to the tangents at the triple point, can be drawn 
to a curve from each variety of triple point? Draw each type of 
triple point and the dual singularity. 


5. Verify the ternary criteria for three coincident x’s by consider- 
ing (a) the cubical parabola, (b) the semicubical parabola, (c) the 
folium of Descartes, (d) curve (a) Ex. 8, §158. 

6. What is the dual of a double-fler tangent,—i. e., a line which is 


tangent at each of two distinct points of inflexion? How many 


CUBIC INVOLUTIONS 365 


tangents can be drawn to a curve from the point singularity in 
question? 

7. How many tangents can be drawn to a curve from an ordinary 
point on a double-flex tangent, from one of the contacts? 

8. ‘Two curves have a common double point. How many inter- 
sections are accounted for? How many if the curves have a common 
node and one common nodal tangent, (b) two common nodal tangents? 
Dualize. 

9. A conic is inscribed in (a) five flex tangents, (b) five double 
tangents, (c) five nodal tangents, of a curve. How many common 
lines are accounted for? 

10. A curve has three flex tangents which touch again with a simple 
contact. A conic touches the curve at the three simple contacts of 
the singular lines and in two other points. How many common 
lines are accounted for? 

11. A conic is inscribed in five double-flex tangents of a curve. 
How many common lines are accounted for? 

12. Curve (6) Ex. 7, §160 has a biflecnode at the vertex ws. 
For every line on u; cuts out the parameters 0 and « while the axis 
x1 cuts out o three times and the axis x2 cuts out 0 three times. 
Examine the nature of the singularity at us of curves (c), (d), (e) of 
the same exercise. 

13. A rational quartic curve has a triple point consisting of a cusp 
with a branch through it. Assigning to this point the parameters 0 
and « and taking the two tangents as two axes of reference show 
that the equations of the curve can be written x, = t3, a, = t?, x3 
t#+ at+1. (The term in ¢? and that in @ in x; can be removed and 
the constant term made 1 by linear transformations on the 2’s and 
on t.) 

14. If a rational quartic has three cusps with parameters 0, 1, 0, 
write its parametric point equations referred to the cusp triangle. 


167. Applications to the rational cubic.—A beautiful 
illustration of the theory of cubic involutions if furnished 
by the rational cubic curve in the plane. Such a curve is 
defined parametrically by the three equations 

My = fp = at + O17 + at + di 

Le = fo = aol? + bet? + cot + de (1) 
: 3 = fz = agt? + dst? + est + ds 
where the f’s are linearly independent forms. 
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Any line (ux) = wa + User + usvz3 = 0 cuts the curve 
in three points given by 


Uifi ata Uf ae Usfs = 0 (2) 
or 
(au) t?+ (bu)t? + (ceu)t + (du) = 0. 


But when wu is a parameter (2) is a linear system of cubics 
which comprises all line sections, 7. e., 

The «©? line sections of a rational cubic belong to a cubic 
involution Io,1.4 

Accordingly the properties of the involution can be trans- 
lated at once into properties of the curve. First of all 
there are three triple points in the involution or three 
cubics in (2) which are cubes. That is to say there are 
three lines each of which cuts the curve in coincident points 
with coincident parameters. Hence 

The rational cubic has three points of inflexion whose 
parameters are the triple points of the involution of line 
sections. 

Since the condition that a triad of points belong to the 
involution is simply that it be apolar to the triple points 
we may say that the condition that three points of the curve 
lie on a line is that their parameters be apolar to the flex 
parameters. Or more briefly 

Three points are on a line of and only if they are apolar to 
the flexes. 

Now the triple points (flex parameters) are themselves 
a set of the involution, 7. e., 

The flexes of the rational cubic are collinear. 

Again there is one pair of points in the involution,— 
the neutral pair. In the language of line sections this says 

1 The student must not forget that points as elements in the involution 


are here regarded as belonging to the binary domain,—that in short 
properties of the involution are properties of points ¢ (see §129). 
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that there is one pair of ?¢’s collinear with any third ¢. 
This can happen only when the parameters in the neutral 
pair are attached to the same point which is thus a double 
point or node of the curve. Therefore 

The rational cubic has a double point whose parameters, the 
neutral pair in the involution, are given by the Hessian of 
the binary cubic naming the flexes. 

Any tangent to the curve of course cuts out a triad of the 
involution with a double point. We saw (§163, 3°) that 
every t is an element in two triads which have double points. 
This means that two tangents can be drawn to the curve 
from an arbitrary point ¢ on the curve.! 

168. The canonical form of the rational cubic.—The 
properties of the curve already developed lead us to a 


canonical form of the equation which will facilitate our 
further study. As in the case of the line and the conic we 
may assign parameters at random to any three points of 


1 These are exclusive of the tangent at ¢ which counts for two. the 
rational cubic being of class 4. 
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the curve. Accordingly we shall take —1, —w, —w? as the 
flex parameters and choose the line of flexes as one side of 
the triangle of reference. Then the parameters of the node 
which are the Hessian of the cubic (2 + 1) representing the 
flexes will be 0 and oo. Thus a natural choice for the other 
sides of the reference triangle is the nodal tangents, one of 
which cuts out the parameter 0 twice and o once while the 
other cuts out 0 once and « twice. The equation of the 
curve may then be written in the canonical form? 


v= BH 
X2 = 3t (1) 
ce t3 + It. 


The triple points of the involution of line sections are 
given by the flex cubic &-+ 1=0. Polarizing this the 
condition that three points ty, tz, ts belong to the involution, 2. é., 
lie on a line is 


83 + l= tylots +- [ee Q): (2) 
In fact any line (ux) = 0 meets the curve in the three points 
ust? + 3uit? + 3ucet + us = 0 (3) 


whence obviously 
8 = - ile 
If two of the points in (2) coincide, say t; = tf = 7, the 
equation becomes if we write ¢ for ts 
Tt at = 0) (4) 
The line u is now tangent at 7 while ¢ is the remaining inter- 
section of the tangent, called the tangential of +. (4) is 
thus the relation connecting a point 7 and its tangential ¢. 
It is easy to prove hence that 
The tangentials of three points of a line lie on a second line,— 
called the satellite line of the first. 


1 This form has the advantage of simplicity but the disadvantage of 
being unsymmetrical. We could get a symmetrical form by taking the 
flex tangents as reference lines. 
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For if the parameters of two points are 4, t2 the point 
collinear with them is (by (2)) —1/tite. The tangentials 
of the three (by (4)) are —1/t:?, —1/t22, —t,%to? the product 
of which is —1. Hence the three points are on a line. 

Again the contacts 7 of tangents from ¢ are given by the 
quadratic 7? + 1/t = 0, a pair of points evidently harmonic 
with 0 and «. We have thus a simple proof of the elegant 
theorem 

The parameters of the pair of coniacts of tangents from an 
arbitrary point of the rational cubic belong to a quadratic 
involution whose double points are the nodal parameters. 

To establish the theorem synthetically consider the 
pencil of lines on any point t of the curve. Every line of 
the pencil cuts the curve in a pair of points, exclusive of ¢, 
which are represented by a binary quadratic. And the 
pencil of lines will cut out o! pairs of points given by a 
pencil of quadratics. In other words the pairs of points 
constitute a quadratic involution whose double points are 
manifestly the contacts of tangents from ¢. But there is 
one line of the pencil passing through the node, 7. e., the 
nodal parameters are a pair in the involution and 
therefore harmonic with its double points. Or we may 
say that the double points of the quadratic involutions 
associated with points ¢ of the curve are themselves 
pairs in an involution the double points of which are the 
nodal parameters. 

The rational class cubic. Dually the rational curve of 
class three is a rational point curve of order four having 
one double line and three cusps—whose tangents meet ata 
point. The parameters of the contacts of the double line 
are the roots of the Hessian of the binary cubic naming the 
cusps. If we assign to the cusps the parameters 1, a, w’, 
the contacts of the double line are 0 and «. Then taking 
for reference 3-point the contacts of the double line and the 

24 
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point of intersection of the cusp tangents the equations of 
the curve assume the canonical form 


t= Fis = te =e (5) 


It will be interesting to identify two familiar metrical 
forms of the rational class cubic. The equation in abso- 
lute codrdinates x = 2t + 1/t? (Ex. 24, (/) $156) represents 
a hypocycloid of three cusps, sometimes called Steiner’s 
hypocycloid and by Prof. Morley a deltoid. The curve is of 


DELTOID. CARDIOID. 


order four but of class three. For the homogeneous line 
equations, on removing the factor ¢? — 1 corresponding to 
the cusps, reduce to the canonical form (5), the signs of the 
w’s being immaterial. 

Again the curve x = 2¢ — ? (Ex. 24, (d), §156) represents 
acardioid. The homogenous line equations, after removing 
the common factor are 


sl dL, U2 = —#, VUE = 3( aaa t) (6) 
hence the cardioid is a rational class cubic. Now equations 
(6) are just the form we should be led to if we assigned to the 
cusps the parameters 0, 1, and « and adopted for reference 


3-point two cusps and the point of intersection of cusp 
tangents. In other words the curve is a general rational 
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class cubic. Since the two line curves here considered differ 
only in the way the reference elements, binary and ternary, 
are chosen we may say 

The cardioid and the deltoid are projectively equivalent curves. 

The great dissimilarity in the metrical aspect of the curves 
is due as usual to the difference in imaginary and infinite 
elements. Thus the cusps of the deltoid are real but the 
double line (£) is 7¢solated, with contacts at the circular 
points. The cardioid on the other hand has a real double 
line and one real cusp while the other cusps are imaginary, 
lying at J and J. 

The student will find it an instructive exercise to derive 
one curve from the other by linear transformations of the 
parameter and the ternary codrdinates. (It will be simpler 
to work with the line equations.) 


EXERCISES 


1. Write in determinant form the binary cubic that gives the 
flex parameters of the general rational cubic (1) $167. How would 
you find the nodal parameters? 

2. Write the condition that the points given by the cubic at? + 
Bt? + yt + 6 = 0 be on a line for the curve in Ex. 1. 

The remaining exercises apply to the curve in canonical form, (1) 
§168 unless otherwise stated. Much of the theory of Chap. X, Part 
Tis available. 

3. Find the ternary point equation of the curve. (Eliminate t by 
inspection, §124, or by observing that t = 2;/«».) 

4. Find the map equation and the parametric line equations of 
the curve. 

5. Find the ternary line equation by writing the discriminant of 
(3), §168, as a cubic in @. 

6. Find the equation of the line joining the points hy, to. 

7. Find the equations of the flex tangents. Show that the tri- 
angle of flex lines is fully perspective with the reference triangle. (See 
861, Ex. 10.) 

8. Show directly that the points of inflexion (parameters —1, —w, 
—w?) are on a line. 
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9. Write the parametric point equations of the curve referred to 
the flex tangents (taking the flex parameters as before). Find the 
ternary point equation of this curve. (Transform the triangle of 
reference (§62) to the lines in Ex. 7.) 

10. Write the parametric equations of the curve referred to the 
flex tangents when the parameters of the flexes are 1, 0, ». 

11. Assign to the flexes the parameters 0, ©, 1. Then taking for 
reference triangle the tangents 0 and o and the line of flexes write 
the parametric equations of the curve. Vind the ternary point 
equation. ‘ 

12. Repeat Exs. 4-6 for the curve written as in Exs. 9, 10, 11. 
Also when the equations of the curve are 2 = t, x. = t(1 — aé?), 
v3; = 1—at®. Find the ternary point equation of this curve. 

13. Find the condition that three points be on a line for the curves 
in Ex. 12. Also find the nodal parameters. What are the relations 
connecting the parameter of a point and its tangential? 

14. Write the binary quartic giving the parameters of the 4 tangents 
that can be drawn from an arbitrary point x of the plane. Calculate 
the invariants J, and J; of this quartic in ¢ What is the geometric 
interpretation of the curves J; = 0 and J; = 0? (§117.) 

15. Write the discriminant ($116) of the quartic in ¢ of Ex. 14. 
Show that this sextic in « represents the point equation of the curve 
multiplied by an extraneous factor,—the product of the three flex 
tangents. 

16. The first polar ($140, Ex. 8) of a point y with respect to the 
cubic, Ex. 3, is a conic which passes through the node and cuts out 
the contacts of the four tangents from y. 

17. The polar of a point of inflexion breaks up into the flex tangent 
and the line joining the node to the contact of the tangent from the 
flex. (This second line is a harmonic polar.) 

18. Find the quadratic involution (on the parameter) cut out by 
the pencil of lines on the point ¢;. Find the quadratic involution for 
the curves in Ex. 12. (Use the results of Ex. 13.) 

19. Find the equation of the satellite line of the line (uw, ws, ws). 
Ans. (32? — 2ugui)a1 + (81? — Quyus)e2 + usa; = 0. (Winger, On 
the satellite line of the cubic, Amer. Jour. Math., 1920.) 

20. If a line touches the curve, its satellite touches at the tangential 
point. What is the satellite of (a) a flex tangent, (b) the line of flexes, 
(c) a nodal tangent? Prove analytically and synthetically. 

21. For variable u and constant x the equation in Ex. 19 represents 
a conic,—the locus of lines whose satellites are on x. 
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22. The discriminant of the conic in Ex 19 is to a factor the point 
equation of the cubic. Interpret. 

23. The three pairs of contacts of tangents from three collinear 
points of the curve are the complete intersections of four lines,—each 
of which has the original line for satellite. 

24. Any cubic curve with a double point is rational. For if u = 0 
and v = 0 are two lines meeting at the double point every line of the 
pencil w + tv = 0 will cut the curve in a third point. Thus through 
t we have a (1, 1) correspondence between the lines of a pencil and 
the points of the curve and the coérdinates of the points of the curve 
are expressible as rational functions of t. 

25. Find parametric equations of the following cubic curves: (a) 
the cissoid y?(2a — x) = x3, (b) the strophoid (a — x2)y? = (a + 2)x?, 
(c) (a1? — wo2)a3 = x13, (d) x3%22 = 1(a1 — x3)? (node at (a, 0, 1)). 

26. Find the Hessian ($101) of the rational cubic Ex. 3. The 
Hessian is a rational cubic having the same double point, with the 
same tangents, and the same flexes as the original. 

27. Any curve of order n +1 with an n-fold point is rational. 
(This is a sufficient but not a necessary condition.) Dualize. 

28. Dualize the satellite property. Dualize Exs. 9, 10, 14, 16, 17, 
20, 21, 23, 24, 26, 27. 


169. Geometry on the rational cubic.—Consider a 
pencil of lines on the double point of the curve. Every 
line of the pencil cuts the curve in one point in addition 
to the two intersections at the node. If then we correlate 
each line of the pencil with its third point of intersection 
we shall have a (1, 1) correspondence between lines of the 
pencil and points of the curve. If we write the pencil 

21 = AXe (1) 
then the parameters of the point in which the line \ meets 
the curve are, substituting the values of the x’s from the 
canonical form in (1) 

3i(é — 4) = 0, ort = 0, w, dX. 
Thus in addition to nodal intersections the tine d of the 
pencil cuts the cubic in the point £ = . In other words 
the parameter (on the curve) of a point is identical with the 
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parameter (in the pencil) of its correlative line. It follows 
that to construct a point t of the curve it will suffice to 
draw the line t of the pencil. 

To illustrate, the binary cubic f will represent three points 
ti, to, tj on the curve which are cut out by the lines f1, te, ts 
of the pencil on the node. The harmonic conjugate of the 
line t; with respect to the pair ¢;, t, is a Jine ¢;’ cutting the 
curve in a cubicovariant point. The lines ¢,, t,’ @ = 1, 2, 
3) are pairs in a quadratic involution whose double lines 
cut the curve in the Hessian points of f. (See $115.) 

Suppose now that the binary cubic f is the flex form 
t#?+ 1. Then we saw that the Hessian represents the 
nodal parameters. Now the contacts of tangents from the 
flex —1 are ($168, (4)) +1, one of which is the flex itself. 
Hence from each point of inflexion can be drawn in addition 
to the flex tangent itself but one tangent to the curve. And 
the contacts 1, w, w* of the three tangents from the flexes are 
given by the cubicovariant t? — 1. Or to interpret the system 
when f represents lines of the pencil on the node we may say: 

The pair of lines joining the double point of a rational 
cubic to any point of inflexion and to the point of contact 
of the tangent from the flex are conjugate lines in a quad- 
ratic involution whose double lines are the nodal tangents. 

170. As an example of an J;,. may be mentioned the 
involution set up on the rational cubic by the pencil of 
lines (ux) + A(vx) = 0. The lines will cut out a pencil, 
a. €., an Iy,. of binary cubics, say u + Av» = 0. The 
involution in general will have four double points, namely 
the contacts of tangents from the center of the pencil, 
given by the Jacobian of wu and v. 

The involution may be special for special positions of the 
point which determines it. Thus if the point is on the 
curve the involution is singular—degenerates to a quadratic 
involution. We ask now whether there are any line sec- 
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tions u whose cubicovariant points u’ are also line sections. 
If so these lines may be taken as base lines of the special 
involution u + Au’ = 0. A characteristic of such an involu- 
tion is that the only special sets are two triple points (§115). 
It follows that the center of the pencil must be the inter- 
section of two inflexional tangents. Consequently 
The locus of lines u which cut out binary cubics whose 

cubicovariant points lie on a line wu’ consists of the vertices 
of the triangie of flex tangents. Moreover (§115) lines u 
and u’ in any pencil belong to a quadratic involution of lines 
whose double lines are the two flex tangents of the pencil. 

171. The general involution of order n in the binary 
domain we define as all sets of n points apolar to a fixed set 
of n. If the fixed set is represented by the equation 


f = aor” + nay! + (5) ox" * + . 


-- @ id 4) pete tne =O Cl) 
then as in §162 the involution can be written 


Wasnt Oise tte O2Sn22 ct > a oe On 181 + On = 0,,(2) 


where the s’s refer to the elementary symmetric functions of 
the codrdinates 71, 22, . . . Xn of the n points in a set. 
The involution (2) is denoted by I,_-1,1 since evidently n — 1 
elements of a set determine the remaining one. 

If the x’s all coincide (2) reduces to (1), hence an In-1,1 
contains n n-fold points which constitute the fixed set to which 
all sets of the involution are apolar. 

Thus associated with every equation (1) is an involution 
(2), the polarized form of the equation. The involution is 
really the more comprehensive idea, the equation simply 
defining the coincidence points of the involution. 

Now there are n linearly independent forms f; of order 
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n apolar to a given form f of order n ($99, 3°). Hence an 
In-1,1 can be defined by an (nm — 1)-parameter family of 
binary n-ics 

fot kift + keofet . 2. + ka-ifn-i = 0 (3) 
where f; are forms apolar to f. That is (8) represents the 
involution which is determined by the n linearly independent 
sets f;. 

A special involution of order n may be defined as all sets 
of n points 11, %2, . . . 2%», which are apolar to r fixed sets 
f, f', . . . f*. The 2’s must then satisfy r equations like 
(2) so that (3) reduces to the (n — r)-parameter family 

fo t+ kifi + hofo +. . . + haifa = 0. (4) 
Since now n — r points of a set suffice to determine the 
remaining r the involution“is denoted by J,_,,r. While the 
involution is special for r>1 it is identical with (2) when 
r= 1. 

172. Some contact conics of the rational cubic.—To 
find the intersections of the rational cubic with the general 
conic we substitute the x’s from the parametric equations 
of the cubic ((1) $168) in the ternary equation of the conic. 
The result is a sextic in ¢ in which obviously the coefficient 
of ¢® is the same as the constant term, 7. e., the product s¢ of 
the roots of the sextic is unity. Conversely if the para- 


meters ti, . . . ts of six points satisfy the relation sg = 1 
the six points lie on a conic. For a conic can be passed 
through five of the points t;, . . . ts which will cut the 


curve in a sixth point ¢’ such that tilotstatste’ = 1, hence 
ts’) = ts. Thus 
The necessary and sufficient condition that six points of 
the rational cubic lie on a conic is that their parameters 
satisfy the relation 
ss => 1 (1) 


or that they belong to the sextic involution I5,, defined by (1). 
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When two or more ¢’s of a set come together a multiple 
point of the involution is formed and the corresponding 
conic has contact! with the curve. Passing to the extreme 
case at once the 6-fola points of the involution are 

Pa te Pie — 1) = 0 (2) 
three of which are the flexes while the other three (t? — 1 
= 0) are the contacts of tangents from the flexes. From 
(2) we infer that there are six points at which conics can 
be drawn having 6-point contact. But the flex tangents 
taken twice will count among these conics, 7. e., there are 
three points at each of which a proper conic can be drawn to 
have 6-point intersection. The conics are called sextactic 
conics and the points sextactic points. Therefore 

The rational cubic has three sextactic points which are given 
by the cubscovariant of the binary cubic naming the flexes. 

Next suppose that the six points of a set in the involution 
(1) coincide to form three double points t, te, t. The 
involution becomes 


bizto-te” = II or 83 = at 1 (3) 
and the corresponding conics are tri-tangent. But if 
s3 = —1 the conic is any line repeated since the three ¢’s are 


then collinear. It is clear therefore that 

The rational cubic has #? tri-tangent conics whose contacts 
belong to the involution s; —1=0 whose triple points 
are the sextactic points. 

In particular since the triple points are themselves a set 
in the involution, there is one conic touching at the sextactic 
points. This is an important conic which we shall meet 
again. Among the tritangent conics must be counted the 
line pairs: consisting of two tangents from a point of the 

1 Contact here simply means coincident intersections and will include 


improper contact as well as ordinary tangency, 1. e., coincidence of con- 
secutive points. 
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curve, hence the point ¢ and the contacts of tangents from ¢ 
are a set apolar to the sextactic parameters. 


EXERCISES 


The cubic is to be taken in canonical form unless otherwise stated. 

1. Write the cubic involutions (J1,2) determined by the vertices 
u, and ue of the reference triangle. What are the double points? 

2. Write the three involutions determined by the vertices of the 
flex 3-line and verify that each is of the form u + du’ = 0 where 
u and wu’ are a binary cubic and its cubicovariant. 

3. Write the J,,2 determined by a flex tangent and a nodal tan- 
gent. What are the special sets in this case? 

4. The equation of the line tif. (Ex. 6, §168) is quadratic in each 
parameter. Show that the discriminant of this as a quadratic in ¢2 
is the ternary equation of the pair of tangents from t1. 

5. At each point 7 of the Fational cubic one conic can be drawn 
with 5-point contact. (Call the conic a quintactic conic and the point 
a quintactie point.) The conic will cut the cubic simply at a point ¢. 
But there are five quintactic conics which pass through ¢ simply. 
The quintactic points of these five conics lie on a conic with ¢. (In 
the fundamental equation (1) §172 let five t’s coincide at 7 and denote 
the other by ¢. The equation becomes 7*t = 1, from which the 
theorem can be read.) 

6. Two proper conics can be drawn tangent to the rational cubic 
at a given point ¢ and having 4-point contact at another point r. 
(A tangent from ¢ counted twice will be a degenerate conic of this 
sort.) The two quartactic points 7 are collinear with ¢. 

7. From any point (—1/é?) draw the two tangents t and —t# and 
from each of these points the pair of tangents. The two pairs of 
contacts of tangents from t and —t¢ are harmonic and form thus with 
the nodal tangents three mutually harmonic pairs. At either point 
t or —t two conics touch which have quartactic points at contacts of 
tangents from the other. 

8. Consider the six points ¢, wt, wt and 1/t, w/t, w?/t. At each 
point in either triple three conics osculate (have 3-point contact) each 
of which osculates again at one point in the other triple. We have 
thus nine conics. The six points lie on a tenth conic. Find its 
equation. 

9. The tangentials of the six points in which a conic cuts the 
rational cubic lie on a conic. 
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10. Any cubic curve, general, rational or degenerate, cuts the 
rational cubic in nine points whose parameters belong to the Jg,1: 89 = 
—1, where s refers to the product of the ?’s. 

11. The condition that 3n points of the rational cubic be the com- 
plete intersections of a curve C,, of order n is that they belong to the 
involution [3n~1,1 Ss, = (—1)”, where s refers to the product of the 
parameters. 

12. The tangentials of the 3n points in which a C, cuts the rational 
cubic lie ona C,. The contacts of tangents to a rational cubic from 
the 3n intersections with a C, lie on a Con when n is even. (For an 
application of these theorems and extensions to other curves see a 
paper by the author, Some generalizations of the satellite theory, Bull. 
Amer. Math. Soc., Nov., 1919.) 

13. Conics with quintactic points at three collinear points of a 
rational cubic cut the cubic again at three points of a line. Conies 
with quintactic points at the intersections of a given conic with the 
rational cubic cut again at six points of a conic, and soon. Generalize 
when the quintactic conics are replaced by cubic curves with 8-point 
contact. 

14. Extend the results of §167 to the rational quartic curve in 
space, making use of Ex. 11, §165. The parametric equations of the 
curve are 


a =f; = att + 4b;t3 + Bet? + 4d:t + &, to VD Sas. 


where f; are linearly independent forms. The o? plane sections 
Uifi + Ufo + usfs + wafs = 0, belong to an J3,1 which contains four 
4-fold points. Let these be given by f = at* + bl? + ct? + dt +e. 
The condition that four points be on a plane is that they be apolar 
to f. 

There are four points (hyperosculation points), given by f = 0 at 
each of which a plane with 4-point contact can be drawn. 

At each point of the curve an osculating plane can be drawn 
(which accounts for the «! triple points of the involution). (A space 
curve can be regarded as a locus of points, a locus of its tangent lines 
or a locus of its osculating planes.) 

The curve has ! trisecant lines, for the involution contains «1 
neutral triads. 

The condition that the hyperosculation points lie on a plane is that 
f be self-apolar, 7. e., [2 = 0. 

If I; = 0 the involution has a neutral pair and the curve has a 
double point. 
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15. Let f, Ex. 14, be ¢* + 1 and find a system of four linearly inde- 
pendent binary quartics apolar to f. (See §99 under 3°.) Hence 
show that the rational space quartic curve with a double point can 
be written in the canonical form 2 = #, x. = @, 73 = t,% = — 1. 
What are the parameters of the node? What are the reference planes? 
The condition that four points be on a plane is s4 (= fitetsts) + 1 = 0. 

16. If f = tt + 6kt? + 1 (Ex. 14) the equations of the rational 
quartic curve can be written in the form a = #3, 2. = 0? — k, x3 =t, 
x4 = t* — 1, which reduces to the curve in Ex. 15 when k = 0. Find 
the condition that four points le on a plane. 

17. From any point ¢ of the curve in Ex. 15 can be drawn three 
osculating planes and their points of contact are on a plane with ¢. 


173. The perspective conics of the rational cubic.— 
Two rational curves S and 2, the first in points and the 
second in lines are said to be perspective if the point t of S 
lies on the line t of ©. If the parametric equations of the 
two curves are 


S: a1 = fi), XL = fo(t), x3 = f(t) 

Zu = gilt), Ue = y2(T), U3 = 3(r) 
then the necessary and sufficient condition that they be 
perspective is that like named point and line be incident, 
Tek 


(uz) = gifi + o2f2t+ osfs=0, whenr =#. (1) 


We have already seen that the double point of the cubic is 
a perspective point (§169) for lines ¢ of the pencil on the node 
cut the curve again in points t. We shall now show that 
Lines joining pairs of points on the rational cubic whose 
parameters are in a quadratic involution envelop a conic 
perspective to the cubic. 
Let 
at? +- 2bt-- ¢ = 0 (2) 


where the coefficients are fixed constants name the double 
points of the quadratic involution on the cubic. And let 
all pairs 4), t2 in the involution be given by 
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af? + Bt 7 = 0 3 (3) 
where the coefficients are parameters. 
Now the line joining the points ;, t2 is by the method of 
§126 
($182 — 1)a, +. (sy — $2”) Xe a 38203 =" () (4) 
where 8; =i: + te, sp = tit. But from (3) si = —B/a 
Ss: = y/a. Making these substitutions in (4) we get the 
line ¢jt2 in the form 


(By + a)x1 + (a8 + y?)a2 + 38yax; = 0. (5) 
This line cuts the cubic in a third point ¢ given by 
yt+ta=0 (6) 
since we must have ((2), $168) 
titot = —1. 
By hypothesis (2) and (3) are apolar, 7. e., 
ay — 68 + ca = 0. (7) 
Thence substituting for 6 in (5) we obtain 


(ba? + cya + ay?)x1 + (ca? + aya + by*)ae 
ale 3byax3 = 0 (8) 


as the equation of the line cutting out pairs in the 
involution. 

Considering a/y as a parameter (8) is the equation of a 
line of a conic since it is quadratic in the parameter. To 
prove that the conic is perspective it is only necessary to 
show that the parameter can be so transformed that like 
named point and line of cubic and conic are incident. ‘This 
merely requires (by (6)) a/y = —t. 

Thus we have not only proved the theorem but we have 
incidentally found the equation of the conic. Replacing 
a/y in the map equation (8) by the value of the ratio from 
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(6) we have as the parametric equations of the perspective 
conic in lines 

u, = b? —ad+a 

ue, = cl? — at +b (9) 


The conic is determined when the double points of the 
involution are known. Since the double points are given 
by a general quadratic (2) we have the theorem of Stahl:1 

The rational cubic has «? perspective conics which belong 
to a linear system (8). 

By assigning arbitrary values to a, b, cin (9) the equations 
of all perspective conics are obtained. 

The six points in which, conics (9) cut the cubic are found 
by combining the ternary equation of the conics with the 
parametric equations of the cubic. The binary sextic 
giving the common points is the square of the cubic 


bt? + ct? — at —b = 0. (10) 


It follows that the perspective conics have each three 
contacts with the cubic curve which satisfy the relation 
ss — 1 = 0, 2. e., belong to the I2,; whose triple points are 
the sextactic points. Since this involution is the same as 
that to which the contacts of tri-tangent conics belong we 
conclude that the perspective conics are identical with the 
system of tri-tangent conics. 

We noticed above that there is one conic touching at 
‘the sextactic points. Its equation can be found at once 
from the consideration that (10) must reduce to #? — 1 = 0. 
The conditions are b = 1,a = c = 0, 7. e., that the double 
points of the quadratic involution shall be the nodal 
parameters. 


1Zur Erzeugung der ebenenrationalen Curver, Mathematische Annalen, 
Vol. 38 (1891). See also Coble, American Journal of Mathematics, Vol. 
32, p. 350. 
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Whence the equations of the conic, which may be called 
the involution conic of the node and which we shall 
denote by N, are 


UW, =, Ue = 1, us = —3t, or us? — 9uiue = O 
Yi = 3, Xe = 3l?, x3 = 2t, or 923? — 4aixe = O. 


(11) 


Pairs in the involution are now contacts of tangents from 
the points of the curve (§168). Moreover it appears from 
(11) that the conic touches two sides of the reference tri- 
angle at the vertices. Therefore 

Lines joining pairs of contacts of tangents from the points 
of the rational cubic envelop a conic N which touches the nodal 
tangents where they meet the line of flexes and touches the 
cubic at the sextactic points. 


EXERCISES 


1. Obtain the parametric line equations of the perspective conics 
(9) by asking that ¢ifi + g2f2 + ¢sf; = 0, where f; are the binary 
cubics in the canonical equations of the rational cubic (1), §168 and 
where ¢; = a;t? + 06;t + 4,7 = 1, 2,8. 

2. Obtain the map equation and thence the parametric equations 
of the perspective conics by writing the condition that the quadratic 
(2) be apolar to the form (4) considered as a quadratic in t.. (t is 
then to be the variable parameter.) 

3. Write the ternary point equation of the perspective conic (9). 
Find the intersections with the rational cubic and verify that the 
conic has three contacts given by (10). 

4. The Jacobian of the coefficients in the equation of the satellite 
line Ex. 19, §168 is equal to us. 

5. The three contacts of a perspective conic are given by the 
Jacobian of the quadratic (2) and the binary cubic naming the 
flexes. (Ashcraft, Quadratic involutions on the plane rational quartic, 
Waterville, Maine.) 

6. Find the perspective conics of the rational cubic (a) 21 = #, 
to = @ —t, 23 = 1, (b) m1 = , x = t(1 — at”), es = 1 — at. Find 
also the involution J2,: of the contacts of each system with the base 
curve. 

7. The rational quartic curve has #! perspective conics. Find the 
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equations of these conics for the quartic (b) Ex. 7, §160. Show 
that the conics have four contacts with the quartic which belong to 
an involution J;,; (pencil of binary quartics). Repeat for the curve 
@ = at +1, r. = t+ at, x; = # When a = 1 the conic reduces 
to u32 = 0, which is then a triple point of the quartic. 

8. The rational quintic curve has a unique perspective conic. Find 
the perspective conic for the quintic x, = 5 + 2¢, a = —2é — 1, 
a; =t41—t. Also for the curve (d) Ex. 7, $160. Show that the 
perspective conic has five contacts with the quintic in each case. 


174. The cuspidal cubic.—When the nodal parameters 
of a rational cubic coincide the node becomes a cusp. But 
it will be recalled that if a binary cubic have a double root 
the Hessian has the 
same double root and 
conversely. Conse- 
quently two flex para- 
meters coincide with the 
cusp parameter, 72. @é., 
two flexes fall together at 
the cusp.! 

Then assigning to the 
remaining point of in- 
flexion the parameter 0, 
to the cusp the para- 
meter oo and taking for sides of the triangle of reference 
the cusp tangent, the flex tangent and the line joining 
the cusp and flex the equations of the cubic with a cusp can 
be written 


w= 8 
Career (1) 
v3 = 1. 
Eliminating t, the ternary equation is 
x — X1%3" = 0. (2) 


1 This is an instance of the general fact that two flexes of a curve are 
absorbed when a double point is changed into a cusp. 
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The parameters of the intersections of the line (uz) = 0 
with the curve are, substituting for the x’s from (1) 


Ure + Uat + U3 = 0. (3) 
If ti, tz, ts are the roots of this equation obviously 
Ss =t+t+b =0 (4) 


which is the necessary and sufficient condition that three 
points of the curve be collinear. 

Setting ¢; = t, =7 and fj = ¢ we have as the relation 
connecting a point 7 and its tangential t 

27 +¢=0. (5) 
Since (5) is linear in z only one tangent can be drawn from 
an arbitrary point ¢ of the curve, 7. e., 

The cuspidal cubic is of class three. 

The equations of the general rational cubic in the can- 
onical form which we have adopted (§168) cannot be 
reduced to those of the cuspidal cubic (1) since there are 
no explicit constants to be made use of. But if we write 
the curve in the form 

41 =, to = ol? +1, ft. = 1, (6) 
thus assigning to the flexes the parameters 0, 0 and —1/a, 
and taking for triangle of reference two flex tangents and the 
line of flexes, the specialization is possible. For setting 
a = 0, two flexes coincide to form a cusp at t = o and 
equations (6) reduce to (1). 


EXERCISES 


1. Find the parametric line equations and the ternary line equa- 
tion of the cuspidal cubic. 

2. Find the equation of the line joining two points 1, ¢2. What is 
the equation of the tangent at 1? Write the equation of the tangent 
from t. 

8. Obtain the condition that three points t1, t2, ts be the contacts 
of tangents from a point of the plane. 

25 
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4. Krom the relation between a point and its tangential show that 
if we begin with any point on the cuspidal cubic and draw the tangent 
at the point, then draw the tangent at the tangential point and con- 
tinue the process indefinitely the tangential point will approach the 
cusp as a limit. On the other hand if we draw the tangent from any 
point ¢, then draw the tangent from the point of contact and continue 
indefinitely the contact will approach the flex as a limit. 

5. Find the equation of the satellite of a line with respect to the 
cuspidal cubic. 

6. Show that the contacts of tangents from three collinear points 
on the cuspidal cubic lie on a line, the primary line of the first. Find 
the equation of the primary of a line w. 

7. If a line is tangent to the cuspidal cubic, what can you say of 
the satellite line? the primary line? 

8. There is a (1, 1) correspondence between the lines of a plane 
and (qa) their satellites, (b) their primaries with respect to a cuspidal 
cubic. Write these correspandences as collineations (in line 
coordinates). 

9. If a line envelops a curve then (a) its satellite, (6) its primary 
with respect to the cuspidal cubic envelops a curve of the same class. 
(Use the results of Ex. 8.) 

10. The condition that six points of the cuspidal cubic (1), §174, 
lie on a conic is that the sum of their six parameters be zero. What 
is the condition that 3n points lie on a curve of order n? 

11. Discuss the contact conics of the cuspidal cubic. 

12. All cuspidal cubics are projectively equivalent. (Cf. Ex. 8, 
§35.) 

13. Obtain the quadratic involution set up on the cuspidal cubic 
by the pencil of lines on a point f:. Where are the double points? 

14. Write the Hessian of the cuspidal cubic and examine its rela- 
tion to the original curve. 

15. Dualize Exs. 6-9. 

16. Show that the cubic (2) §26 is cuspidal and that the conic 
osculates at two points. (Write the curve homogeneously and then 
find the parametric equations.) 


175. Osculants of the rational cubic.—Another impor- 
tant class of curves associated with rational curves are 
the osculants. If the equation of a rational curve are 


2; = fit 7); G1 273,01) 
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where f; are binary forms of order n in the homogeneous 
parameter ¢/7, then the equations 


Li = (us, riz nie )f (2) 


obtained by taking the first polars of f; with respect to 
(t1, 71) represent the first osculant of (1) at the point t,/7). 
Likewise, polarizing (2) with respect to t2/rz. we obtain 


EGR tle 208 


which is a first osculant of (2) and a second osculant of 
(1). And so on until f; are completely polarized. Some of 
the points ¢;/r; may coincide when repeated polars result. 


0 Tr 
Thus Lp = (45, al n=) fi (4) 


is the rth osculant at t:/71 of (1), the (r — 1) th osculant of 
(2), ete. 

In practice after the equations of the osculants have 
been formed we may return to the non-homogeneous 
parameter by setting 7; =7 = 1. 

Obviously all osculant curves are rational. 

We shall now consider briefly the osculants of the rational 
cubic. If we assign to the flexes the parameters 0, —1, 0 
and select for triangle of reference the line of flexes and the 
tangents at the flexes 0 and o the equations of the 
curve may be written in points 


rae 
Zo = 3t? + 3t (5) 
3 = 1 
and in lines ($128, (9)) 
Uy = 2t + 1 
Uz, = —P (6) 


Cy te + DAES 
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The osculant conic at ¢, is by (2) 


M1 = t,t? 
v3 = 1 


the ternary form of which in lines is (§ 123, (6)) 
UgUs + ts + ture — (1 + ty + ti?)u2? = 0. (8) 


The eight common lines of this conic and the cubic are, 
combining (6) and (8) 


{4 + 2(1,— )@ + 1 — 46 + t2)2 + 2h, — De 


Now this octavic equation contains the two flex parameters 
0 and as double roots, hence the conic touches the corre- 
sponding flex lines. But there is no reason why the flex 
lines should not be treated impartially whence we infer 
that (9) contains the other flex parameter doubly. This is 
easily verified and (9) turns out to be 


Ee Te 24 (10) 


It appears now that the remaining roots of (10) are t, 
repeated, 7. e., the conic touches the curve at the point 4. 
We have thus proved for the rational cubic a characteristic 
property of first osculants: 

The first osculant at t; of the rational cubic is inscribed in 
the three flex tangents and touches the curve at ty. 

The second (linear) osculant at é, found at once (§96) 
by interchanging ¢ and ¢, in (7) is 


M1 = t12t 
63 = il 


The ternary equation of this line is (§58, Ex. 16) 
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Uy Ve 3 
fe be, Oy = 0 
ip ira aa ice | 
or 
CL + 2t)24 = [1229 +- (t,4 -l- 2t1°) 23 = (h) (12) 


Referring to (6) it appears that (12) is simply the map equa- 
tion of the cubic in lines with ¢, substituted for ¢, 7. e., (12) 
is the tangent at t;. We have thus proved for the cubic a 
characteristic property of linear osculants: The linear oscu- 
lant at the point t, of the rational cubic is the tangent at ty. 


EXERCISES 


1. Find the first and second osculants of the rational cubie in the 
standard canonical form. Also of the curve x = #3, x, = ¢(1 — at?), 
te =) —ai?. 

2. The osculants at w and at w? of cubic (5) touch the line of flexes. 

3. Find the osculant conic and the linear osculant of the cuspidal 
cubic, §174. What is the relation of the osculant conic to the cusp 
and the cusp tangent? Where are the 6 common lines? 

4. The rational cubic is the envelope of osculant conics and also 
of linear osculants. 

5. Show that the osculant conic of a point of inflexion on the rational 
cubic is the flex tangent repeated. The osculant conic of either 
nodal parameter degenerates,—into what? 

6. Given three points ti, t2, f; on the rational cubic. Show that 
the mixed (linear) osculant of te, ts of ts, t: and of ¢:, f2 meet in a point. 
(Morley, On reflexive geometry, Trans. Amer. Math. Soc., 1907, p. 16.) 

7. The binary quartic giving the four points, in addition to the 
contact, in which an osculant conic cuts the rational cubic is self- 
apolar. (Thomsem, The osculants of plane rational quartic curves, 
Amer. Jour. Math., 1910.) 

8. Dualize the theorems of this section. Also Exs. 5-7. 

9. Extend the last theorem of this section to the rational quar- 
tic 11 = at? + 1, v2. = t4 + at, ws = 1. 

10. Find the first osculants (osculant conics) of the cardioid, 
§168 considered as a class cubic. Ans. The line equations of the 
osculant at f; are w1 = —1, we = til?, ws = —t? + 201 — hit +h. 

The point equation in absolute coérdinates is = t + ti—th. 


390 PROJECTIVE GEOMETRY 


41. The osculant conics of the cardioid (Ex. 10) are circles 
passing through the real cusp. The centers of these circles lie on 
another circle which passes through the cusp. (See Ex. 20, $156.) 
Thus given a circle C and a fixed point P on it, the envelope of 
the system of circles with centers on C and passing through P is a 
cardioid of which P is a cusp. Draw such a system of circles. 


176. The rational cubic as a self-projective curve.— 
Taking the equations of the curve in the canonical form 
Lime Covent tz = t+ I (1) 
or x3 + xo? — 341%er3 = 0 (2) 
it appears that 
The rational cubie 1s invariant under a dihedral collinea- 
tion group of order 6. 
For the generating transformations of the binary gz 
t! = wt, t! = 1/t, w = 1, (3) 
when applied to the parameter in (1) set up the ternary 
collineations 


L1 = WX 21! = Oy 
Le’ = wt, and %' = x% (A) 
Ts) = 23 @3' = 23 


which in turn generate a ternary dihedral Gg which leaves 
the curve (2) unaltered. Observing that the reference 
triangle is the invariant triangle of the group we may say 

The invariant triangle of the group consists of the nodal 
tangents and the line of flexes. 

The special sets of parameters are (§159) (a) 2¢ = 0, (b) 
&®+1=0, (c) ®—1=0. Of these (a) represents the 
nodal parameters 0, 0, (b) are the flex parameters and (c) 
are the parameters of the contacts of tangents from the 
flexes (169). 

The special sets of the ternary group must either lie 
on the axes or at the centers of reflexion. Now the axes 
r1° — 22° = 0 meet at the node which is accordingly a fixed 
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point of the entire Gs. Substituting the ?’s frcm (1) in these 
equations we find for the intersections of the axes t°(¢? — 1) 
= 0, hence the points (c) lie on the axes and represent a 
special set of the ternary group. Finally the double points 
of the involutions must represent fixed points of the reflex- 
ions. Consequently they must lie either at the centers 
or on the axes of reflexion. We have just seen that three 
of the double points, wz., t® —1=0 lie on the axes 
and account for all of the intersections of the axes 
exclusive of the double point. Hence the remaining double 
points + 1=0 must fall at the centers of reflexion. 
Summarizing 

The centers of reflexion are the points of inflexion and the 
axes are lines from the node to the contacts of tangents from 
the flexes. 

We note also that the sextactic points f? — 1 = 0 lie on 
the axes and constitute a special set. 

Thus the points of the curve which form special sets of 
the ternary group are (a) the node, (b) the three points of 
inflexion, (c) the intersections of the axes exclusive of the 
node. A simple construction for the o! general sets of 
conjugate points on the curve is afforded by the pencil of 
invariant conics 


Lite — ATs” = 0. (5) 


For since the conics and the cubic are both invariant under 
the group any intersection of the cubic with a conic of 
the pencil will be transformed by the group into a point 
that lies on both curves. Hence the conics of the pencil 
will ordinarily cut the cubic in general sets of 6 conju- 
gate points. But the conics corresponding to \ = 0, # 
and 9/4 (conic N) cut out the points given by @ = 0, 
(2 +1)? =0, and (#-—1)?=0 which represent the 
special sets. Hence 
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Every member of the pencil of conics (5) cuts the cubic in a 
set of points, binary and ternary, which form a conjugate set, 
special or general, under the binary or ternary group. Con- 
versely every set of conjugate points, binary or ternary, special 
or general, is cut out by a member of the pencil of conics. 

In absolute codrdinates the equations of the cubic are 
DCS ae sere 
Ti gh prt ee eda 
The double point is now isolated at the origin and the axes 
are three equispaced lines about which the curve is sym- 


x 


(6) 


metrical. The flexes are real but lie on the line at infinity 
so that the flex tangents are asymptotes. The sextactic 
points, the contacts of N are also real. The invariant conics 
(5) become concentric circles each of which cuts the curve 
in 6 points which lie at the vertices of two concentric 
equilateral triangles. On account of the symmetry the 
curve is readily drawn and we append a figure together 
with the conic N. 
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The cuspidal cubic. When the equations of the cubic 

with a cusp are written in the canonical form 
Qi eects. Xe = (7) 

or X23 — x03? = 0 (8) 
the binary collineation t’ = at (a a parameter) operating 
on (7) induces the ternary collineation x,;! = a3x,, 2! = 
@X2, X3' = x; which transforms (8) into itself. Hence 

The cuspidal cubic is invariant under a one-parameter group. 
The binary group has two fixed points, the cusp and flex 
parameters, while the ternary group has a fixed triangle, the 
reference triangle. 

The cuspidal cubic is also self-dual, being auto-polar with 
respect to x1? + 322? + 2237 = 0. 


EXERCISES 


1. The axes of reflexion of the rational cubic are the harmonic 
polars of the curve (Ex. 17, §168). 

2. The six points associated with a set of osculating conics (Ex. 8, 
§172) are a general set of conjugate points of the Gs. Hence they 
lie on a conic of the invariant pencil. They form a Pascal hexagon 
whose opposite. sides meet at the flexes. 

3. The sextactic points lie on the axes of reflexion. Connect this 
with Ex. 2.- 

4. If C represents a rational cubic and H its Hessian, show that 
every member of the syzygetic pencil C + \H = O is a rational cubic 
invariant under a Gs. (The pencil can be written in the form 2x;3 + 
x23 + kaxyx.x3 = 0.) What are the degenerate members of the pencil? 

6. The deltoid (§168) is invariant under the G, (in absolute coérdi- 
nates, §159). The cardioid being projectively equivalent must 
admit a Gs also. Find the transformations, binary and ternary, 
of the group of the cardioid. - 

6. The triangle of asymptotes of (6) is inscribed in the unit circle. 

7. One circle of the pencil rx = k? cuts (6) in the vertices of a regu- 
lar 9-gon, omitting every third vertex. Find the radius of this circle. 

8. Any curve of the form 22” — x:4r3 = 0, (a + b = n), is invari- 
ant under a one-parameter group. Write the transformations of the 
group. 


CHAPTER XIII 


NON-EUCLIDEAN GEOMETRY 


177. Measurement in Euclidean geometry.—Any metric 
geometry depends upon two fundamental processes,—the 
measurement of distances and angles. In the practical 
measuring of linear distances we use a graduated rule or 
linear scale which is applied repeatedly to the distance to 
be measured. Now the measure of a given distance is 
independent of the part of the scale used in the process. In 
other words the measure 6f the distance is unaltered by a 
sliding of the scale along itself. But this sliding of the 
scale along itself corresponds in the abstract to a translation 
(§92) which is expressed analytically by the equation 


e=a+k. 


A translation in turn is the metrically canonical form of a 
parabolic collineation whose fixed points coincide atz = «. 
Thus one point (two coincident points) on every line, the 
point at infinity, remains fixed in the measuring operation. 
Or we may say that the measure of distances in Euclidean 
(plane) geometry is parabolic. 

On the other hand the successive application of a unit 
angle to any given angle amounts to a rotation of the angle 
scale about the vertex of the angle to be measured. Now 
two distinct but conjugate imaginary lines on the center, 
namely the circular rays from the point, are fixed under a 
rotation of the plane ($161). Hence the rotation effects on 
the lines of the pencil a one-dimensional elliptic collineation, 
or the measure of angles in Euclidean geometry is elliptic. 

394 
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178. The Cayley-Klein generalization of distance.— 
In the foregoing we have treated distance, in conformity 
with the practice in elementary geometry, as a primitive 
undefined concept. Among the properties commonly 
attributed to distances along a line are 

1°. The additive property, 7. e., 

dist ab + dist be = dist ac. 

2°. The distance from a point to itself is zero. 

3°. The distance between two points is unaltered by a 
translation of the line. 

The parabolic measure of distance is then a consequence 
of 3°. We may however establish an elliptic or hyperbolic 
scale along the line by a suitable extension of the notion of 
distance,—an extension suggested by Laguerre’s theorem 
($56): The angle formed by two lines of a pencil is equal 
to a certain multiple of the logarithm of the double ratio 
determined by the sides of the angle and the circular rays 
on the vertex. But the circular rays are the fundamental 
(fixed) lines under a rotation of the pencil which accom- 
panies the angle measurement. 

Returning to the line let us choose two fundamental 
points, with codrdinates! p, q, which shall be the fixed points 
of a non-singular collineation of the line. Then if a, y are 
the coérdinates of any other two points of the line we shall 
define their distance thus 


dist xy = k log (xy|pq) 


where k is a fixed but arbitrarily chosen constant. 
This definition satisfies the requirements 1° and 2° 


1 We assume here with Cayley (A Siath Memoir upon Quantics, Col- 
lected Papers, Vol. 2, p. 605) that coérdinate is our undefined concept, 
that there is a (1, 1) correspondence between ihe points of the line and 
the number system and that the number corresponding to any point is 
the codrdinate of the point. The numbers 2, y, etc, need not represent 
distances in the ordinary sense. 
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above. Thus if x, y, 2 be any three points on the line then 
(xy|pq) (yz|pq) = (xz|pq). Hence taking logarithms 


k log (xy|pq) + k log (yz[pq) = k log (xz|pq) 


ass 
dist xy + dist yz = dist zz, 


which proves 1°. The proof of 2° is immediate for 
k log (xx|pq) = k log | = 0. 


The definition also satisfies a requirement of which 3° is a 
special case, v7z., the distance between two points is un- 
altered by a collineation which leaves p and q fixed. This 
follows at once from the_invariant property of a double 
ratio. 

Moreover the new distance may be reduced to the Eucli- 
dean notion by appropriate specialization when the twe 
fundamental points coincide at infinity. If p = q, dist ry 
= 0 (a, y ¥ p) so long as k is finite. But if k becomes 
infinite the distance takes the indeterminate form o-0. 
We may then assign a value to the distance by a limit 
process. 

Let gq = p +e andk = k’/e where « is infinitesimal. We 
define dist zy as follows: 


dist zy = lim Be log (ay|p p + e). 
eo ©. 

We have 

Past i) Ot rat et Oh ee 

las Pee) Yaa p) 


(es) (ee 


(Ce) ee eae iy each ) 


(zy|[p p + €) = 
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Then neglecting the second and higher powers of ¢ which 
have no effect on the limit this reduces to 

1 1 
l+e ( - ) = 1] 
ap y= "p ee 
substituting f for the expression in parentheses. Now by 
McLaurin’s formula 


log t+ f)=f—eftefi—.. 


Hence 
/ 
dist zy = lim ele RG ine ee 
e—0O bs 
1 1 Yee 
kif = k’ _ sn) Ig ae 
le a oe ») (t—p)(y—p)- 
Now choose a point e such that dist ye = 1. This requires 
ha Gs BY 2D). 


re! 
We have then 
; Sees p) 
dist yx = te Sp) Gey (xelyp). 


Finally choosing y, p as base points and e as unit point in a 
Cartesian system of codrdinates we obtain, setting y = 0, 
p=ow,e=l1 
dist Ox = (x1|00) = x 
where the distance now has the usual Euclidean significance. 
Q. E. D. 
As a definition the measure of distance on the line is said 
to be of the same variety as the collineation that leaves 
the distance of two points invariant, 7. e., the measure of 
distance is hyperbolic, parabolic or elliptic according as the 
fundamental points are real and distinct, real and coincident 
or conjugate imaginary. Dually the measure of angle in 
the pencil will be hyperbolic, parabolic or elliptic when the 
fundamental lines are a hyperbolic, a parabolic or an elliptic 
pair. 
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179. Thus in the one-dimensional domain of the line or 
pencil we have three varieties of metric geometry correspond- 
ing to the three kinds of measure of the respective element 
distance and angle. After Klein! we shall call these 
geometries hyperbolic, parabolic and elliptic. The para- 
bolic geometry is, as we have just seen, Euclidean. We 
shall now examine more in detail the nature of the line in 
each geometry,—the results can be translated at once into 
the geometry of the pencil by duality. In the discussion 
we suppose that x and y are real. 

The hyperbolic line. p, gq real and distinct, k real and 
finite. Now 

k log (ap|pq) = k log aw = w 
and = 
k log (xq|[pq) = k log 0 = —oa, 


1. €., the distance from any point of the line to a fundamental 
point is infinite, or 

The hyperbolic line contains two real “points at infinity.” 

If x and y both lie between p and q, («y|pq) is positive 
and the distance is real. If one of the points (x or y) is 
between p and g while the other is not, (xy|pq) is negative 
and the distance is imaginary. If x and y both lie without 
the segment pq, (xy|pq) is again positive and the distance 
is real. Or dist xy is real when the points x, y are not 
separated by p and q, imaginary when they are so separated. 

We have thus three classes of points on the hyperbolic 
line, ordinary points lying between p and q, points at 
infinity (p and q themselves) and points lying outside the 
segment pq, called ultra-infinite or ideal points. p and q 
thus divide the ordinary points from the ideal. Ideal points 
like ordinary may be either real or imaginary. 

On the parabolic or Euclidean line, k is infinite and p and 


1Uber die sogennante Nicht-Euklidische Geometrie, Mathematische 
Annalen, Vol. 4. 
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q coincide at infinity. While the line is of infinite extent, 
the two ends come together at infinity. The parabolic 
line differs from the hyperbolic in having no ideal (ultra- 
infinite) points. 

The elliptic line. p and q conjugate imaginary. Since 
the fundamental points are imaginary we can write (zy|pq) 
=e', This is done exactly as in §56 by expressing the 
double ratio in terms of the parameters of the four 
points, using tan @ as a parameter. Hence dist zy = 
k log (ay|pq) = kid. In order that the distance between 
two real points shall be real we must take k to be a pure 
imaginary, say 7k’. We have then for the elliptic case 


dist xy = ik’ log (xy|pq) 
where k’ is real. 

The elliptic line has two conjugate imaginary points at 
infinity, namely p and q. Hence the (real) elliptic line is 
finite in length and contains ordinary points only. 

The elliptic line is however unbounded or closed, 7. e., the 
“two ends” of the line are regarded as falling together.! 
Thus a point moving along the line in the same direction 
will, after traversing a finite distance, return to the starting 
point. The total length of the line is an absolute constant 
and supplies therefore a natural unit of distance.? The 
situation is analogous to that in the pencil in Euclidean 
geometry where the measure of the angle is elliptic. A 
line revolving through a finite angle returns to the initial 
position. The total angle generated is an absolute constant 
(2x or x according as the line is directed or not) and furnishes 
us our natural unit of angle. 

Ex. WDualize this section. 


1 Cf. the parabolic line whose two ends however coincide at infinity. 
Moreover it is not possible by continuous motion in one direction to 
traverse the entire line. 

2 This is in sharp contrast with the Euclidean case where the unit of 
distance is arbitrary. 
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180. Metric geometry in the plane.—We saw that from 
the present point of view there are but three varieties of 
metric geometry in one dimension, for the geometry of the 
line and the pencil are abstractly identical. In the plane 
however we require both a measure of distance and of 
angle and since we have three choices for each we are led 
to nine species of metric geometry. Tradition has however 
fixed the measure of angle to be elliptic as in Euclid. With 
this limitation we have again three types of metric plane 
geometry,—hyperbolic, parabolic and elliptic, corresponding 
to the three methods of measuring distance. 

The parabolic geometry in the plane is Euclidean. The 
others which contradict Euclid in essential particulars are 
known as the hyperbolic and elliptic non-Euclidean geome- 
tries. The relation between the non-Euclidean geometries 
and Euclid on the one hand and between the elliptic and 
hyperbolic geometries themselves on the other is most 
clearly revealed by an examination of the absolute or 
infinite region. When we first considered infinite elements 
(§20) it will be recalled that we postulated one point at 
infinity on a line, 7. e., we deliberately chose the parabolic 
line.t. The result was a line at infinity in the plane. More 
properly the absolute in Euclidean geometry consists of a 
point pair,—the circular points. It is therefore a degen- 
erate line conic which as a point conic appears as a (repeated) 
line. We might however with equal propriety postulate 
the hyperbolic or elliptic line. For we are free to select 
any locus for the infinite region (absolute) so long as our 
choice does not conflict with axioms previously adopted.? 


1 This was because we wished to exhibit the relation between projective 
geometry and the familiar Euclidean. 

* It is presumed that the student is acquainted with the modern view, 
that axioms are not self-evident truths but basic propositions incapable 
of proof or which are to be accepted without proof. In other words axioms 
(or postulates—we make no distinction here,) are simply a part of the 
hypothesis of every subsequent proposition—though of course every 
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The absolute would then consist of a proper conic, real or 
imaginary. 

Throughout this course we have seen that Euclidean 
theorems can be derived from projective by isolating a pair 
of points for the circular points or a line for the line at 
infinity,—that the peculiar features of Euclidean geometry 
have their roots in the nature of the absolute. In precisely 
the same way by isolating a real conic for the absolute we 
should obtain a hyperbolic theorem as a special case of a 
projective theorem. Likewise by isolating an imaginary 
conic for the absolute a projective theorem is specialized 
to an elliptic. Hence metric geometry is simply projective 
geometry with special relation to an absolute conic. The 
metric geometry is hyperbolic or elliptic non-Euclidean 
according as the absolute conic is real or imaginary; it is 
Kuclidean when the absolute degenerates to a pair of points. 

It appears that Euclidean geometry is the limiting case 
of both non-Euclidean geometries, occupying a position 
between the two. For in the continuous metamorphosis of 
a real proper conic into an imaginary conic the conic must 
assume a degenerate form which divides the real conics 
from the imaginary.! 

Again any projective transformation that leaves the 


axiom need not be used in the proof of every proposition. A theorem of 
geometry is a logical inference from the axioms (or other propositions 
deduced from them). The only logical requirement of a system of axioms 
is that they be consistent, 7. e., that they do not contradict one another. 
We may be governed otherwise in our choice by convenience, personal 
interest or wholly by caprice. But no important development is likely 
to follow from a system of axioms chosen without regard to their plausi- 
bility, general appeal or ready adaptability to an extensive field of thought 
or phenomena. Thus Euclid’s ‘‘common notions’ and postulates were 
probably selected because they conformed to his intuitive notions of the 
world of space. And the fifth postulate was attacked because it failed 
to satisfy the demands of his followers as a proposition acceptable without 
roof. 
: 1 Cf. the case of the circle (§ 35) which is however the dual of the pres- 
ent instance. 
26 
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absolute unaltered will not disturb the character of the 
metric theorem. Accordingly the hyperbolic or elliptic 
geometry consists of those properties which are invariant 
under a projective transformation that leaves the associated 
absolute conic fixed.! 


HYPERBOLIC GEOMETRY 


181. Classification of points and lines.—In hyperbolic 
geometry the absolute conic divides the real points of the 
plane into two classes,—ordinary or actual points lying 
within and ideal points lying without the conic.? The 
points of the absolute itself are points at infinity and con- 
stitute the locus of such points. 

Likewise there are three classes of lines,—actwal lines 
which cut the absolute in two real (distinct) points, zso- 
tropic lines which are tangent to the absolute and ideal 
lines lying wholly in the ideal region of the plane and which 
cut the absolute in conjugate imaginary points. 

Again pairs of actual lines are divided into three classes 
by definition: 

(1) ¢tntersectors, which meet in actual points 

(2) parallels, which meet in points at infinity 

(3) non-intersectors, which meet in ideal points. 

An immediate consequence of the definition (2) is 

Through any point P two lines can be drawn parallel to a 
given line l, 

For | cuts the absolute in two points and each point 
determines with P a line parallel to 1. When lis an actual 
line the intersectors of J in the pencil on P are separated 
from the non-intersectors by the two parallels. 

1A similar statement does not hold for Euclidean geometry. For the 
circular points are invariant under the equi-form group which contains 


4 parameters whereas the group of displacements is a 3-parameter group. 
? For the distinction between inside and outside see §71. 


NON-EUCLIDEAN GEOMETRY 403 


182. Angle between two lines.—Since the measure of 
angle is to be elliptic (§180) we may appropriate the 
definitions and conventions already employed in metric 
geometry: 

The angle between two lines is a constant multiple of the 
logarithm of the double ratio formed by the lines and the 
tangents to the absolute from their intersection, 7. e., 


ang wv = p log (wiaa’) (1) 


where a and a’ are isotropic lines concurrent with wu and v. 

Again, lines which are conjugate with respect to the absolute 
are perpendicular. If now we adopt such a unit of angle 
that the measure of a right angle is 7/2 as in elementary 
trigonometry the constant uw will be fixed.! For if u 
and v are perpendicular, (uvjaa’) = —i (by definition). 
And since log (—1) = 7m §58, Ex. 8) we have from (1) if 
ang w = 7/2 

w/2 = wir-or p= 1/2¢. : 

Theorem. All lines which are perpendicular to a gwen 
line 1 meet in a point P, the pole of the line with respect to 
the absolute conic. Conversely all lines on a point P are 
perpendicular to a unique line l, the absolute polar of P. 

This follows at once from the definitions. If P is actual, 
l is ideal; if P is at infinity, / is isotropic (with contact at 
P); while if P is ideal, l is actual. Thus two lines always 
have a unique perpendicular. When the lines are parallel 
the common perpendicular is tangent to the absolute at their 
point of intersection.’ 

1 The unit angle however is not the radian as defined in trigonometry, 
i. e., the angle at the center of a circle subtended by an are equal in length 


to the radius for in non-Euclidean geometry this angle is not the same for 


all circles. é ; 
2 Contrast this with Euclid where parallel lines have an infinity of 


common perpendiculars. 
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EXERCISES 


1. Two ideal points may determine an actual, an isotropic or an 
ideal line. 

2. Two lines each of which is parallel to a third line in the same 
sense are parallel to each other. (This theorem holds either in the 
plane or space.) 

3. Two parallel lines meet at a zero angle. Hence the sum of 
the angles of a triangle inscribed in the absolute is zero. (This is a 
triangle of maximum area.) 

4. The angle formed by two actual lines is real or imaginary 
according as the lines are intersectors or non-intersectors. The angle 
between two ideal lines is imaginary. The angle between an isotropic 
line and a non-isotropic line (actual or ideal) is 0 unless indeed the 
lines meet on the absolute when the angle is indeterminate (being 
both 0 and o), The angle between two isotropic lines is « (by a 
limit process). bed 

6. Two lines which are perpendicular to the same (non-isotropic) 
line are not parallel. 

6. A (non-isotropic) line which is perpendicular to one of two 
parallel lines is not perpendicular to the other. 

7. An isotropic line is perpendicular to itself. 

8. A unique perpendicular can be drawn through a point to a 
line,—unless the line is isotropic and the point is the point of contact 
when the perpendicular is indeterminate. 

9. A self-polar triangle is tri-rectangular. In hyperbolic geometry 
two vertices are ideal. 

10. If one of two points which are conjugate to the absolute is 
actual, the other is ideal. Is the converse true? 

11. If the equation of the absolute is x? + y? — k?z2 = 0 the con- 
dition that the lines aiz + aey + azz = 0 and biz + boy + bsz = 0 
be perpendicular is aib; + aob2 — asb3/k? = 0. 

12. If the equation of the absolute is aix,? + azary? + azx,? = 0, 
the equation of the line through the point (a1, a2, a3) and perpendicular 
to the line (uw, we, ws) is 


Zi Yo 3 
ai Ap a3 2 
U1 U2 Us ; 


a, ag a3 


13. Find the condition that two lines be parallel (intersect on the 
absolute). (Take the lines as in Ex. 11 and the absolute as in Ex. 12.) 
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If a; = 1, the condition can be thrown into the form (aa)(bb) — 
(ab)? = 0, where (ab) = aibi + aabz + aybs. 


183. The distance between two points x, y is defined to 
be a constant multiple of the logarithm of the double ratio of 
the points and the two points in which their junction cuts the 
absolute, 1. e., 


dist. zy = F log (xy|aa’) (1) 


where a and a’ are the absolute points collinear with x and 
y. We have thus a sort of duality between distance and 
angle in virtue of the similarity of the numerical measures.! 

The distance between two points conjugate with respect 
to the absolute is called a quadrant. If x and y are conju- 


gate points we have (xy|aa’) = —1, hence 
quadrant = : log (—1) = et, (2) 


But if x is fixed y may be anywhere on the polar of 2, 7. e., 

The locus of points a quadrant distant from a fixed point 
x is the absolute polar of x. 

If two distances whose sum is a quadrant are called 
complementary we may say 

The distance from a point to a line ts the complement of the 
distance from the point to the absolute pole of the line. 

The distance between two points 1s proportional to the angle 
between their absolute polars or the angle between two lines 
is proportional to the distance between their absolute poles. 

For the polars of x, y, a, a’ form a pencil u, v, a, a which 
is projective with the range (§74, (3)), hence (zy|aa’) = 
(uvjaa’) = r. Therefore 


dist zy = : log r = 1k ang w. (3) 


1 We also see why duality fails in Euclid for the absolute there is not 
dually specialized consisting as a line locus of two distinct points but as a 
point locus of a repeated line. 
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The distance of two points can be otherwise expressed. 
Let the equation of the absolute conic A be 


A= f(x) = 41012 + Ag2%? + A333” + 2Zd23%e%3 + 20310 301 
a 3 AygXiXg = 0 


and let Az, mas the gallndaat form of A, 1.e., 
5 (us TYP ne tay, “) f(a). 


Then 

Azz =A = f(x) and Ay, = fly). 
Now choosing x and y as base points in a parametric repre- 
sentation along the line exactly as in §135 we have 


f(tx + y) = Asdl? + 2A nt + Aw = 0 (4) 


the roots of which are the parameters f1, t2 of the absolute 
points of the line zy. But since the double ratio of four 
points is equal to the double ratio of their parameters (§55) 
we have (xy|aa’) = (Ooo |tite) = ti/te. Hence substituting 
the values of ¢; and t: from (4) 
gfwt V Aw? — AwAyy 
— VA, — AAs, 
which is Klein’s formula for the distance. 
We can also write (5) in a trigonometric form through the 


introduction of hyperbolic functions. We make use of the 
relation! 


dist xy = * Jog (afte) * Jo (5) 


cos iz = cos (—iz) = one = ch a = ch (-2) 
or 
—ix = arc cos one (6) 


Then replacing e? by ~/u and x by 4 log u we obtain 


: tral 
log u = 27 are cos lia if 
2V/u (7) 


1See Hulburt, Calculus, p. 392. 
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Thus with the aid of (7), (5) takes the form 


ty + te 
2G ®) 


dist zy = ; log 2 = tk are cos 


But 
iy ete = —2A,,/Azz and tit, = A,,/A,, (by (4)): 


Hence, choosing the negative sign of the radical, (8) becomes 


; : A 
dist xy = tk arc cos ———“—, (9 
V AaAyy 
which is Cayley’s distance function. 
If we refer the absolute to a self-polar triangle its equa- 
tion reduces to a sum of squares (§140) 


oy ke = 0 (10) 


where the constant is introduced in a form to insure the 
reality of the conic. The distance between the points 
(x, y, 2) and (2’, y’, 2’) is then, when written in full 
dist zz’ = 

(xa’ + yy’ — kez’) 


Vai ty? — be*)(a!? + y? — Be) 


EXERCISES 


(11) 


1k are cos 


1. The distance between two points on an isotropic line is zero. 
If the distance between two points is zero, either the points coincide 
or they lie on an isotropic line. 

2. Prove the following properties of distance between real points 
in the hyperbolic plane: If the points are actual the distance is real. 
If one point is actual and the other a point at infinity, the distance is 
infinite. If the points are ideal the distance is real or imaginary 
according as the line which they determine is actual or ideal. If one 
point is at infinity and the other is ideal the distance is infinite unless 
the junction of the points is isotropic when the distance is indeter- 
minate. 

3. Every line segment has two middle points, viz., the double 
points of the involution determined by the end points of the segment 
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and the absolute points collinear with them. (Let p and q be the end 
points of the segment and a, a’ be the absolute points collinear with 
p, q. Assign parameters to the points along the line respectively t1, 
t2,0,0. Then the parameters of the double points c1, ¢2 of the involu- 
tion are ++/tite. Hence show that pe: = cq.) 

4, A triangle has six medians (Ex. 3) which meet by threes in four 
points. 

5. Write the Cayley and the Klein formula for the distance between 
two points in one-dimensional hyperbolic geometry when the equation 
of the fundamental (absolute) points is A = aa? + 2bx42 + cao? = 
0. Ans. Same as in two dimensions where, however, 


1 
Aoy = 5 (1 ge +u5,) 4. 


6. Write the Cayley and the Klein formula for the angle between 
two lines when the absolute is (a) the general conic, (6) the special 
conic of this section. Ps 


184. The circle.—If we define a circle as the locus of a 
point at a constant distance from a fixed point, the distance 
formulas of the last section furnish us at once the equation. 
For we have only to consider one of the points as fixed. 
Thus using Cayley’s distance function, the equation of a 
circle with center (¢1, ¢2, cs) and radius r is 


rT r A 
i al g k N/A AG (1) 


or 


C: A.A ,ch? 7 
But this equation can be combined with the absolute to 
form the square of a linear equation, in fact 


Azz — C = A-2?, where \ = A,ech? : (3) 


Le Ae gy (2) 


Hence (§140) the circle touches the absolute at the points 
in which the line A,z = 0 cuts. Calling this line, which 
is the absolute polar of the center, the azis of the circle 
we may say 
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A circle is a conic which has double contact with the absolute, 
whose axis is the chord of contact and whose center is the pole 
of the axis with respect to either the absolute or the circle 
utself. 

Dually the envelope of a line cutting a fixed line at a con- 
stant angle 1s a circle of which the fixed line is the axis. 

Since every point of the axis is a quadrant distant from 
the center, a circle is also the locus of a point at a constant 
distance, namely the complement of the radius, from the axis.' 

When the axis is an actual line the circle appears (in the 
finite region) as a bipartite curve symmetrical with respect 
to the axis. It is then called an equidistant curve. 

It follows from Ex. 1 (dual) §79 that if two conics 
have double contact, a tangent to one conic and the line 
joining the contact of the tangent to the pole of their 
common chord are a pair of conjugate lines with respect to 
the other conic. When one conic is the absolute we get 
at once: A tangent to a circle 1s perpendicular to the radius 
drawn to the point of contact, v. e., a circle is the orthogonal 
trajectory of a pencil of lines. 

185. Classification of circles——The aspect of a circle 
depends of course on its behavior at infinity. There is an 
essential distinction according as the axis is an actual or 
an ideal line for the contacts with the absolute are then 
respectively real or imaginary. In the first case we have the 
equidistant curve. In the second the (real) points of the 
circle form a closed curve, lying wholly in the finite region 
and the circle resembles a Euclidean circle. This curve is 
commonly called a proper circle.? 


11t follows of course that the locus of a point at a constant distance 
from a line cannot be two parallel lines as in Euclid. In other words 
parallel lines in hyperbolic geometry are not equidistant. And equidistant 
(straight) lines do not exist. Non-Euclidean geometry proves that 
equidistance and parallelism, which are frequently confused, are essentially 
independent ideas. 

2 The equidistant curve is likewise proper, 7. e., non-degenerate. 
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Suppose now that the center of a proper circle move off 
to infinity. The radii tend to become parallel lines and the 
axis approaches an isotropic line. The two points of inter- 
section of the axis with the absolute, 7. e., the two contacts 
of the curves, approach coincidence. Thus the limit of the 
circle as the center recedes to infinity is a conic having 4- 
point contact with the absolute. It is called a horocycle, 
the point of contact being the center and the tangent at the 
point the axis. Likewise starting with an equidistant curve 
we may suppose the axis to recede to infinity when the 
limit of the curve would again be a horocycle. Thus begin- 
ning with a proper circle with actual center and ideal axis, 
as the center passes from an actual through an infinite 
to an ideal point, the axis*will change respectively from an 
ideal through an isotropic to an actual line and the circle 
is continuously transformed from a proper circle through a 
horocycle to an equidistant curve.! 

Since the distance from any point in any direction to the 
absolute is infinite, the absolute itself may be considered a 
circle with arbitrary center and infinite radius. 

Coming now to degenerate circles, it is clear geometrically 
that a pair of isotropic lines fulfills the condition for a 
circle, having two contacts with the absolute. If the lines 
are an elliptic pair they will meet in a real (and actual) 
point and the contacts will be conjugate imaginary. We 
thus have a null circle which is a degenerate case of proper 
circle. If the lines are a hyperbolic pair the contacts will 
be real but the circle will contain no actual points. Thisisa 
degenerate equidistant curve. In either case the center is 
the intersection of the line pair and the radius is zero. For 

1 The horocycle is thus the limiting form of both the proper circle and 
the equidistant curve and is sometimes called in consequence a boundary 
curve. Cf. the relationship of the conics in ordinary geometry. If 


the eccentricity approaches 1 from either direction, the ellipse or hyperbola 
approaches the parabola as a limit. 
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the pair of tangents from the point (ci, ¢2, cs) to the absolute 
is ($135, (6)) the discriminant of the t-equation (4) $183, 
O12Zs, 


AceAzs ay The = 0. 


But since ch 0 = 1, this is just the form assumed by (2) 
§184 when r = 0. 

If the lines are coincident we get a degenerate horocycle 
with center at the contact of the line. The radius is how- 
ever arbitrary since the distance from a point on an iso- 
tropic line to the point of contact is indeterminate. 

We have already noted §183 that the locus of a point 
at a quadrant’s distance from a point is a line. Setting 
ry = kiw/2 in the equation of the circle (2) §184 we get 
Acz? = 0, hence the circle is the polar line of the center, 
repeated. We distinguish two cases according as the line 
cuts the absolute in real or imaginary points.1 Thus an 
arbitrary line repeated is a circle with radius = a quadrant, 
unless indeed the line is isotropic when the radius is arbi- 
trary. If the line is ideal the circle is represented in the 
finite region only by its center which is the pole of the line. 

We thus recognize nine types of circles which may be 
characterized as follows: 


Spreciges oF CrrcLes IN HyrrerBotic GEOMETRY? 


Non-degenerate 


1°. Proper circle; center actual, axis ideal. 

2°. Horocycle; center and axis incident at infinity, radius 
infinite. 

3°. Equidistant curve; center ideal, axis actual. 

4°, The absolute; center arbitrary, radius infinite. 


1 The case of two real coincident intersections has already been noticed 
under the name of degenerate horocycle. 

2 We take account only of equations of the form of (2) of the last section 
with real coefficients. This excludes the possibility of a degenerate circle 
consisting of one real and one imaginary isotropic line. 
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Degenerate 


5°. Imaginary null circle; an elliptic pair of isotropic lines, 
radius zero (degenerate case of proper circle). 

6°. Real null circle; a hyperbolic pair of isotropic lines, 
radius zero (degenerate equidistant curve). 

7°. Degenerate horocycle; an isotropic line repeated, radius 
arbitrary. 

8°. Actual line repeated, radius a quadrant. 

9°. Ideal line repeated, radius a quadrant. 


EXERCISES 


1. A circle is determined by the center (or axis) and one point. 

2. Concentric circles have the same axis and conversely. Hence 
concentric circles have double contact with each other at their abso- 
lute points. 

3. Write the equation of a circle in full when the absolute is (a) the 
general conic, (b) the conic 2? + y? + 22 = 0, (c) 2Qy¥z +2? = 0. 

4. If the equation of the absolute is x? + y? — kz? = 0, the equa- 
tion of a horocycle may be written x? + y? — kz? = (ax + by + cz)? 
where a? + 6? = c?/k?. (The center is on the absolute and the axis 
(polar of the center) is an isotropic line.) 

6. The polar reciprocal of a circle with respect to the absolute is a 
circle. 

6. Write the equation of the null circle on the point (a1, a2, as). 
(Take the absolute as in Ex. 4.) 

7. The envelope of a line which is perpendicular to a fixed line is a 
degenerate circle. 

8. In the geometry along a line any point pair may be considered 
a “‘circle’’ whose center and “axis”’ are the double points of the involu- 
tion determined by the point pair and the absolute points. 

9. Write the equation of a circle considered as an envelope of a line 
cutting a fixed line at a constant angle when the absolute is taken 
(a) in the general form, (6) in the special form of §183. 


186. Remarks on elementary hyperbolic geometry.— 
While the introduction of infinite and ideal elements in 
hyperbolic geometry effects an obvious economy of lan- 
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guage and makes clear the bond of union between projective 
and hyperbolic geometries! it should be said that elementary 
hyperbolic geometry is concerned only with real points within 
the absolute conic, 7. e., only actual points and lines are 
considered.” This would entail some revision and even 
elimination of certain theorems of the preceding sections 
but would involve little difficulty. Thus “imaginary 
point,” “point at infinity,” “ideal point’? would alike be 
replaced by “‘no point.”” We should then have two classes 
of line pairs without a common point,—the parallels and 
the non-intersectors. Parallel lines might then be defined 
as the two lines of a pencil which separate the intersectors 
of a given line from the non-intersectors. The theorem 
that two lines which are perpendicular to the same line 
meet in an ideal point would be replaced by: Two lines 
which are perpendicular to the same line do not meet, 
neither are they parallel. A proper circle would have a 
center but no axis, a horocycle would have neither while an 
equidistant curve would not be considered a circle,—having 
only an axis. Andsoon. The reverse process however of 
recovering the projective from the elementary form of 
statement would not be so easy nor indeed always possible. 


ELLIPTIC GEOMETRY 


187. Many of the theorems of hyperbolic geometry 
carry over without change to elliptic geometry for each is 
projective geometry in relation to a proper absolute conic. 
There is however a striking difference in the real domain 
since many figures which are real in one become imaginary 

1Cf. the utility of infinite elements in Euclidean metric geometry as 
exemplified throughout the book. 3 ne 

2 Just so elementary Euclidean geometry considers the projective plane 
exclusive of one line, the line at infinity. The student will realize that the 


whole of trigonometry and most of elementary analytic geometry and 
calculus as treated in college courses are Euclidean. 
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in the other. And it is precisely this difference between real 
and imaginary that constitutes the true basis of distinction. 
For example in hyperbolic geometry two real lines can be 
drawn through a point parallel to a given line. But in 
elliptic geometry these two: lines are imaginary since the 
points at infinity on any line are imaginary, in fact there 
are no (real) parallel lines whatever. 

The measure of angle is the same as in Euclidean and 
hyperbolic geometry, v22. 


Ang w = r log (wv|ac’) (1) 


where a and a’ are the isotropic lines on the vertex of the 
angle. 
Likewise the measure of*distance is elliptic and we write! 


dist xy = - log («y|aa’) (2) 


where a and a’ are the absolute points collinear with x and y. 
The length of a quadrant is now kr/2. Further if u and v 
are the polars of x and y, then 


dist ry = k ang wo. (3) 
Thus the equations involving distance in hyperbolic 
geometry are valid in elliptic geometry if only zk is replaced 


by k. In particular, the equation of the absolute may be 
written in the form 


ee vy a 222.0: (4) 

The elliptic plane like the elliptic line is finite but 

unbounded. It contains a single class of real points, the 

actual points and a single class of real lines, the actual lines. 

Again there is only one type of line pairs, the intersectors, 
t. €., two lines meet without exception at a finite distance. 

Two lines which are perpendicular to the same line | meet 


1 This disagrees of course with the parabolic measure in Euclidean and 
the hyperbolic measure in hyperbolic geometry. 
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in the absolute pole of 1. But by symmetry they meet in 
either direction and we must either say that the lines meet 
in two points or agree that these two points are identical. 
The latter convention is accepted for elliptic geometry.! 
All lines of the elliptic plane are thus of the same finite 
length,—viz., two quadrants 2q or kr. And it is obvious 
that the locus of a point at a constant distance d from a 
point is at the same time the locus of a point at a distance 
q — d from the polar of the point. Hence all non-degen- 
erate circles are at once proper circles and equidistant 
curves. 

The equation of a circle with center (ci, C2, ¢3) and radius 


r becomes 
ie = Aca” 
Od a are or (5) 
or if the absolute is taken in the form (4), the equation of 


the circle is 


spt gt (cit + coy + esk?2)? (6) 
k (c:2 + co? + e532) (2? + y? + ke?) 

If (6) is regarded as an equidistant curve with distance 

d from the axis we have 

d= kr/2—7. or), df/k = 37/2.—'\r/k 

and (6) may be written 
Bee ve Soa neta (7) 
k = (cx? + 6.2 + ke3”) (x? + y? + kz?) 
where cx + coy + c3k?z = 0 is the equation of the axis and 
(ci, C2, ¢3) is the pole of the axis. Or if the equation of 
the axis is ua + vy + wz = 0, the pole of the axis (§136) is 
1 When the two points are regarded as distinct we get another species 
of (elliptic) non-Euclidean geometry which closely resembles the Euclidean 
geometry on a sphere and is called therefore spherical or antipodal. The 
great circle in Euclidean spherical plays the role of the straight line in 


antipodal geometry. ‘The elliptic geometry of this section is analogous 
to Euclidean geometry on an unbounded hemisphere. 
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(u, v, w/k?). Hence the equation of an equidistant curve with 
distance d and axis (u, u, w) is 


Ca (ux + vy + wz)? 
p= (u2 + oe + w2/k?) (a2 + y? + hz?) ° 


Now (8) involves the point and line equations of the 
absolute symmetrically. Hence for variable u, v, w and 
constant x, y, 2 it is equally well the line equation of a circle 
with center (a, y, z) and axis (2, y, kz). 

188. Non-Euclidean properties derived from projective. 
As indicated ($180) projective theorems involving a conic 
give rise to non-Euclidean theorems when the conic is 
projected into the absolute. Since any two non-degen- 
erate conics are projectively equivalent, any proper conic 
can be taken for the absolute. Thus Pascal’s theorem 
becomes in non-Euclidean geometry: 

If six lines 1, 2, 3, 4, 5, 6 are so related that 1 is parallel 
to 2, 2 is parallel to 3 and so on in order, 6 being parallel to 1, 
but such that no three lines are parallel in the same sense,! 
then the pairs 1, 4; 2, 5 and 3, 6 meet in three collinear 
points. 

Indeed certain Euclidean theorems can be translated 
into non-Euclidean by first changing them into projective 
form as in §79 and then isolating a conic for the absolute. 
In particular properties relating to systems of (a) concentric 
circles, (b) conics with a common focus and corresponding 
directrix,” (c) conics with the same asymptotes go over into 
non-Euclidean properties of circles. For each of the three 
systems is projectively equivalent to a pencil of double 
contact conics. Hence if one member of the system is pro- 


(8) 


sin? 


1 Three lines are parallel in the same sense if they meet at the same 
point at infinity. While line 2 is parallel to both 1 and 3 the three lines 
are not parallel in the same sense, 7. é., line 1 cuts 2 in one of its infinite 
points and 3 cuts it in the other. 

2? Except parabolas of course. 
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jected into the absolute conic the other members go into 
concentric circles. Frequently we get two or more non- 
Euclidean theorems from a single projective theorem by 
choosing different conics for the absolute. 

Thus the projective statement of Ex. 1, §79 is: (1) 
If two conics have double contact a tangent to either cuts 
the other in two points which are harmonically separated by 
the point of contact and the intersection of the tangent 
with the common chord. 

If now one conic is projected into the absolute the 
other will become a circle. Then taking the tangent to be 
first a line of the circle and then of the absolute we obtain the 
two non-EKuclidean theorems: 

(1’) A tangent to a circle cuts the absolute in two points 
which are harmonically separated by the point of contact 
and the point of intersection of the tangent and the axis of 
the circle. 

(1) An isotropic line cuts a circle in two points which 
are harmonically separated by the point of contact of the 
line and the intersection of the line with the axis of the 
circle. 


EXERCISES 


1. Select the exercises of this chapter which are valid in elliptic 
geometry. 

2. The locus of lines which are perpendicular to themselves is the 
absolute. (All three geometries.) 

3. Pairs of perpendicular lines on a point belong to a quadratic 
involution whose double lines are the isotropic lines on the point. (All 
three geometries. ) 

4, Pairs of points on a line which are conjugate with respect to 
the absolute belong to an involution whose double points are the 
absolute points of the line. The involution is elliptic or hyperbolic 
according as the geometry is elliptic or hyperbolic. 

5. If A, B, C are the angles of a triangle and a’, b’, c’ are the cor- 

27 


418 PROJECTIVE GEOMETRY 


responding sides of the polar triangle, show (as in Euclidean spherical 
geometry, e. g.) that 


a +0 +0 = “4 (ae —A-B-C) 


where q is a quadrant distance. 

Prove the following theorems by the method suggested in §188. 

6. The axes of two circles and one pair of common chords meet in 
a point and form a harmonic pencil. (Ex. 17, §140—take S for the 
absolute.) 

7. In a system of concentric circles, a tangent to one cuts the 
others in pairs of points in an involution whose double points are the 
point of contact of the tangent and the intersection of the tangent 
with the common chord of the system (common axis of the circles), 
i. e., the chords cut from the system by the tangent are all bisected 
by the contact and the common axis. (All three geometries.) Cf. 
theorem of Desargues, $90. 

8. Given a line / and a pointeP. Then if the pencil formed by the 
two isotropic lines on P and the two lines on P parallel to 1 has a con- 
stant double ratio, the locus of P is a circle of which / is the axis. 
(Example 1, §79.) 

9. The envelope of the line joining the contacts of the isotropic 
lines in Ex. 8 is a circle concentric with the other. (Ex. 7, §79.) 

10. Translate into a non-Euclidean theorem: The locus of a point 
from which the tangents to two conics form a harmonic pencil is a 
conic on the contacts of the common lines of the two conics. Dualize 
both the projective and the non-Euclidean statements. 

11. Obtain a projective theorem from the non-Euclidean theorem: 
The locus of a point at a fixed distance from a given point is a circle 
whose axis is the absolute polar of the point. (Replace the absolute 
by a general conic.) Dualize. 


189. Historical Sketch.—The purpose of this chapter has 
been to present the fundamental properties of the classical 
non-Euclidean geometries in their relation to projective 
geometry as well as to one another. In the early chapters 
of the book we emphasized the connection between pro- 
jective geometry and Euclid. We shall be content if we 
have been able to exhibit to the student a picture of these 
three metric geometries as specialized forms of projective 
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geometry, depending for their respective ‘peculiarities on 
the nature of the locus which is isolated for the absolute. 
He will then see that while the three geometries are in 
frequent conflict with one another, each is valid in its own 
domain and one is as true as another in a mathematical 
sense. And he will be spared the view,—only too common 
even today,—that non-Euclidean geometry is a grotesque 
and monstrous product of disordered imaginations. Indeed 
he will realize that a knowledge of non-Euclidean geometry 
is essential to a proper appreciation of Euclid, since Euclid 
is but a degenerate form of the others. 

While the projective approach to non-Euclidean geometry 
seems at once the most natural and the most elegant it is not 
so well beaten as other paths. It is to the theory of paral- 
lels that we owe the origin and early development of 
non-Euclidean geometry. An astonishingly large part of 
Euclid’s geometry depends on his fifth (parallel) postulate: 
If a straight line falling on two straight lines make the 
interior angles on the same side less than two right angles, 
the two straight lines, if produced indefinitely, meet on 
that side on which are the angles less than two right angles. 
This is equivalent to the modern version: Through a point 
one and only one line can be drawn parallel to a given line. 
It is also equivalent to the proposition that the sum of the 
angles of a triangle is two right angles. And if infinite 
elements are accepted it amounts to assuming the parabolic 
type of line. 

The parallel postulate was not acceptable to the followers 
of Euclid and many ingenious but unsuccessful attempts 
were made to deduce it from the other axioms.' These 


1 After such simple and plausible statements as the other postulates: 
to draw a straight line from any point to any point; to produce a line 
segment continuously in a straight line; to describe a circle with any center 
and distance; all right angles are equal to one another; it is not surprising 
that such an involved proposition as the parallel postulate should have 
been challenged. 
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efforts continued for some two thousand years when in a 
notable attempt to vindicate Euclid! Saccheri (1667-1733) 
proposed two alternative hypotheses, one of which leads 
to two parallels to a line through a point and to the hyper- 
bolic geometry while the other leads to elliptic geometry in 
which two lines always meet. He obtained many of the 
fundamental properties of the elliptic and hyperbolic 
geometries and then, determined to establish the authority 
of Euclid, he “‘proved’’ his hypotheses false thus failing to 
attain the rank of founder of non-Euclidean geometry. 
Little progress was made until about a hundred years 
later when Gauss (1777-1855), his friends and pupils became 
deeply interested in the subject. Gradually the conviction 
crystallized that Kuclid’s postulate could not be demon- 
strated, that indeed a consistent geometry could be devel- 
oped if it were replaced by a contradictory one. Gauss 
however did not publish his results and his contributions 
are found only in letters. It remained for John Bolyai 
(1802-1860) of Hungary and Lobachevsky (1793-1856) of 
Russia to announce their independent and almost simul- 
taneous discovery of the hyperbolic geometry. The 
former when only twenty-one years old, in youthful ecstacy 
communicated his wonderful discovery to his father Wolf- 
gang Bolyai, a professor of mathematics who had himself 
long struggled with the problem of parallels. His results 
were included in a volume published by his father in 1832.2 
Lobachevsky was a professor of mathematics at the Univer- 
sity of Kazan who concerned himself with the theory of 
parallels at an early age. In a paper read at the university 


1 Huclides ab omni naevo vindicatus, Milan, 1733. English by Halsted, 
American Mathematical Monthly, Vols. 1-5 and Chicago, 1920. 

2 Under the title: “Appendix, Scientiam Absolute Veram Exhibens.’”’ 
This Appendix which constitutes John Bolyai’s sole publicaticn Halsted 
characterizes as “‘the most extraordinary two dozen pages in the history 
of thought.’’ Translated into English by Halsted, Austin, Texas, 1891. 
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in 1826 he communicated his discovery of hyperbolic 
geometry which he called ‘imaginary geometry.’ He 
embodied his results in a book published in 1840.! Since 
Lobachevsky’s developments are more complete than those 
of Bolyai, the hyperbolic geometry is frequently referred 
to under his name. 

Curiously enough the possibility of a consistent geometry 
without (real) parallel lines was unsuspected till it was 
implied by Riemann (1826-1866) in his memorable disserta- 
tion of 1854.2. Riemann’s geometry was however of the 
spherical or antipodal type, §187, footnote. The concep- 
tion of elliptic geometry in which two lines meet in a single 
point is due to Klein.’ 

The denial of Euclid’s postulate carries with it of course 
the denial of the proposition that the sum of the angles of a 
triangle is two right angles. In hyperbolic geometry this 
sum is always less than two right angles while in elliptic 
(as in Euclidean spherical) it is always greater. In either 
case the deficiency or the excess is proportional to the area 
of the triangle. Similar figures therefore do not exist in 
non-EKuclidean geometry. 

Doubts concerning the consistency of the new geometries 
were allayed finally by Beltrami (1835-1900) who exhibited 
a representation of the hyperbolic geometry in Euclidean 
space,‘ thus identifying the problem of the consistency of 
non-Euclidean geometry with that of the consistency of 
Euclid itself—and no one questions the consistency of 
Euclid. 

1 Geometrische Untersuchungen zur Theorie der Parallellinien, translated 
by Halsted, Austin, Texas, 1891. . 

2 Uber die Hypothesen welche der Geometrie zu Grunde liegen, English 


by Clifford, Collected Papers. 

3 Uber die sogenannten Nicht-Euklidische Geometrie, Math. Annalen, 
Vol. 4, 1871. 

4 Saggio di interpretazione della geometria non-euclidea, Giornale di 
Math. Vol. 6, 1868. Likewise the geometry on the horosphere, a non- 
fuclidean sphere of infinite radius, is Euclidean. 
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Cayley! introduced the notion of the absolute and showed 
the connection between the non-Euclidean systems and 
projective geometry. Klein? supplemented Cayley’s work 
and supplied the logarithmic expressions for distance and 
angle. He also suggested the names elliptic, hyperbolic 
and parabolic for the three geometries. In this chapter we 
have chiefly followed Klein’s exposition. 

The history of non-Euclidean geometry is one of the most 
interesting as well as one of the most instructive chapters 
in the history of mathematics. One lesson to be empha- 
sized is that a great scientific creation is rarely the work of 
one man, even though he be a genius, but more often repre- 
sents the composite labors of many minds. Non-Euclidean 
geometry may be said to have evolved through a period of 
over 2,000 years until several men in various countries 
caught the great vision that the geometry of Euclid, flawless 
as it is in its own domain, is not the only true system of 
geometry. Not the least important product, or perhaps we 
should say by-product, of the long research was that men 
were led to examine anew the basis of geometry and the 
foundations of mathematics. And mathematicians came 
as a consequence to understand for the first time the true 
nature of their science. Finally the insight into the struc- 
ture of mathematics has pointed the way to reforms in 
teaching which are today yielding bountiful fruit. 

The existence of non-Euclidean geometry proves once 
for all the impossibility of deriving the parallel postulate 
from the other axioms, that the fifth was as indispensable 
as any other postulate to the development of Euclid’s 
system. It is therefore a monument to the genius of the 
great geometer that he placed the controversial proposition 
among the postulates and Saccheri’s dream is realized at 


1A sixth Memoir upon Quantics, Phil. Trans. R. Soc., 1859. 
2 L.c. and in his Lectures cited below. 
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last,—-but how different from the manner he anticipated !— 
Euclides ab omni naevo vindicatus. 
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Abg lute, 53; is locus of lines perpendicular to themselves, 54, 417; 
metric and projective properties defined by, 61; perpendicular 
lines are conjugate with respect to, 99, 403; conic apolar to is rec- 
tangular hyperbola or parabola, 287, 288; is invariant under 
rotation, 340; the dihedral group, 340; displacement, 350; the 
equiform group, 352; in hyperbolic geometry, 401, 407, 410, 411; 
in elliptic geometry, 401, 414; circle has double contact with, 409. 

Absolute coérdinates, defined, 324; advantage of in studying metric 
properties, 325; parametric equations in, 326; plotting curves 
in, 327; equation of ellipse in, 328, 330; criteria for parallel and 
perpendicular lines, 329; equation of circle in, 327, 330; dihedral 
groups in, 337; equation of rational cubic in, 392. 

Actual points and lines, 402, 414. 

Alias, 81, 162, 297. 

Alibi, 81, 162, 290, 297. 

Angle, formed by an ordinary line and an isotropic line infinite, 
54, 404; altered by projection, 60; projective-metric definition of, 
96; between two lines equal to that subtended by poles of lines, 
140; altered by affine group but unaltered by equiform, 352; 
measurement of in Huclid, 394; hyperbolic measure of, 397; 
parabolic measure of, 397; elliptic measure of, 397; in hyper- 
bolic geometry, 403, 404; in elliptic geometry, 414; sum in non- 
Euclidean triangle, 421. 

Anharmonie ratio, 66. (See Double ratio.) 

Apolar, pairs of points = harmonic pairs, 69, 190; forms, defined, 184; 
number of conditions for two binary forms to be, 185; sets of 
points, 185; condition for two forms to be, 185; theorems con- 
cerning forms which are, 185-188; an odd form is self-apolar, 
185, condition for an even form to be, 186; quadratic of cubic, 
188; conics, 259, 282-290; curves, defined, 283. 

Apolarity condition, 185; is an invariant, 203; is unique in the binary, 
ambiguous in the ternary domain, 282. 

Ashcraft, 383. 

Asymptote(s), defined, 52; equation of hyperbola in terms of, 52; 
109; two conditions on conic to fix both, 120; one condition to 
fix direction of one, 120; equation of for conic, 281; inflexional 
of rational cubic, 392. 
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Autopolar, defined, 296; conics which are mutually, 296, 346; curve is 
self-dual, 296; cuspidal cubic is, 393. b 

Axiom, nature of, 400. 

Axis, of range, 63; of perspectivity, 64; of reflexion, 291, 292, 293; 
of homology, 301; of circle in non-Euclidean geometry, 408, 409, 
410, 411, 418, 415, 416, 417. 


Beltrami, 421. 

Biflecnode, 364. 

Bilinear equation 81, 155, 313. 

Binary domain, collineations and involutions in, 154-174; algebraic 
forms in, 175-196; defined, 176; invariants in, 197-235; asso- 
ciated with ternary, 247, 251, 257, 258, 290, 336, 340, 360, 362; 
cyclic groups in, 331; dihedral groups in, 336. 

Binary form(s), defined, 175; geometric interpretation of, 176; 
polar of, 177; completely polarized, 178; apolar, 184-188; linear 
system of apolar, 186, 187, 375; linearly independent, 186, 187; 
determination of apolar system of, 187, 188; Jacobian of, 193; 
pencil of, 194; higher, 232“‘line equation” of, 282. 

Bitangent, see Double line. 

Blichfeldt, 343. 

Bocher, 306, 307. 

Bolyai, John, 420; Wolfgang, 420. 

Bonola, 423. 

Boole, theorem of, 203. 

Boundary curve, see Horocycle. 

Brianchon’s point, 118, 344; is pole of Pascal’s line, 133. 

Brianchon’s theorem, 118, 135; proved by ple theory, 133. 

Burnside and Panton, 241, 


Canonical form, defined, 157; of collineation in one dimension, 157, 
171; of parabolic collineation, 157, 171; of quadratic, 206; of 
cubic, 206; remarks on, 208; of catalectic quartic, 209; of general 
quartic, 210; of singular quadratic, 213; of singular cubic, 213; 
of two quadratics, 213; of singular quartic, 214; of parametric 
equations of conic, 238; of ternary equation of conic, 239, 240, 
279; of reflexion, 291, 292, 293; of polarity, 294; of ternary col- 
lineation, 300, 303; of homology, 301; of binary cyclic collinea- 
tion group, 331; of ternary cyclic collineation groups, 333; of 
orthogonal collineation, 334; of rational cubic, 367; of rational 
quartic in space, 380; of cuspical cubic, 384. 

Canonizant, of binary cubic, 189; of odd form, 190; origin of name, 
207. 

Cardioid, as class cubic 370; osculant conics of, 389; group of, 393. 

Carslaw, 423. 
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Cartesian coérdinates, homogeneous on line, 42, 79; special case of 
projective, 78; transformation of, 109; equation of collineation in, 
171, 348, 349; equation of involution in, 172; relation of absolute 
coérdinates to, 324. 

Catalecticant, of quartic, 190; of even form, 190; is an invariant, 206. 

Cayley, 53, 395, 407, 422. 

Cayleyan, of cubic curve, 290. 

Center, of pencil, 63; of perspectivity, 64; of segment, 70; of perspec- 
tion, 100; of conic is pole of line at infinity, 136; of parabola, 137; 
of involution, 172; of reflexion, 291, 292, 298; of curve, 293; of 
homology, 301; of segment in hyperbolic geometry, 407. 

Centroid, 76. 

Ciani, 343. 

Circle(s), equation of in homogeneous coérdinates, 52; discriminant of, 
54; null, 54, 410, 412; concentric have double contact at infinity, 
55, 412; equation of in terms of line at infinity, 56; recipro- 
cating with respect to, 138; reciprocal of with respect to a second, 
140, 296; unit, 323; parametric equations of, 327, 330; osculant 
conic of cardioid is, 390; equation of in hyperbolic geometry, 
408; axis of in hyperbolic geometry, 408; has double contact 
with absolute, 409; classification of in hyperbolic geometry, 
409; in one dimensional geometry, 412; equation of in elliptic 
geometry, 415; non-Euclidean properties of derived from 
Euclidean, 416. 

Circular points, 52; conic on is circle, 52; use of in deriving metric 
properties from projective or the reverse, 62, 149; are harmonic 
with perpendicular lines, 99; parameters of in absolute coérdi- 
nates, 327; are fixed under rotation, 349; are cusps of cardioid, 
371; are contacts of double line of deltoid, 371. 

Circular rays, 53; as double lines of elliptic involution, 173; as 
coérdinate axes, 324. 

Class, of curve, 20, 22; is order of polar reciprocal, 135, 294. 

Clebsch, 175, 205, 233. 

Clifford, 421. 

Coble, 382. 

Collineation(s) in one dimension, 82; determined by three pairs of 
corresponding elements, 83; defined, 154, 155, 157; fixed points of, 
156; identical, 156; properties of, 156; canonical forms of, 157; 
classification of, 157, 161; hyperbolic, 157, 397; parabolic, 157, 
162, 171, 394, 397; elliptic, 157, 397; degenerate (singular), 158; 
invariants of, 162; product of, 162; absolute invariant of, 163; 
metrically canonical forms of, 171. 

Collineation(s) in two dimensions, 297; determines (1,1) correspond- 
ence between lines of plane, 298; is analytic form of projection, 
298; determined by four pairs of corresponding points, 298; 
fixed points of, 299; characteristic equation of, 299; canonical 
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form of general, 300; identical, 300; classification of, 303; canon- 
ical equations of, 303; equations of in line codrdinates, 303; types 
of, 306; singular, 306; configuration of fixed elements is self- 
dual, 307, 313; product of, 307, is associative but not commuta- 
tive, 309; matrix of, 308; power of, 310; period of, 310; transform 
of, 310; invariants of, 311, 312; multipliers of, 311; group of, 
314, 315, 319, 321, 331-352; orthogonal, 334; equations of in 
Cartesian coérdinates, 348; affine, 351. 


Combinant, 223; of syzygetic pencil of quartics, 230. 
Complex numbers, as operators, 322; as coérdinates, 325; self-conju- 


gate are real, 326; as parameters, 326; conjugate of absolute 
value 1 are reciprocals, 326. 


Concomitant, 198; complete system of, 203. See Invariant and 


Covariant. 


Condition, linear, 2; independent, 2; quadratic, 2; effect of non- 


linear on number of constants, 5; necessary and sufficient, 8; 
for conic to be parabola, 8, 288; for incidence of point and line, 
17, 46, 91; that three points be on a line, 18; that three lines be 
on a point, 18; that a lin@touch a circle, 25; that two triangles 
be perspective, 101, triply perspective, 102; that six points 
be on a conic, 125; that a collineation be an involution, 160, 
162; that collineation be special, 162; that three pairs belong to 
involution, 165, 166; for two binary forms to be apolar, 185; 
for a form to be self-apolar, 186; that quartic have apolar quad- 
ratic, 189; that quartic may be written as sum of two fourth 
powers, 209; for quartic to represent harmonic pairs, 210; that 
quartic represent equianharmonic points, 225; for conic to 
degenerate to line pair, 270; to repeated line, 272; for two conics 
to be apolar, 2838; that triangle may be inscribed in one conic 
and self-pelar to another, 284; that conic be rectangular hyper- 
bola, 287; that ternary quartic can be written as sum of five 
fourths powers, 289; that a correlation be a polarity, 313; that 
binary collineation be of period 3, 335; period 4, 336; that three 
points of rational cubic be collinear, 366; six points lie on conie, 
376, 3n points lie on a curve of order n, 379; that a rational quartic 
in space have a double point, 379; that three points of cuspidal 
cubic be collinear, 385; that two lines in hyperbolic geometry 
be perpendicular, 404; parallel, 404. 


Cone, circular is perspection of circle, 60; tangent of quadric, 269. 
Configuration, defined, 101; of Desargues, 101; of fully perspective 


triangles, 104, 105; of fixed elements of collineation, 306. 


Conic(s), has five essential constants, 3; relation of to line at 


infinity, 49; degenerate, 50; projective generation of, 112; con- 
struction of, 113, 118, 119; condition that six points be on, 
125; auxiliary, 135, 138, 139, 140; polar line of point with respect 
to, 128, 132, 263, 264, 272, 273; tangents from a point to, 129, 


INDEX 429 


264; tangent line and point of contact are polar line and point, 
133, 264; as rational curve, 236-262; parametric equations of, 
236; map equation of, 237, 238, 239, 240; canonical form of, 238, 
239, 240, 279; line equation of, 238, 239, 240, 265, 266; line 
joining two points on, 240; equation of tangent to, 240; referred 
to two tangents and chord of contact, 238, 278, 280; geometry 
on, 247-262; referred to self-polar triangle, 254, 277; degenerate, 
254, 269, 270, 274; corresponding to binary quartic, 259; apolar, 
259, 283; geometrical relation of, 283; osculating, defined, 261; 
as ternary form, 262-296; points of intersection of line with, 262; 
polar properties of, 263; is locus of points which lie on their 
own polars, 264; discriminant of, 269; double point of, 269; line 
equation of degenerate, 271; condition to be a repeated line, 
272; polar properties of degenerate, 272; projective classification 
of, 273; referred to inscribed triangle, 277, circumscribed triangle, 
277; net of circumscribing reference triangle, 277; net of with 
common self-polar triangle, 277; double contact, 278, 279, 342; 
canonical form of a pair of, 280 (Exs. 5, 6); three degenerate 
members in pencil of, 280; equation of asymptotes of, 281; 
condition to be rectangular hyperbola, 287; is apolar to self-polar 
triangle, 288; reflexion of into itself, 290; determines a polarity, 
293; net of invariant under G,, 216, 317; cyclic group on, 332; 
condition that six points of rational cubic be on, 376; associated 
with rational cubic: contact, 376; sextactic, 377; tritangent, 377; 
382; quintactic, 378; quartactic, 378; osculating, 378; perspective, 
380; conic N, 382; osculant, 387; perspective of rational quartic, 
383; rational quintic has unique perspective, 383; condition that 
six points of cuspidal cubic lie on, 386; absolute in hyperbolic 
geometry, 401, 402, 403; absolute in elliptic geometry, 401. 

Conjugate, imaginary lines, 50; points, lines as to a conic, 132; diam- 
eters, 136; elements of group, 315; subgroups, 320; complex 
numbers, 326. 

Constant, arbitrary, 1; essential, 2; homogeneous, 6; number of in 
general equation of degree n in k variables, 10. 

Construction, in projective geometry, 61; of harmonic conjugate, 74; 
of polar of point as to line pair, 75; of line through inaccessible 
intersection of two lines, 76; of range perspective to two ranges, 
84; of two projective ranges, 85; of conic on five points, 118; 
of tangent to conic at a point, 119, 124, 125; of conic given four 
points and tangent at one of them, 119; of conic by lines, 123, 
126; of tangent to conic from exterior point, 129; of six conju- 
gate points of Gs on rational cubic, 391. 

Coolidge, 423. 

Coérdinates, line, 15; homogeneous on line, 42; in plane, 43; 
trilinear, 45; projective in one dimension, 78, in two dimensions, 
86; Cartesian are special case of projective, 78; transformation of 
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in one dimension, 80; in plane, 105; projective line, 88; projec- 
tive of line, 91; of four points may be taken (1, +1, +1), 98; 
absolute, 324. 

Correlation, defined, 313; polarity is special case of, 313; properties 
of, 313, 314; as an element in groups, 346. 

Correspondence, (1, 1), 59; between points of conic and points of line, 
115, 237; in binary domain, 176; between binary quadratics and 
lines in plane, 248, 251; between binary quadratics and points in 
plane, 249; between conics and binary quartics, 259; between 
cubie curves and binary sextics on conic, 262; between cubic 
curves and binary cubics on conic, 262; between binary quartics 
and line conics, 289; of points in plane, 298; between points of 
rational cubic and lines on node, 373; between lines in plane 
and satellites with respect to cuspidal cubic, 386. 

Covariant, defined, 198; absolute, 198; simultaneous, 198; order of, 
198; form itself is absolute, 199; covariant of a covariant is a, 
199; Jacobian of two forms is a simultaneous, 200; the Hessian 
of form is a, 201; polar of one form with respect to another is a 
simultaneous, 203. a 

Cross ratio, see Double ratio. 

Cubic(s), binary; polar of one with respect to another, 183; apolar 
quadratic of, 188; Hessian of, 189, 217; canonizant of, 189; 
canonical form of, 206; solution of, 207; complete system of, 217; 
discriminant of, 217; invariants of canonical form of, 218; geo- 
metrical interpretation of invariants of, 218, 257, 373; syzygetic 
pencil of, 219, 258, 375; condition for cube factor, 223; linear 
system of, 356; pencil of, 356. 

Cubic curve, corresponding to binary sextic on conic 262; Cayleyan 
of, 290; is invariant under a Gis, 319; with double point is 
rational, 373; rational, see Rational cubic. 

Cubicovariant of binary cubic, 217; geometric meaning of, 219; 
discriminant of, 223; Hessian of, 223; determinant form of, 
224; interpreted on conic, 257; on rational cubic, 373, 375. 

Curve, is a one-dimensional form, 10; space, 11; norm, 13; point and 
line equation of, 21, 25; order of, 22; class of, 22; point equation 
derived from line equation, 26-29; formulas for finding polar 
reciprocal of, 294; self-dual, 296; autopolar, 296; self-projective, 
348; rational, see Rational curve and Rational cubic. 

Cusp(s), 358; is dual of flex, 359; number of tangents from; 360; 
rational class cubic has three with concurrent tangents, 369; 
cubic with, 384-386, 393; is projectively equivalent to any other, 
386; two flexes absorbed when a double point becomes, 384; on a 
cubic curve is limit of successive tangentials, 386. 

Cycle, in permutations, 320. 

Cyclic group, defined, 318; is Abelian, 318; every element of finite 
group generates a, 318; m th roots of unity form, 324; of col- 
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lineations in binary domain, 331; has two fixed points, 332; single 
type of, 332; equation giving conjugate points, 332; on conic; 
332; of collineations in ternary domain, 333; two main types of, 
333; binary associated with ternary, 334; with invariant conic, 
335; rational curves invariant under, 336. 


Deltoid, 370; admits a Gs, 393. 

Desargues, theorem of on perspective triangles, 101; configuration, 
101, 103, 104, 135; theorem concerning pencil of conics, 169, 
special case of, 170. 

Determinant, abridged notation for, 18; equation of point and line 
as, 18, 46; characteristic of collineation, 161, 299, 311; quadratic 
involution in form of, 165; Hessian, 192; Jacobian (functional), 
193; of transformation, 197; rule for multiplying, 200; equation 
of conic as, 237, 241, 242; ternary equation of rational curve as, 
242; line equation of conic as bordered, 266. 

Diagonal, point of quadrangle, 72; line of quadrilateral, 72; 3-point 
of quadrangle, 72; 3-line of quadrilateral, 72. 

Diameter(s), of conic, 136; conjugate, 136; of parabola are parallel 
to axis, 137. 

Dickson, 175, 205, 343. 

Dihedral group, of order four, 315; metrical form of, 317; of order 
2n binary and ternary, 336; origin of name, 337; generators of, 
337, 341, 3438, 344; metrical properties of, 338; special sets of 
conjugate points of, 339, 342; invariant circles (conics) of, 341, 
342, 391; invariant curve of has n-fold symmetry, 341; projective 
properties of, 341; abstract, 343; rational curves invariant under 
345; of order six leaves rational cubic invariant, 390; conjugate 
sets of, 391. 

Dihedron, 337. 

Dimension, defined, 10; depends on element selected, 11; equals 
number of coérdinates necessary to fix an element, 12. 

Directrix, is polar line of focus, 138, 285. 

Discriminant, defined, 27, 194; of Jacobian of two binary forms 
contains eliminant as factor, 194; of binary cubie and Hessian 
are same, 195; is an invariant, 199; of conic, 269. 

Distance, between two points on isotropic line is zero, 54, 407; from 
point to isotropic line is infinite, 54; altered by projection, 
60; projective coérdinates in terms of, 88; of point and its polar 
line from center of circle, 140; effect of stretch on, 171; effect of 
translation on, 172; special involutions in terms of, 172; altered 
by affine group, 352; altered by equiform group, 352; properties 
of, 394; measure of in Euclid, 394, 397; Cayley-Klein generaliza- 
tion of, 395; Euclidean notion of is special case of non-Euclidean, 
396; hyperbolic measure of, 397, 398; elliptic measure of, 397; 
in hyperbolic geometry, 398; in elliptic geometry, 399; of two 
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points proportional to angle between their absolute polars, 405, 
414; Klein’s formula for in hyperbolic geometry, 406; Cayley’s 
formula for in hyperbolic geometry, 407; of two points in hyper- 
bolic plane, 407. 

Double-flex tangent, 364. 

Double line, 358; dual of double point, 359; number of tangents from 
point on, 360. 

Double point(s), of quadratic involution, 164, 166, 167, 168, 169, 
170, 172, 174, 215, 219, 228; of involution of pencil of binary 
forms given by Jacobian, 194; condition for curve to have, 195; 
locus of as Jacobian, 195; as Hessian, 231; as Steinerian, 231; 
of involution of cubic and its cubicovariant, 219; of quartic 
involution, 227, 230; of involution of line sections of rational 
curve, 245; of conic, 269; of curve, 358; number of tangents 
from, 360; of rational curve has two parameters, 361; of rational 
cubic, 367. 

Double ratio, of four points, 66; invariant under projection, 66; 
origin of term, 66; of four lines, 67; of two points and two lines, 
67, 97; form a substitutiot® group, 67; theorems on, 67; six values 
of, 68; special values of, 68, 71; of harmonic points, 69, 71; in 
terms of trigonometric functions, 71; as projective coGrdinate, 78; 
is independent of coérdinate system, 81, 108; in terms of para- 
meter, 93; angle as, 96; of pencil inser‘bed in conic is constant, 
114; of four points on conic, 114; of two pairs of points given 
implicity, 223; equation giving six values of when points are 
represented by binary quartic, 226; distance defined in terms of, 
395. 

Double tangent, see Double line. 

Dual, geometries, 22; spaces in n dimensions, 23; terms, 24; notation, 
73; transformation, 295; of double point is double line, 359; 
of cusp is flex, 359. 

Duality, Sylvester on, 15; principle of, 21; reciprocation with respect 
to conic is phase of, 185; 293; in non-Euclidean geometry, 405; 
reason for failure in Euclid, 405. 


Elation, 305. 

Eliminant, 27, 194; is an invariant, 199. 

Elliott, 175, 208, 204. 

Ellipse, relation to line at infinity, 50; degenerate, 50; imaginary foci 
of, 56; imaginary directrices of, 286; equations of in absolute 
coordinates, 328, 330. 

Elliptic geometry, in one dimension, 398; line in, 399; distance in, 
399, natural unit of, 399; absolute in is imaginary proper conic, 
401; defined, 402; no real. parallel lines in, 414; equation of circle 
in, 415. 

Equation(s) of united position of point and line, 17; of point, 17, 
46, 91; of line on two points, 18, 46; of intersection of two lines, 
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18, 46; inconsistent, 41; bilinear, 81; of curve in projective 
coordinates, 90; of line in projective coérdinates, 90; of line of 
pencil, 93; of point of range, 95; of conic generated by two pro- 
jective pencils, 113; of conics circumscribing quadrangle, 117; pol- 
arized form of is involution, 167, 355, 375; solution of cubic, 207; 
solution of quartic, 212; of six double ratios if four points, 226; 
map (of conic in lines), 239; of pair of tangents to conic from 
point, 264; of quadric in planes, 269; of asymptotes of conic, 
281; of tangents to rational cubic from point on curve, 378. 

Equianharmonic points, 71; condition that quartic represent, 225; 
in syzygetic pencil, 230. 

FEquidistant curve, 409, 411; degenerate, 412; equation of, 416. 

Essential constant, defined, 2; geometric meaning of, 2; theorems 
on, 6; number of in equation of degree n in two variables, 9, 
in k homogeneous variables, 10. 

Euclid, geometry of, 60, 61, 350, 352; instruments of construction in 
61; measurement in, 394; measure of angle in, 395, 399; line is 
parabolic in, 398; is limiting form of non-Euclidean geometry, 
401. 

Euler’s theorem for homogeneous functions, 180; geometric meaning 
of, 181, 182, 187, 264. 


Family, of circles, 1; of lines in plane, 2; linear, 2; of conics, 3; 
n-parameter, 6; equivalent to manifold, 10; binary form of order 
n belongs to n-parameter, 187. 

Finite group, 315; cyclic group is, 318; of collineations cannot con- 
tain a parabolic collineation, 331. 

Fleenode, 364; number of tangents from, 364. 

Flex(es), condition for, 8, 358; dual of cusp, 359; number of tan- 
gents from, 360; of rational cubic are on a line, 366; two are 
absorbed when double point becomes a cusp, 384; geometric 
construction on cuspical cubic, 386; of rational cubic are centers 
of reflexion, 391. 

Focus, is intersection of tangents from J and J, 56; imaginary of 
central conics, 56; of involution, see Double point of involution. 

Form, geometric, 10; algebraic, binary, ternary, quaternary, p-ary, 
linear, quadratic, cubic, quartic, n-ic, 175; polar, 176. See 
Binary form. 


Gauss, 420. 

Generators of group, 318; of dihedral group, 337, 341, 344; of tetra- 
hedral group, 345, 346; of octahedral group, 345, 346. 

Geometry, of hyperspace, 13; projective, 59, 164, 199, 347; distinc- 
tion between projective and metric, 60, 61, 350, 401; Euclidean, 
60, 61, 350, 352; metric, 61, 394, three varieties of, 398, 400; 
equiform, 61, 352; of one dimension, Chapters V, VII, IX; on 
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rational curves, 247; on conic, 247, 332; of binary quadratics 
on conic, 248-256; of binary cubic on conic, 257; of binary 
quartic on conic, 258-262; reflexive, 328, 389; affine, 351; 
on rational cubic, 373; non-Euclidean, 394, references on, 423; 
hyperbolic, 398, 400; parabolic, 398, 400; elliptic, 398, 400; anti- 
podal (spherical non-Euclidean), 415, 421. 

Gergonne, 135. 

Glenn, 175. 

Grace and Young, 175, 187, 205. 

Granville, 358. 

Group(s), of double ratios, 67; defined, 314; elements of, 314; order 
of, 314; postulates for abstract, 314; finite, 315; ternary dihedral 
G, of collineations, 315, 319; conjugate points of, 315; isomorphic, 
315; invariant triangle of, 316; invariant conics of, 316; metrical 
form of, 317; cyclic, 318; Abelian, 318; octahedral, 320, 346, 347; 
tetrahedral, 321, 346, 347; icosahedral, 321; regular body, 321; 
roots of unity constitute a, 324; rotations of regular polygon form 
a, 324; binary cyclic collineation, 331 (see Cyclic group); dihedral, 
336 (see Dihedral group); of collineations and correlations, 
346; general projective, 347; of displacements (congruence), 
349; affine, 351; equiform, 352; Gs of rational cubic, 390; one- 
parameter of cuspical cubic, 393; binomial curves which admit 
one-parameter, 393. 


Halsted, 420, 421. 

Harkness and Morley, 322. 

Harmonic conjugate, 69; construction of, 74; of point as to a pair 
of lines, 97. 

Harmonic points (lines), defined, 69; form harmonic progression, 
71, Ex. 16; associated with quadrangle, 74; equations of, 95, 
96; belong to involution, 166; in syzygetic pencil of quartics, 
230; meaning of on conic, 248; location on conic, 251. 

Harmonic polars, of rational cubic, 372; are axes of reflexion, 391. 

Hessian, of binary cubic, 189, 217; of algebraic form 192; geometric 
interpretation of, 192, 231; as Jacobian of first polars, 195; 
discriminant of contains discriminant of form as factor, 195; 
is a covariant, 201; as canonizant of cubic, 207; of binary cubie 
on conic, 257; of n-ary quadratic is discriminant, 276; represents 
neutral pair of cubic involution, 355; as nodal parameters, 367; 
as parameters of double line, 369; of rational cubic is a rational 
cubic, 373. 

Hexagon, Pascal, 116, 393; Brianchon, 118. 

Hilbert, 205. 

Homogeneous function, defined, 181; Huler’s theorem for, 180. 

Homology, 301. 

Horocycle, 410, 411, 412. 
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Hulburt, 26, 406. 

Hyperbola, exarnple on, 37; relation to line at infinity, 50; degenerate, 
50; relation to asymptotes, 51; equation of in terms of 
asymptotes, 51, 52; problems of construction on, 120, 122; contact 
of tangent bisects segment cut off by asympiotes, 132; condition 
for rectangular, 287. 

Hyperbolic geometry, in one dimension, 398; nature of line in, 398; 
two points at infinity on each line of, 398; real and imaginary 
points in, 398; ordinary points, ideal points, 398; absolute is 
real conic, 401; of two dimensions defined, 402; classes of points 
and lines in, 402; parallels, 402; measure of angle, 403; perpendicu- 
lar lines, 403; distance, 405; duality, 405; Klein’s formula for 
distance, 406; Cayley’s distance function, 407; circle, 408; remarks 
on elementary, 412. 

Hyperspace, 13. 


I and J, see Circular points. 

Icosahedral group, 321. 

Ideal, points on hyperbolic line, 398, in hyperbolic geometry, 402; 
lines in hyperbolic geometry, 402, 404. 

Identically zero, meaning of, 6; number of conditions for an equation 
to be, 6. 

Identity, the, 156, 300, 310, 318, 323. 

Imaginary, point, 32, 325; line, 50. 

Inaccessible intersection of two lines, to draw line through, 76. 

Incidence condition, in non-homogeneous coordinates, 17; in 
homogeneous co6érdinates, 46; in projective codrdinates, 80, 91. 

Infinity, single defined, 1; double, 2; n-fold, 6; meaning of ©° in 
enumeration, 6; line at, 32; plane at, 33; locus of points at in 
S, is an S,_1, 33; parallel lines meet at, 33, 402; as a number, 
35; as root of equation, 36, 37, 38, 39, 40, 41, 43; as codrdinate 
of point at, 42; behavior of curves at, 49, 109; as fixed point 
of parabolic collineation, 157, 171. 

Inflexion, see Flex. 

Invariant(s), of collineation, 162, 311, absolute, 163; geometric 
importance of, 164, 199, 347; algebraic, defined, 198, degree 
and weight of, 198, absolute, 198, simultaneous (joint), 198; 
a method of deriving, 201; remarks on complete system of, 203; 
number of independent, 204; number of absolute, 204; of quartic, 
209, 224; complete systems of: for linear forms, 214; of system 
of quadratics, 215-217; of cubic, 217; of quartic, 224; ‘absolute of 
quartic, 226; of two conics, 285; triangle of G4, 316; conics of G4, 
316; conics of dihedral groups, 342. 

Inverse, ‘of transformation, 107, 160, 294, 298, 310. 

Involution, defined, 160, 161, 166; ‘quadratic, 160-171, equation of 
161, 165, 166; double points of, 164; determined by two pairs, 
165; determined by double points, 167; parabolic, 168, 250; 
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cut out by pencil of conics, 169; given two pairs of elements, 
to construct, 170; special metrical forms of, 172; center of, 172, 
elliptic, 172, 250, 417; hyperbolic, 173, 250, 417; elliptic of 
lines, 173; of two binary n-ics, 194; of cubic and its cubicovariant, 
219, 375; quadratic associated with cubic, 220, 257, 375; quadrat- 
ic associated with binary quartic, 228, 230; of quartic and its 
Hessian, 229; of pencil of line sections of rational curve, 245; 
quadratic on conic, 248; in dihedral groups, 337; generalizations 
of, 353; cubic, 353, 374, 377; properties of 354, 355; multiple 
points of, 354; neutral pair of, 355; degenerate, 357; quartic, 
357; application of cubic to rational cubic, 365; quadratic on 
rational cubic, 369, 380, 390; quadratic of lines on rational cubic, 
374, 375; general of order n, 375; special of order n, 376; sextic, 
376; of order nine, 378; of order 3n, 379; general quartic and 
rational quartic in space, 379; envelope of lines cutting rational 
cubic in quadratic, 380; quadratic in non-Euclidean geometry, 
417. 

Isomorphic, 176; groups, 315. 

Isotropic line, 53; properties of" 54; is perpendicular to itself, 54, 
404, 417; in hyperbolic geometry, 402. 


Jacobian, 193; properties of 193-195; is covariant, 200, 206; of two 
quadratics, square of, 221; of three conics with common self- 
polar triangle, 288; of three conics in equation of satellite line, 
383; giving contact of perspective conic of rational cubic, 383. 


Klein, 321, 395, 398, 406, 421, 422, 423. 


Laguerre, theorem of, 97. 

Lemniscate, projective is invariant under G4, 347. 

Lineal element, 21, 358. 

Linear forms, complete system of invariants for, 214. 

Linearly independent, meaning of, 2; number of binary forms which 
are, 186; apolarity conditions are, 186; to construct a system of 
apolar forms which are, 187; parametric equations of proper 
rational curve must be, 254, 256; ternary cubic has three apolar 
conics which are, 289. 

Linear transformation, in one dimension, 82, 155, 197, 290; in two 
dimensions, 106, 290, 292, 293, 297, 313, 348, 351; metrical 
aspect of, 347. 

Line at infinity, 32; symbol for, 32; as repeated line, 33; equation 
of, 38; in homogeneous coérdinates, 44; intersection of curves 
with, 48, 109; projects into ordinary line, 60; as bond of union 
between metric and projective properties, 62; midpoint of seg- 
ment is polar point of, 70; is polar of center of conic, 136; 
is polar of center of conic, 136; as axis of reflexion, 293; invariant 
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under dihedral group, 340; projection that sends a given line into, 
348; is line of fixed points under translation, 349; is invariant 
under displacement, 350; under affine group, 351; as double line 
of class cubic, 371. 

Line equation, 21; of circle, 24; of curve, 25; of conic, 238, 239, 265; 
of rational curve derived from point equations, 244; of binary 
form, 282; of curve used in finding relation of point to curve, 363. 

Line locus, defined, 20. 

Lobachevsky, 420. 

Loria, 343. 


McLaurin, 54, 397. 

Manifold, defined, 10; n-dimensional, 10, 11; one-dimensional, 10, 
11, 176; two dimensional, 11; linear is a space, 11. 

Manning, 423. 

Matrix, defined, 308; product of, 309. 

Metric geometry, 61, 394, 401. 

Metric property, 60; involves absolute, 62; derived from projective, 
62, 416; of curve, how studied, 109; of conics, 186-148, 285-287; 
of a collineation, 171; of involution, 172, 173; of dihedral G4, 
317; best studied by absolute coérdinates, 325, 828; of dihedral 
groups, 338. 

Meyer, 175, 233. 

Miller, Blichfeldt, Dickson, 318. 

Modulus of transformation, 197. 

Morley, 82, 322, 328, 370, 389. 


n-line (point), simple, 71; complete, 71. 

Node, see Double point. 

Non-Euclidean geometry, 394; distance in, 395; three varieties of in 
one dimension, 398; nine varieties in plane, 400; absolute in, 
400; relation to projective, 401, 416; historical sketch, 418. 


Octahedral group, 320; subgroups of, 321; generators of ternary, 345; 
generators of binary, 347; special sets of, 347; leaves projective 
lemniscate unaltered, 347. 

One-parameter group, cuspidal cubic admits, 393; binomial n-ics 
invariant under, 393. 

One-to-one correspondence, see Correspondence. 

Osculant, defined, 386; rth, 387; conic of rational cubic inscribed 
in flex lines and touches curve, 388; linear of point on rational 
cubic touches at point, 389. 

Osgoad, 8. 

Outside of conic, 129. 
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Pappus, theorem of, 125. 

Parabola, 3; condition for conic, to be, 3, 8, 288; touches line at in- 
finity, 49; degenerate, 50; on four lines, 56; construction of, 121. 

Parameter, defined, 1; double ratio in terms of, 98; of line in pencil, 
94; of line as coérdinate, 95; of point on range, 95; homogeneous 
of line, 95; on conic, 115, 236, 237, 247; elimination of, by in- 
spection, 239; dialytically, 241; by Richmond’s method, 242; 
of point on rational curve is same as that of tangent at point, 
240, 360; on rational curve, 361; of corresponding point and line 
of perspective curves identical, 380. 

Parametric equations, of point, 95; of line, 96; of conic, 236, 237; 
of conic in canonical form, 238; of conic in lines, 239, 240; of 
rational curve, 242, 244; of rational curve in lines derived from 
point equations, 244, 245; of unit circle, 327, 330; of rational 
curve in absolute coérdinates, 327; of rational cubic, 365; in 
lines, 370; with cusp, 384; of perspective conics of rational cubic, 
382; of osculants of rational curves, 387. 

Pascal hexagon, 116, 344; special cases of, 119; six points on conic 
determine sixty, 126; on rational cubic, 393. 

Pascal’s line, 118; is polar of Brianchon’s point, 133. 

Pascal’s theorem, 116-118, 344; special cases of, 119; in non-Euclidean 
geometry, 416. 

Pencil, of double contact conics, 51, 279; of points and lines, 63; 
parallel, 63; of conics cut a line in involution, 169; of binary 
n-ics, 194, 245; syzygetic, of binary cubics, 219, 258, 375; of 
binary quartics, 229, 258; of rational cubics, 393. 

Perpendicular lines, in Euclid, 99; belong to quadratic involution, 
173, 417; in non-Euclidean geometry, 403. 

, Perspection, 58; center and axis of, 100. 

Perspective curves, 380; of rational cubic, 380; conics of rational 
quartic, 383; of rational quintic, 384. 

Perspective figures, defined, 64, 100. 

Perspective triangles, 100; condition for, 101; theorems on, 101, 
105, 124; fully, 104, 371 (Ex. 7); triply and theorem of Pappus, 
125; polar triangles of conic are, 252; binary cubic and cubi- 
covariant on conic represent, 257. 

Perspectivity, center and axis of, 64; harmonic, 290 (See Reflexion.) 

Pliicker, line coérdinates, 16. 

Point at infinity, one on every line in Euclid, 32; coérdinate of, 35; 
curve of odd order has one real, 57; as fixed point of parabolic 
collineation, 171; in hyperbolic geometry, 402. 

)Polar, line of point with respect to triangle, 48, 92 (Ex. 4), 99 
(Ex. 15), 105 (Ex. 11), 280 (Ex. 8); of point with respect to pair of 
points, 69; of point as to line pair, 69, 97, construction of, 75; of 
point as to conic, 128, 132, 263, 264, 272, 273; of line as to conic, 
defined, 130; fundamental theorem of, 131, 264; of point on conic 
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touches at point, 133, 264; reciprocal, 135, 138, 294; system of 
conic, 135, 249, 293; metrical theory of, 136; of center of conic ig 
line at infinity, 136, 267; of binary form: 176; mixed, 177, 178, 179, 
180, rth, 178, 179, 180, 181; operator, 177, ternary, 280; geo- 
metric meaning of, 177, 179; of one binary form as to another, 
182; of binary cubic as to cubic, 183; of form as to itself, 184; 
triangles are perspective, 134, 248, 252; of point as to three points 
on conic, 261; properties of conic, 263; line of conic, codrdinates 
of, 265; point, codrdinates of, 265; plane of quadric, 269; prop- 
erties of degenerate conics, 272, 273; of one conic as to another, 
283; harmonic of cubic, 372. 

Polarity, defined, 293; contains five essential constants, 293; base 
conic of, 295; is special case of correlation, 313; as generator of 
group, 346. 

Polarizing, applied to quadratic, 167; applied to binary form, 177; 
applied to conic, 266. 

Pole, see Polar. 

Poncelet, 135. 

Poristic property, defined, 285. 

Postulate, nature of, 400; parallel of Euclid, 419. 

Primary line, of cuspidal cubic, 386; locus of, 372 (Ex. 21), 386. 

Projection, 58; central, 59; of circle is conic, 60; analytic form of, 82, 
298, 348; method of, 149, 416. 

Projective coérdinates, in one dimension, 79, transformation of, 80; 
in two dimensions, 85; equations of curves in, 90; equation of 
line in, 90; of four points in canonical form, 98; transformation 
of, 105. 

Projective geometry, defined, 59, 347; metric geometry is a special 
case of, 60, 352 (Ex. 21), 401; is qualitative, 61; instrument of 
construction in, 61; importance of invariants in, 164, 199, 347. 

Projective property, 59, 62; derived from metric, 62, 149; unaltered by 
change of coérdinates, 108; of dihedral groups, 341. 

Projective ranges (pencils), 65; theorems on, 82. 

Projectivity, defined, 65; analytic expression for, 82, 298; in one 
dimension determined by three pairs of corresponding elements, 
83; in two dimensions by four corresponding pairs, 298. 


Quadrangle, complete, 72; diagonal 3-point of, 72; harmonic property 
of, 74; as special case of Desargues’ theorem, 170; inscribed in 
conic, 123, 127, 131, 317; sides of cut a line in points of an involu- 
tion, 170; as related to geometry of binary quartic on conic, 
258; can be projected into square, 351. 

Quadrant, defined, 405, 409, 411, 412, 414. 

Quadratic, binary, 175; apolar to cubic, 188; canonical form of, 206; 
complete system of invariants of, 215; discriminant of, 215. 
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Quadratics, apolar represent harmonic pairs, 168, 190, 215, 250; three 
mutually apolar, 168 (Ex. 4), 221; apolarity condition for two, 
185, 215; complete system of two, 215; three, 216; four, 217; 
Jacobian of two, 215; resultant of two, 216; involution invariant 
of three, 217; geometry of system of on conic, 250, 253. 

Quadric, polar properties of 268 (Ex. 25); singular, 276. 

Quadrilateral, complete, 72; opposite vertices of, 72; diagonal 3-line 
of, 72; conic circumscribing, 117; circumscribing conic, 123, 
130, 131. 

Quantic, see Form. 

Quartic, binary, condition to have an apolar quadratic, 189; cata- 
lecticant of, 190, is aninvariant, 206; catalectic, 190, 209; polarized 
form of, 191; canonical forms of, 209; geometric meaning of cata- 
lecticant, 210; resolvent cubic of, 211, 212, 228, 233; complete sys- 
tem of invariants of, 224; Hessian of, 224; sextic covariant of, 224; 
discriminant of, 224; geometric interpretation of invariants of, 
224, 372, 379; invariants for canonical form of, 225; absolute 
invariant of, 226; geometric interpretation of sextic covariant, 
227; condition for triple factor, 234; condition for four-fold 
factor, 234; condition for two square factors, 234; geometry of 
on conic, 258-262; corresponding to conic, 259; theory of iden- 
tical with that of apolar conics, 260; giving intersections of 
osculant conic with rational cubic is self-apolar, 389. 

Quintactic, conics of rational cubic, 378; points, 378, 379. 


Range(s) of points, 63; perspective, 64; projective, 65; double ratio 
of, 65; properties of projective, 82, construction of corresponding 
points of, 85. 

Rational cubic curve(s), 365; line sections of form involution, 366; 
has three flexes which are collinear, 366; has double point, 367; 
canonical form of, 367; condition that three points of be col- 
linear, 366, 368; figure of, 367, 370 (class), cuspidal, 384; having 
three-fold symmetry, 392; any cubie with double point is, 373; 
geometry on, 373; contact conics of, 376; condition that six 
points of lie on conic, 376; perspective conics of, 380, 383; with 
cusp, 384-386, is projectively equivalent to any other, 386; 
osculants of, 386; is self-projective, 390; with cusp admits one- 
parameter group, 393; with cusp is self-dual, 393; syzygetic 
pencil of, 393. 

Rational curve, norm curve is, 13; defined, 28, 236; 176; conic as, 
236; of second class, 239; ternary equation of derived from 
parametric equations, 242; parametric line equations derived from 
parametric point equations, 244, 246; tangent at given point 
of, 245; geometry on, 247, 248; degenerates if three parametric 
equations have a common factor, 254, 256; in points is rational 
in lines, 255; class of, 255; number of constants in, 255; para- 
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metric equations of in absolute codrdinate, 327; invariant under 
cyclic groups, 336; invariant under dihedral groups, 342, 345; 
self-projective, 343; singularities on, 358-365; of third order, see 
Rational cubic; of ‘third class, 369; curve of order n + 1 with 
n-fold points is, 373; of order four i in space, 379; osculants of, 
386, are rational, 387. 

Rational space quartic, 379. 

Reciprocating, with respect to conic, 135, 294; with respect to circle, 
138; with respect to point, 141. 

Reflexion, of conic into itself, 290; center and axis of, 291; conju- 
gate points of, 291; axis is line of fixed points and center a point 
of fixed lines, 291; canonical form of, 291; general form of, 291, 
292; determined by center and axis, 292; metrically canonical 
forms, 292, 293; is generalized physical reflexion, 293; is special 
case of homology, 302; is special case of orthogonal transforma- 
tion, 334; in dihedral groups, 337, 341, 344; of rational cubic into 
itself, 390. 

Resultant, of two equations, 27, 194; of two collineations, 162, 308; 
of two quadratics, 216, 250; geometric meaning of for two quad- 
ratics, 216. 

Richmond’s method, of deriving ternary equation from parametric 
equations, 242. 

Riemann, 421. 

Rigid motion, 350; group of, 350. 

Rotation(s) in plane, form a group, 324; equations of, 337, 349; 
leaves each circular point unaltered, 340, 349. 


Saccheri, 420, 422. 

Salmon, 175, 232, 233, 260. 

Satellite line, of rational cubic, 368; equation of, 372; for special lines, 
372; generalizations of, 378, 379; primary of, 386; locus of, 386. 

Self-dual, defined, 296; cuspidal cubic is, 393; see Autopolar. 

Self-polar triangle, defined, 131; 137, 251, 258, 259, 261, 288, 289; 
equation of conic referred to, 254, 277; in non-Euclidean 
geometry is tri-rectangular, 404. 

Self-projective curve(s), list of certain, 336, 345; defined, 343; lemnis- 
cate is, 347; rational cubic as, 390, 393; binomial curves which 
are, 393. 

Sextactic, conics of rational cubic, 377; points, 377; points of rational 
cubic are special set of group, 391. 

Singularities of curves, 358; line, 358; compounded from elementary, 
362; binary and ternary criteria for, 362. 

Snyder, 343. 

Sommerville, 423. 

Space, defined, 11; linear or flat, 11; of n-dimensions, 12; determined 
DY Wao points, 14. 
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Stickel and Engel, 423. 

Stahl, 382. 

Stationary line, see Flex. 

Stationary point, see Cusp. 

Steinerian, defined, 231; geometric meaning of, 231; order of, 231; 
is covariant, 231; of binary quartic, 232; of cubic identical with 
Hessian, 235. 

Steiner’s hypocycloid, 370. 

Stretch, 171. 

Subgroup, defined, 317; order of is factor of order of group, 318; 
conjugate, 320; invariant, 321; of octahedral group, 321. 

Sylvester, on duality, 15; theorem of on invariants, 203; dialytic 
method of elimination, 241. 

Syzygetic pencil, of binary cubic and its cubicovariant, 219, 258, 374; 
of binary quartics, 229; on conic, 258; of rational cubics, 393. 

Syzygy, defined, 218; of forms of cubic, 218, 234; of forms of quartic, 
228. 


Ly 

Tangential point, on cubic, defined, 368; on cuspidal cubic, 385. 

Tappan, 343. 

Taylor’s theorem, 178, 263. 

Ternary domain, associated with binary, 247, 251, 257, 258 290, 
336, 340, 360, 362; collineations in, 297; cyclic groups in, 338; 
dihedral groups in, 336, 341; in metrical form, 338. 

Ternary equation, of conic in lines derived from parametric point 
equations, 238, 239; of conic in points, 239, 240, 241, 242, 262; 
of rational curve derived from parametric equations, 242; 
of rational cubic, 371, 372, 378. 

Ternary form(s), defined 175; Hessian of, 192; Jacobian of three, 
195; conic as, 262. 

Tetrahedral group, 321; generators of ternary, 345; generators of 
binary, 346. 

Thomsen, 389. 

Transform, defined, 162, 310; effect of, 163, 310; fixed points of 
collineation are fixed points of, 311. 

Transformation, of codrdinates in one dimension, 80, in the plane, 
105, 107; linear, 81, 82, 155-174, 197, 290, 292, 293, 297, 313, 
348, 351; similitudinous, 171; involutory of conic, 290; affine, 351, 
canonical form of, 352; equiform, 352. 

Translation, in one dimension, 172; in the plane, 348; is an elation, 
349. 

Triangle(s), of reference, 45, 86, 327; diagonal of quadrangle, 72; 
perspective, 100; triply perspective; 102, fully perspective, 102, 
103, 104; self-polar, 131, 137, 251, 254, 258, 259, 261, 277, 288, 
289; self-conjugate, 132; polar, 134. 
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Triple point(s), of involution of cubic and its cubicovariant, 220; 
of rational curve, 336, 362; of cubic involution, 354; of rational 
curve has three parameters, 362; varieties of, 362. 

Turn, 322, 327. 


Ultra-infinite points, see Ideal points. 

Unicursal curve, see Rational curve. 

Unit, point, 80, 87; line, 80, 89; point and line are pole and polar, 
80, 92; point and triangle of reference fix transformation of 
coordinates, 110. 


Vanish identically, defined, 6; sumber of conditions for equation to, 6. 
Vector Analysis, 328. 


Wear, 346. 
Wiman, 343. 


Zenith, of line, 292. 
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